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1. Begenmue. B cepuu pador A. II. Xpomosa u M. III. Bypayuxkoit (cm. [Bypayukas, 2014], [Bypay-
kast, Xpomos, 2014] u 6ubauorpaduio B HUX) U3yHaJUCh CHEKTPaJbHbIe CBOicTBA JuddepeHiuaibHbIX



Memod nodobrvlx onepamopos 6 cnexmpasbHoM GHAAU3E ONEPAMOPHULL OECKOHEUHDIT MAMPUY, T2

OIIEPATOPOB MEPBOrO MOPSIKA € WHBOJIONUEH W TUIAJKUM TOTEHIHATIOM. PaccMaTpUBAINCH PA3THIHBIE
MECTa HAXOXK/ICHWsI WHBOJIIOLUU: IIPU [IPOU3BOIHON WM IIPU [MOTEHIIUAJIE, & TAKXKE PA3JIUIHBIE KPAEBbIE
yCJIOBUs. Y Ka3aHHBIE OMEPATOPhI CBOAWINCH K omeparopy lupaka. Ipyrum, aabTepHATHBHBIM, METOLOM
MTOJIy9€HUST CIEKTPAIBHBIX XapPAKTEPUCTHUK SABJISETCS METOJ MOI00HBIX 0mepaTopoB. C ero moMoIbo mo-
JIy4denbl pesysbrarbl pabor [Backakos, Jdep6ymes, Illepbakos, 2011], [Backakos, Yckosa, 2018], [Vckosa,
2019], [Baskakov, Krishtal, Uskova , 2018], [Baskakov, Krishtal, Uskova, 2019]. Oanako B 3Tux paborax
He ObLIO TOCTPOEHO 00ITeit MOIN(MUKAIIIH METO/IA MOA0OHBIX OIEPATOPOB, IPUTOAHON /I IPUMEHEHU K
muddepeHInaTbHBIM OMepaTOpaM TEPBOTO MOPSIIKA, KaK ¢ WHBOJIONMEH, Tak u Apyrux. Hampumep, ome-
paropoB /lupaka nim wHTErpo-aud depeHnna bHbIX OMEPATOPOB MEPBOTO MOPsiaKa. Takas MOIuQUKAINS
nosisritach B [Baskakov, Krishtal, Uskova, 2019]. Ho ora onsiTh Moty 9uiach JOCTATOYHO OOIIIEH TOMBITKOM
YJIOKUTDH B OfHY cxemy JuddepeHnuanbabie OmepaTopbl, U IEPBOr0 U BTOPOro MOPAIKA, & TAKIKE TEOPHUIO
paciemienus JUHeRHbIX oneparopos. [1oaroMy HEOOXOAMMOCTD MOsIBJIEHUS ODIIEH 1 OJJHOBPEMEHHO PO~
CTOIT MOTUMUKAIINYA METO/Ia TIOJIOOHBIX OTIEPATOPOB, B KOTOPYIO MIACATHHO JTOKMINCH TnuddepeHtmanbube
OTIepaTOPHI TIEPBOTO MOPSIIKA ¢ MHBOJIIONMEH n oneparopsl Jlupaka, ocramach. Vimenno takas moauduka-
[l ¥ IPUBOIUTCS HIKE B JaHHOM pabore. Ere pas momuepkueMm, 9To JanHasd paboTa HE eCTh TEPEBO] HA
pycckuii s3biK crarbu [Baskakov, Krishtal, Uskova, 2019], xors1, 6e3yc/iOBHO, OHU UMEIOT MHOI'O OBIIEro.
TnaBhoe ux orimuue B ToM, uro B [Baskakov, Krishtal, Uskova, 2019] — Gosiee obuias cxema, a B JaHHOM
pabore — KOHKpPEeTHAs.

Bce pesynbrarsr mcciiemoBanus ya00HO B HAIIEM CJIyYae MPOBOAUTH U (hOPMYJIUPOBATH B TEPMUHAX
OTIEPATOPHBIX MATPHUI] PACCMATPUBAEMbBIX OIIEPATOPOB.

JlaHHas craThbs COCTOUT W3 TPEX YACTEll, Mepel] YuTaTeIeM HAXOIUTCS MepBasi 9acTb, COCTOSIIAS U3
TEOPETHYECKHUX Pe3yIbTaToB. Bo BTOpOI U Tperbeil gactu OyayT cOOpaHbl KOHKPETHBIE [PUMEPbI MMpU-
MeHeHWMsl 00Imeli cXeMbl. 3aMeTnM, YTO OHW TaKyKe oTinuaercss or paborsl [Baskakov, Krishtal, Uskova,
2019].

IlepeitmeM K KOHKPETHOM MOCTAHOBKE 3a1a4H.

IIycts H — KOMILIEKCHOE cemapabebHoe THALOEPTOBO IPOCTPAHCTBO, U J — HEKOTOPOE HEIIyCTOe MOJI-
MHOXKeCTBO u3 Z. Beenem B paccMorpenue HOpMaJibHbIHA JIMHEAHbINA 3aMKHYTbIi oneparop A : D(A) C
H — H, wMerommii ioTHyio obnacth onpenenenus D(A), cnektp o(A) m pe30IbBEHTHOE MHOXKECTBO
p(A). CuekrpaJbHbIM MHOKECTBOM OyI€M HA3BIBATH 3AMKHYTOE OTIEIEHHOE ToaAMHOKeCTBO u3 o(A). Ha-
nomuuM [Pynun Y. 1975], uro oneparop A : D(A) C H — H nHa3biBaercst HOpMasbHbIM, ecin D(A) = H
u s oneparopa A* @ D(A*) C H — H seimonusiorcs yenosus: D(A) = D(A*) u ||Az|| = ||A*z|| ana
Bcex = € D(A).

ITycrs omeparop A uMeeT MOJYyMPOCThIE COOCTBEHHBIE 3HAUEHUSA \,, N € J, KOHEUHON KpaTHOCTH, HE
npeBocxoseit Hekoroporo unciaa Ny € N. IIpu 5ToM BCIOy B CTaThe CANTAETCS BBIMOJHEHHBIM YCIOBUE

dist({An}, 0 (A)\{An}) = 5> 0 (1)

(ycioBue paspesiennocru cuekrpa oueparopa A). Ormerum, 4ro U3 TUX YCJIOBUN BbITEKAET KOMIAKT-
HOCTBH PE30JIbBEHTHI Oneparopa A.
Hanee, nng n € J, camBoJiOM

0003HAYMM TPOEKTOpP Pucca, TOCTPOEHHBIH TO  OJHOTOYEYHOMY  CIHEKTPAJBHOMY  MHOXKECTBY
on = {An},n € J, oneparopa A. OTmerum, 4TO COBOKYNHOCTh OPTOrOHAJIBHBIX POEKTOpoB { P, n € J}
obpa3yer AU3BIOHKTHYIO CHCTEMY OIEPATOPOB, SABJISIONLYIOCH Pa3jiokKeHueM eaununsl, T. €. P, P, = 0
upu m #n, u y,, oy Pyx = 2, nae pax cxonures 6esyciosro aiis moboro x € H.

Hasnee cumponom L 4(H) o6o3HaunM GaHAXOBO TPOCTPAHCTBO OMEPATOPOB, TMOAYHHEHHBIX ONEPATOPY
A. Jluneitubiii oneparop B : D(B) C H — H orHecem K L4(H), ecim D(A) C D(B) un |Bz| <
C(||lz]|+||Az|]), mst Bcex z € D(A) u mHekoroporo C' > 0. O6br4HO, 6€3 OrpaHHYeHHs OOIIHOCTH, HOJIATAI0T
D(B) = D(A). Hopma B L4(H) 3anaercs dopmymnoit: || B4 = inf{C > 0: ||Bz| < C(||z| + ||Az||) ana
moboro x € D(A)}.

Cumsosiom End H 6yner o6o3nadaThCst 6aHAX0BA ajiredpa OrpaHUYeHHbIX JIMHEHHBIX OTIepaTOPOB, Ieii-

creyomux B H, ¢ Hopmoii | X|| = sup || Xz|,x € H,X € EndH. IIpocrparncreo End H HenpepbIBHO
llzll <1

BrIoxkeHO B L4 (H), ecrm D(A) = H.
Cumposom [ obo3HadamM TOXIeCTBeHHbIi onepaTop B End H, a cumponamu Iy, k € J, Iy, m € Zy—
TOZK/IECTBEHHbIE onepaTropbl B noanpocrpancrsax Hy = ImPy,k € J, u H(,y = ImPy,, tae P,y =
> P, m € Z,, COOTBETCTBEHHO.
|i]|<m,iel
OTmerum, 9TO NPUHAIEXKHOCTH oneparopa B npocrpanctBy L 4(H) o3HauaeT orpaHuyeHHOCTD OIe-
patopa B(A— M)~ ana xammoro A € p(A). Hpu stom B £ 4(H) MOXKHO BBECTH SKBHBATEHTHbBIE HOPMBI,
nonoxkus || Bl|a = || B(A—X)7L||, A € p(A).

ISSN 2687-0959 IIpuxaadnas mamemamura & Dusuxa, 2020, mom 52, Vo 2



A. I Backaxos, H. A. Kpuwman, H. B. Ycxosa 73

B pabore paccmarpusaercs oneparop A — B, rne B € L4(H). JouonnureiabHble yCI0BUs Ha, Ollepa-
Topbl A u B 6yuayr upusenennl B §2. K oueparopy A — B upumeHsieTcs Meroj, 10J00HbIX OIIEpaTOpOB
[Backakos, Yckona, 2018], [Baskakov, Krishtal, Uskova, 2018], [Baskakov, Krishtal, Uskova, 2019]. B oc-
HOBE METO/Ia JIEYKUT MPeo0dpa30oBaHue MOA00MS UCCAETYEMOTO OTIEPATOPaA K OMEPATOPY BUIA

A=A-PuWYPu— Y PYP,neZ, =7U{0}, (3)

[i|>n,ie]

rje orpaHudeHHblil oleparop Y ecrb pelleHue HEKOTOPOIO HEJMHEHHOIO OLeparoOpHOro ypasHenus (110-
apoGrocTu cM. B §3, 5). IIpenmymiectso omeparopa A u3 GopMysis! (3) 3aKIIOYACTCS B TOM, 9TO TOIIIPO-
crpanctBa Hy, |k| > n,k € J w He,y, n € Z,, ABIAIOTCA I HETO HHBAPUAHTHBIMH.

Hanee oneparop A — B GyzeM Ha3bIBATH BO3MYIIEHHBIM OMEPATOPOM, OIEPATOp A — HEBO3MYIIEHHBIM
orepaTopomM, a oneparop B — BO3MyIIEHHEM.

Merox, 110106HbIX OLEPATOPOB MMeer napHIO ucropuio [Backakos, 1983], [Backakos, depOyiues,
IMep6akon, 2011] u TpHMeHsIeTCs 71T UCCIIEIOBAHNS PA3IUUHBIX KIaccoB mubdepeHImaIbHbIX W pas-
HOCTHBIX oreparopoB (cMm. [Backakos, 1983], [Backakos, depOymes, Ilep6akos, 2011], [Backakos A. T
IMonsikos 1. M. 2017], [Backakos A. I'., Yckosa H. B. 2018], I'apkasenko, Yckosa, 2017. B naxuoit pabore
IPUBOAATCA MOAM(UKAIHMA METOA TOJOOHBIX ONEPATOPOB JIJIsi HEBO3MYIIIEHHOTO OIEPATOPa Yy KOTOPOTrO
COOCTBEHHbIE 3HAYEHHs «He Pa30erarcs», B OTjau4iun or, Haupumep, paborsl [Backakos, [Tonskos, 2017].
9TO co3maeT ONpeneIeHHble TPYIHOCTH B TPUMEHEHNH METOA TIOM00OHBIX OonepaTopos. I1osToMy mpuxo-
JIATCS BBOANTH HEKOTOPYIO BECOBYIO TTOCIEI0BATEIHHOCT, OTBEYAIONIYIO 38, CKOPOCTH yOBIBAHUS MATPUY-
HBIX 3JIEMEHTOB OIEPATOpa TI0 CTPOKAM H TI0 CTOJONAM W IOJIy9aTh YCJIOBHAS MPAMEHUMOCTH B TEPMHHAX
9TOil mocsienoBaTesbHOCTH. Briepsbie BecoBas 1ocienoBaTesibHOCTL Oblia BBeseHa B [Backakos, depOy-
wies, Illepbakos, 2011], pesysbrars: crareii [Backakos, Yckosa, 2018], [Vckosa, 2019], [Baskakov, Krishtal,
Uskova, 2018], [Baskakov, Krishtal, Uskova, 2019], rakzke 10/1y4€eHbL ¢ €€ UCLO/Ib30BAHUEM.

2. IIpocTpaHcTBa OomepaTopoB. YcjoBus Ha omeparopbl A m B. BeeneMm moHsaTHS omepaTop-
HOJT MaTpuupbl U Marpunsl oneparopos | Backakos A. I'.; 1997], [Baskakov., Krishtal, 2014], [Baskakov,
Krishtal, Uskova, 2019], cooTBeTcTByIOIIIE HEKOTOPOMY PA3IOKEHHIO e TUHHIBI IpoekTopamu {E;, j € J}.

Omnpenenenne 2.1. Onepamopnoti mampuyeti X = (X;;); jey Hasweaemea omobpaocerue X : J x
J — End H. IIpu smom onepamopnas mampuya X = (X;;) accoyuuposana ¢ pazaoscenuem eOuHuLbl
{E37] S J}7 ecau XZJ = PlX”Pj, 1,7 €J.

Ounpepesienne 2.2. Mampuuet onepamopa X € La(H) omHocumeabHo pasdaodcerus eOuruyb, npo-
exmopamu {P;, j € I}, onpedesennvmu gopmyaot (2), nasweaemca onepamophas mampuye X = (X;;),
das womopot X;; = P XP;, 4,5 € J.

Oupegenenne 2.2 koppekrho, Tak kak P, XP; € End H,i,j € J.

Kaxmas omeparopras marpuna X, acCONMMPOBaHHAs ¢ pasioxenneM exwrnusl {P;,j € J}, ompe-
nensier oneparop X : D(X) C H — H. Ilpu sToM mpefmmonaraercsi, 970 06JIacTh OMPEIETIEHNs Ole-
paropa X, 3amaBaemMoro Marpureit X', saBjdgeTcd MAaKCUMaJbHOU W3 BO3MOXKHBIX. Ilycte X — mHekoTo-
pasi omepaTopHAas MATPHUIA, ACCOMUUPOBAHHAS C passoxkenuweM equuunsl {Pj,j € J}. Onpemenum ome-
parop X : D(X) ¢ H — H, nonarag uro & € H upunamnexkur D(X) u Xo = y € H, eciu

> Xomx = Y. XpmPmx 6e3ycnosro cxomures K y. Ormernm, uro eciu X € L4(H), To ero marpuna
n,mejJ n,mej]

(Xij),4,7 € J, onpenensier onepatop, siBasomuiics paciupenneM omeparopa X. Takske 3amerum dro, u3
DPABEHCTBA OIIEPATOPHON MaTPULbL HYJIIO CJIEIyeT, YTO cooTBercrByloumii oneparop u3 L 4(H) HyseBoii.
Kpowme roro, marpuna (A;j),4,j € J, neBosmyumennoro oneparopa A auaronansaa u A; = Nl i € J,
Aijj =0 npu i # j.

B macrosmeit pabore Bce I0KA3aTEIbCTBA U PE3YJIBTATHI OYIAYT (POPMYIUPOBATHCA B TEPMUHAX MaT-
PHIL PACCMATPUBAEMBIX OIEpaTOPOB. LI MPOCTOTHI MBI OyIeM OTOXKIECTBIATH OMEPATOD € €r0 MATPHUIEeit
OTHOCHUTEJIBHO BBEIeHHOH (hopMyioii (2) cucTeMbl ClieKTPAIbHBIX IPOEKTOPOB (npoekTopos Pucca) nesos-
MYIIEHHOI'O oneparopa A.

Hamnee HaM norpebyercst moHsATHe auaronaseii omeparopa X € L4(H). Oneparoper X, € L4(H),p €

Z, onpeniesiieMble MaTPUIIAMU
Xij, 1—Jj=p,
(Xp)ij = { ’

0, i—j#p.
Marpuns: X, HazoBeM p-Mu auaroHazsmu oneparopa X uz La(H).
Huexe namu Gyuer ucnosnb3oBarbes asycroponuuit uuean Gqo(H) C End H ouneparopos I'mibbepra-
IImuara. Yepes || X2, X € G3(H) obozuaunm Hopmy I'miusbepra-IIImuzara.
Ormerum, aro g X u3 So(H) ero nopmy [miabbepra-IlImuara MOXKHO BBIPA3UTh Yepe3 HOPMY
MATPHUYHBIX 3J1eMeHTOB (hOPMYIIOit
2 2
X115 = > 11X5115: (4)

i,J€J
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Memod nodobHulx onepamopos 6 CnexmpasbHOM GHAAUSE OTLEPATNOPHBLT DECKOHEUHVLT Mampuy, T4

Hy»xuble Ham cBoiicrsa uieana Gq(H) moxkuo naitru B [Tox6epr, Kpeitn, 1965], [12].
IMepeiizem K ycioBusM Ha oneparopbl A m B, Hak/IaJbIBaeMbIM B JAHHOH paboTe Jijid NPUMEHEHHs
METO/IA TOIO0HBIX OMMEPATOPOB.
Hanomuuwm, uro cuexkrp o(A) oneparopa A npeicrasum B Buge o(A) = %J{/\"}' ITomymnpocrora
n

COOCTBEHHBIX 3HAYEHUI A\, N € J 03HAYAET, B YACTHOCTH, BHIIIOJIHEHIE DABEHCTB

AP, = APy, n € J. (5)

Jlamee OyeT CIUTATHCSA BCIOY BBIMOJHEHHBIM YCIOBHE:

sup Z INi — A2 < 0. (6)
& nen{iy

Ormernm, 4TO ycroBue pasjeseHHocTu crekTpa (1) memocpescTBeHHO BhiTeKaeT u3 (6).
TakzKe CYMTAIOTCS BBIIOJHEHHBIMU CJIEYIONIME yCIIOBHS:

1)
D lIBall3 < oo; (7)

€]
2)
1BiI3
Z ( ,_J)\?)z < 09 (8)
i,j€T it " J
3)

2

DN (DDl (9)

= . /\l J
i,5€] ||lel,l#] 9

4) past soboro € > 0 cywecrsyer Takoe 4ucio A € p(A), uro
IBA- A <« (10)

B nekoropbix ciyudasx Mbl He OyzieM 1poBepsTh BblnosiHeHue yciaosus (7) (cum. 3amevanue 4.1).

OTMeTnM, 9TO TIOCTABICHHBIE BBINIE YCJIOBUS Ha OMEparopbl A m B aBTOMATWYECKH BBITTOIHSAIUCH
M mpearnosaraauck B paborax [Backakos, depbymes, Ilepbakos, 2011], [Backakos., Yckosa, 2018],
[Kpumramn, Yckosa, 2019 |, [Yckosa, 2019], [Baskakov, Krishtal, Uskova, 2018|, [Baskakov, Krishtal,
Uskova, 2019].

3amevanue 2.1. s Toro, 9Todbr Bo3myIeHne B mpuHaiexkano uaeaty oneparopos ['mibnbepra —
IMmvnara So(H) HEOOXOMMMO U JOCTATOYTHO BBITOIHEHNE YCIOBUSI

> IBi 5 < oo (11)

i,j€J

ITpu 3rom ycnosusi (7)—(10) BBIIOTHSIOTCS ABTOMATUYECKU M UX [IPOBEPKA HE [IPOBOIUTCS.

Sameuanmne 2.2. Boimosnnenue yciaosus (7) o3nadaer, 4ro oneparop By, aisromumiics HyJIeBoii 1ua-
rouanbio oneparopa B, npunannexur Go(H) onars xe B cuny (4). Ilo mosoxy dopmyn (8), (9) cm.
3amedanne 4.2.

3. Merozn nogo6HBIX onepaTopoB. AGcTpakTHast cxeMma. Pasnnanbie mpeobpa3oBaHusT MOI00Ns
IMPOKO ACTIONB3YIOTCS B MATEMATHKE, HAYAHAS C TPUBEICHN ST KOHEIHBIX MATPHIL K JAATOHAJIBHON (hopMe.
Ucropust 1 0630p 0NEpaTopoB Mpeodpa3oBaHUs W3JIOXKEHBI, HampuMep, B pabore [Curunk, IllumkuHa,
2019].

Oupenenenne 3.1. Jlunetnwe onepamopw. £ : D(E1) C H — H u & : D(&) C H — H naswi-
6a10MCA NOJOOHBLMUY, €CAU Cyulecmeyem nenpepueHro obpamumsii onepamop V € End H, maxod, wmo
VD(&E) = D(&) u Ve = VEux,x € D(E). Onepamop V' nasweaemea onepamopom npeobpazosarus
onepamopa 1 6 onepamop Ex. Onepamop V maksice unozda HA3b6GIOM CRACMANOUUM OTLEPATIOPOM.

ITono6HBIE ONEPATOPBI MHTEPECHBI U IMUPOKO UCIIONB3YIOTCA B CBSI3U C TEM, UTO 3HAS CHEKTPATbHBIE
CBOICTBA OJTHOTO OMEPATOPA, MOXKHO MOJIyYATh COOTBETCTBYIOIIAE CBOWCTBA JAPYTrOro ONEpaTopa.

JIemma 3.1. I[Tycmw onepamopw & : D(E1) C H — H u & : D(&) C H — H nodobro, u &1V = VE.
Tozda:

1) uz o6pasv, ImE u ImEy ceasanv pasencmeom ImEy =V (ImEs);

2) ux cnexmpo. 0(E1) u o(E2) marue, wmo o(&1) = o(E:);

3) nyemwv e — cobecmeennnili sexmop onepamopa E, Ese = e, mozda Ve — cobemeennvili eexmop
onepamopa E1, npuvem E1Ve = AVe;
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4) nyecmo Q € End H — cnekmpaavuoili npoexmop, nocmpoensili no HeKkomopomy CnexmpasbHOMy
muootcecmey o onepamopa Ez. Tozda cnexmpasvnuti npoekmop Q € End H, nocmpoennwiii no cnex-
MPANLHOMY MHONHCECTNGY T OAf onepamopa E1, ONPEIEARKEMCA PABEHCTNEOM

Q=vQv'

HemHoro 3arpomnem BOIPOCHI UCTOPUH METOJa MOJOOHBIX Omeparopos. [lepBoHAYAIBLHO TOT METOT,
npemnoxkui K. O. @puapuxce [Jaudopa, Isapi, 1974] mis ucciesoBaHus BO3MYIIEHHBIX CAMOCOIPSIZKEH-
HBIX ONEPATOPOB C HenpepbiBHbIM criekTpoM (Merox Ppunpuxca). P. Tepuep passun meron ®@puapuxca
(cm. [Jandopa, MIsapu, 1974]) mus oueparopos ¢ auckperubiM cuekrpoM. A. I'. Backakos npoosku
passuTre Merona Ppuapuxca ¢ yuerom nzeii ITyankape, Kpoutosa, Boromo6ora (cum. [Backakos, 1983],
[Backakos, ITonsikos, 2017], [Backakos., Yckopa, 2018]. B paGorax [Backakos, 1985], [Backakos, 1999]
[OKa3aHa CBA3b METOJA TMOJOOHBIX OIepaTopoB ¢ 3aMenoii Kpbuiosa-Boromotosa. OrMeruM Takke, 4To
METOJI TIOMOOHBIX OIEPATOPOB UMEET MHOKECTBO PA3HOBUIHOCTEH. B nannoit pabore OCHOBHBIE TIOOKEHUS
Meroia OyayT u3snararbcd B coorsercrsuu ¢ [Backakos, Yckosa, 2018].

Mbr pasee 6ysem naspisarb rpancdopmaropom (repmun M. I'. Kpeitna) oneparop, peiicryomuii B
IPOCTPAHCTBE OMEPATOPOB.

OCHOBHBIM TOHATHEM METOJA IOJOOHBIX OMEPATOPOB SABJISIETCs IOHATHE JOIMYCTUMON (1 HEBO3MY-
LIEHHOTO oneparopa) Tpoiiku. OHa coCTOUT U3 MPOcTPaHCcTBa M IONYCTUMBIX BO3MYIIEHUH U JIBYX TPAHC-
dopmaropoB J € EndMul : M — End H.

Oupenenenne 3.2.[Backakos, Yckosa, 2018] Jas onepamopa A mpotixy (M, J,I") nazoeem dony-
cmumoti mpotikot u M — npocmpancmeom donycmuMvE 603MYyueHutl, ECAU BUNONHANMCA CAEOYIOULUE
YCAOBUSA:

1) M - 6anaxoso npocmpancineo co ceoeti nopmotd || - ||, nenpepwueno saoocennoe La(H), m. e.
cywecmeyem nocmoanuaa ¢ > 0 maxaa, wmo || X||a < c|| X ||« daa 06020 X € M;

2) J uT — oepanunennvie mpancgopmamopv, u J? = J;
3) TX)D(A) C D(A). Jan mobozo onepamopa X us npocmpancmaea M 6unoiHeHo pasercmeo

AT Xz —TXAx = (X — JX)z,
oas xaocdozo eexmopa x € D(A). Kpome mozo, Y =TX — eduncmeennoe pewenue ypasHeHus
AY - YA=X - JX, (12)

u JY = 0;
4) 0as aobvx onepamopos X u'Y uz M onepamopwu XI'Y, (I' X)Y maxowce npunadaesrcam M. Kpome
mozo, cywecmeyem nocmoannas y > 0, Komopas Yyoo6AEMEOPAEM, HEPAEEHCTNEAM

IT]] < y max{[| XTY |, [(TX)Y[[.} <X [Y ]l (13)

5) oas ecex X, Y us M: J((TX)JY) = 0;
6) das ar0bozo onepamopa X € M u npoudsosvnozo € > 0 cywecmeyem “ucio Ae, K0Omopoe npunad-
AEIHCUM PE30AbEeHMHOMY MHodcecmay p(A) maxroe, wmo 6uNOAHAEMCA HEPABEHCTNEO

IX(A=AD)™ <e (14)

3ameuanne 3.1. Cormacuo [Backakos, 1983] ycaosue 6) MOkHO cHOPMYINPOBATE TAK: JJIsT JIIOOOTO
X eM,ImTTX C D(A) w ATX € EndH.

ITycrs Tpoiika (M, J,T') — dbukcupoBatHtas gomycTuMas Tpoiika s omeparopa A.

Teopema 3.1. [Backakos, [Tonskos, 2017] ITyecms B € M u ewnoaneno nepagencmaeo

I7[[[Bll«y < 0.25, (15)

mo eo3myueHnbili onepamop A — B nodoben onepamopy A — JX,, 2de X, € M ecmv pewenue onepa-
MOPHO20 YPAGHEHUS
X =BTX — (I'X)(JB)— (I'X)J(BTrX)+ B = ®(X). (16)

Onepamop X, moowcem 6oumv natiden memodom npocmux umepayuid, Xo = 0, X; = B,.... IIpeo6-
pazosanue nodobus onepamopa A — B 6 onepamop A — JX. ocywecmeasem obpamumvili onepamop
I+TX, € EndH u T'X* € M. Omobpascenue ® : M — M A645EMCA CHCUMAOWUM 6 WaAPE
[X € M: X - BJ. <3]B|.}.

Bosmyienue B ne 06s3aH0 NpuHa/IeKaTh HyKHOMY (yI0OHOMY) MPOCTPAHCTBY JOIIYCTUMBIX BO3-
mymienuii. B aTom ciydae ys100HO cHadana cenaTh IpeaBapuTenbHoe npeobpasoBatue mojo0us JaHHOTO
BO3MYyIIEHHOro oneparopa A — B B takoii oneparop A — B, rue B y:ke ectb 3jiemedT M.
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IIpenmnosioxenne 3.1. /las onepamopa B € L4(H) u npocmpancmea donycmumsis 603myusenud

M cywecmeyrom onepamopwv, M, N € End H ydosaemeoparousue ycaosuam:
DN < 13

2)ND(A) € D(A);

3)BN,NM € M;
) ANz — NAx = Bx — Mz, x € D(A);

5) daa 06020 € > 0 cywecmeyem wucao A € p(A) maxoe, wmo ||B(A— AI)7Y| <e.

Teopema 3.2. [Backakos, Ilomsikos, 2017] ITycme npednoaosicerue 3.1 umeem mecmo. Tozda onepa-

mop A — B nodoben onepamopy A — M — C, 2de C = (I + N)"Y(BM — NM) u cnpasedauso paencmeo

(A—B)I+N)=(I+N)A-M-0C). (17)

3ameuanune 3.2. Ormerum, uro eciau M — aBycropounwnit ugean B End H, to C' € M. Ecmau, 6o7ee
toro, u M € M, torna noBoe Bo3myienne M + C' TakKe NPUHA/JIEKHUT NTPOCTPAHCTBY JOMYCTHMbBIX
BO3MyIeHuit M.

Sameuanmne 3.3. B [Backakos, [lossikos, 2017] u apyrux paborax, naupumep, B [Baskakov, Krishtal,
Uskova, 2019], IIpengoxenne 3.1 u Teopema 3.2 chopMynInpoOBaHbI B IPYTUX TEPMUHAX.

B saksmouenuu naparpada chopMmyaupyeMm TeopeMy, MO3BOJISIONLy 0 0CaIaduThb ycaosue (15) B vacTHOM
caygae JB = 0.

Teopema 3.3. IIyemv B € M u JB = 0. Tozda ecau

BBy < 1,

mo onepamop A — B nodoben onepamopy A — J X, ede X, € M — pewenue HeAUHEUHO20 0ONEPATNOPHOZ0

YpasHeHUA
X = BI'X —TXJ(BTX) + B,

U 0HO Mookcem bbimb Halideno memodom npocmux umepayut, nososxcue Xg =0,X7 =B, ....

4. IIpenBapuTesibHOEe NMpeobpa3oBaHue IOA00us. B paccMOTpEHHOM HaMU Caydae B KAadeCTBE
MPOCTPAHCTBA TOMYCTUMBIX BO3MYINEHUH ym1o0HO Oparh umeas oneparopoB ['miabbepra — lmuara M =
Gy (H) (unm Gostee y3KOe IPOCTPAHCTBO, onpeenentoe B §5.2). Oxnako, B obmiem ciaydae B ¢ Go(H), u
[O9TOMY HEOOXOAUMO CIeIaTh IIPeIBAPUTEIbLHOe Ipeobpa3oBanue nonobus oneparopa A— B, B € L4(H)
B omeparop A — Q, rme Q € Gy(H).

Baxkno ormerurs, uro eciau B yxe npunajgyexur uueainy Sq(H), ro upeasapurenbioe upeobpaso-
BaHMe ToZ00ust He TpedyeTcs.

IToguepkueMm erre pa3, 9TO OCHOBHOE U MPEIBAPUTEIHHOE TPe0Opa30BaHNs MOI00Us MbI OyIeM CTPOUTH
C UCTOJH30BAHUEM MATPHIL OMEPATOPOB, TPUUEM OMEPATOPBI YacTO OYAYT OTOXKIECTBISETCS CO CBOMMMU
varpunamu. [1oaxon K mpeaBapuTeIbHOMYy TPeoOpPa30oBaHUIO TOM00Us, H3IOKEHHBIN HUXKE, OTIHIAeTCs
or [Baskakov, Krishtal, Uskova, 2019].

Omnpenenum aBa auHeiHBIX omeparopa M u N, y4acTBYIOIIMX B MPEABAPUTEIHHOM MPEOOpPA30OBAHUY
nonobust, cBouMu Marpunamu, mojaokus M = (M;;), N = (N;;),i,j € J tae

. . B, , .
Bi'a = ,_” ] )
0, #7 0, i=y.

Hapsny c omeparopamu M u N pacCMOTPUM JIBe MOCTEIOBATETHHOCTH OnepaTopoB M )y N e
74 , TONIOXKUB

M5 =4 By, max{lil, [j|} < n,

0, B oCTa/IbHBIX CIIyYadx,

Bij’i :j’ Bij . . . . .
_Dij >
11 NG = {H £ g min(fi,j) > n o

0, B OCTAJIbHBIX CIIyYasIX,

NGO = N, M© = M. Baxuo, uro omeparopst M (™ — M u N(™) — N ecrb oneparopsl KOHEIHOTO PAHIa.
Omnepazopsr M, N, N u M) n € Z,, ects oneparopsr T'uisbepra — IIMmuara. JdeiicTurensHo,

M]3 =" [|Bill3 < oo, (20)
€]
1BiI3
IN3 = VT (21)
’ ,JEZJ:#J ‘ A ‘2
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Tak>ke 09eBHTHO, UTO

BBy
(BN)ij = ’ (22)
N\
1€3,1#]
U, CJIeJ0BaTeIbHO,
BBy
BNE= Y1 Y Pl oo (23)
ijel ijiel J

Taxum obpasom oneparopsl N, M, BN npunasgexar Sq(H).
IMocuuraem marpuutbie semedTbl Kommytaropa AN — N A; yarem dopmyny (5):

Bi'v } 'a
Pi(AN — NA)Pj = (Ai — Aj)Nij = {0 Z:Zf]

Marpuunbie ssemeHTbl KOMMyTaropa AN — N A coBOafaioT ¢ MATPUYHBIME 3JEMEHTAMU MATPHUIHI

B—M, 1 e. AN — NA= B — M. Ilokaxewm, aro N(D(A)) C D(A). Ilycts Ao € p(A),x € D(A), Torza

x=(A-XI)"'y, ycH,

y PP,
NA-XD)Ty= ), NS =

n,meJ,n#m

. P,YP, _ ¥ P.YP, -
n,mel,n#m ()\m a An)(/\m o )\0) ()‘m - )\0)()‘71 - /\0)

= (A=XD) !Ny + (A= XI) Y (B - M)z = (A= XI)""(Ny+ (B — M)z) € D(A).

n,meJ,n#m

Hust oneparopos M u N Bbiiosnenbl Bce ycjoBus upegnosoxenus 3.1. Hanomuum, yro yciosue 5)
npeanosoxkenus 3.1 ects ycnosue (9) Ha omeparop B.

ij

_ Bij
BameTnM, 9To 31eMeHTbI MaTpuIb oneparopa B(A — A1) ™! umeror Bu (Aﬁ)\e

), 0,5 €3, A\ € p(A).
Jamee Takzke Oy/IeT UCIOMb30BATHCS CIEIYIONIAS MIPOCTAsI
JIemma 4.1. s arw6oz0 onepamopa X € So(H) umeem mecmo pasercmeo:

Jim [|X — Pl X Py [|2 = 0.

13 Teopembr 3.2 u jiemMMbI 4.1 BhITEKAET
Teopema 4.1. Ecmv maxoe ueaoe k > 0, wmo eosmyuwsennsiti onepamop A — B nodoben onepamopy

A-M® —c®) =4 Q;c* = (I+ N(k))(BN(k) _ N(k)M(k)),
2de CF) NE) ME) NEME) ¢ Sy(H) u umeem mecmo pasencmeo
(A=B)I+NW) = (T +N®)(A-Q),Q € &,(H).

Sameuanne 4.1. Yciosue (6) Ha omepaTop B, rapaHTUpyIOIee NPUHAJIEXKHOCTH omneparopa M
uneany So(H), B HEKOTOPBIX CJIydasiX MOXKHO O0OHTH.

IIpuBesem mpocToit mpumep.

Iycrs By (nysieBas puaronalb oueparopa — Bo3myiuenus B) oupenensiercs dopmyioit By = bol, by €
C. Torma My = byl ¢ G3(H). B sarom ciyuae oTHeceM ormepaTop bgl K HEBO3MYIIEHHOMY OIMEpaTOpY.
Bwmecro A meBosmyienubim cuuntaeM A — bgl, u M = 0

Sameuanne 4.2. I3 dopmyn (20) u (23) caexyer, uro oneparopst M u BN, MaTpudHble 3j1€MeH-
Thl KOTOPbIX omnpesesienbl (popMynamu (18) u (22) cooTBeTCTBEHHO, NPUHAJJIEKAT MEALY OLEPATOPOB
Tun6epra-Illvuara So(H). Ilosromy B HEKOTOPBIX Ciydasx yaobHee BMecTo nposepku Hepasencrs (20)
u (23) MTPOBEPSTH TPHHAJIEXKHOCTH COOTBETCTRYIOIINX orepaTopos naeany Sq(H). B Takom ciaywae yciio-
Busg (8), (9) Ha marpuily oneparopa B, obecneunBaiomue BbinoiHenue nepasercts (20) u (23), rakxke He
TTPOBEPSIIOTCS.

5. IlocTpoeHne OOMyCTUMbBIX TPoeK. B sTom maparpade 6yayT HOCTPOEHBI 1Ba PA3IMIHBIX CeMe-
CTBa JIONYCTUMbBIX TPOEK JIJIs HEBO3MYIIEHHOrO oneparopa A ¢ BoamyiuenueM Q u3 uneana Sq(H). Econ y
HEBO3MYLIEHHOI'O olieparopa A cobcrBeHHbIe 3HAYEHUST «PA30eraTcs», 1. e. HILH;O dist({\n.}, c(A)\{\n}) =
00, uu HopMa ||Q||2 BO3MyIeHus 1OCTATOYHO MaJia, TO B KAYEeCTBE [IPOCTPAHCTBA JOIMYyCTUMbIX BO3MYIIe-
Huil MOXKHO ncnons3oBaTh So(H). B obmiem ciaydae Mbr ncnomb3yem Gomee «y3kue» mpocTpancTsa Mo,
LHOCTPOEHHBIE 110 Bo3Mmylenuio Q. (cm. §5.2)

ISSN 2687-0959 IIpuxaadnas mamemamura & Dusuxa, 2020, mom 52, Vo 2



Memod nodobrvlx onepamopos 6 cnexmpasbHoM GHAAU3E ONEPAMOPHLLL OECKOHEUHDIT MAMPUY, 78

5.1. Ilocrpoenue mepBoro cemeiicrBa gomyctumbix Tpoek (So(H), J,,I,). B stom mynk-
T€ B KAYECTBE MPOCTPAHCTBA JOILyCTHMbIX BO3MymeHuil M BbicTynaer uzaean oneparopos ['mibbepra —
Mmuara So(H) us anre6pst End H. OTvernM, 910 MOXKHO CYMTaTh A 0GpaTHMBIM OMEpATOPOM, HHAYE,
BMecTo A MOXKHO paccMarpusarh oneparop A — ul,pu € p(A). Homycrumbie Tpoiiku misa A u A — ul
OyLyT OJMHAKOBBIMHU. ]

Hockombky Go(H) C EndH C La(H), umeem |Xz| = [ XA71Az| < || XA7Y||Ax],
X € Gy(H),x € D(A). Takum obpazom, || X |4 < [[XAY.

Iepeitnem x mocrpoenuto Tpancdopmaropos J,I' € End(S2(H)).

Hus X € S9(H) oupenenum rpancdopmaropst JX u I'X marpunamu:

Xi'a | = .7
(JX)i = {0 q; ~J (24)
7Z ]7
Xi]‘ . .
oot )
(0X);; = {3’;& e (25)
Ouesugno, uto JX = > P,XP, u Bbimucanueii psaj Gesyciaosno cxomutes B Go(H), ||JX|3 =
nelJ
%||PiXPiH§ < |IX3, 7. e. u3 X € Gy(H) caenyer, uto JX € Gy(H).
1€
IMokazkem, aro I'X € Go(H) nnst X € Go(H).
JleiicTBUTEBHO,
1 X4513 1 1
ITX|5 =) ﬁ < 7 > IxXul5 < @HXH%» (26)

4,§€1,i#] i,§€0,i#]
rue B onpeneneno gopmydoit (1).
Teopema 5.1. Tpotika (G2(H), J,T') asasemea donycmumot mpotixoti das onepamopa A.
HokasaresbcTBOo. JI0KA3aTeIbCTBO TEOPEMBI AHAJIOTHYHO TOKAa3aTeIbCcTBY JeMMbl 3.5 n3 [Baskakov,
Krishtal, Uskova, 2019].
Hapsny ¢ rpancdopmaropamu J,I' € End(S2(H)), BBeIeM B paccMOTpeHne cemeiicTBa Tpancdhopma-
TopoB Ji, 'y € End(G2(H)), k € Z, bopmynamu

JiX = PpXPyy+ > PXP,X € &y(H) (27)
|i|>k,i€l
'y X=TX— P(k)FXP(k) = F(X — JkX),X S GQ(H), (28)

mpu 3toMm JoX = JX, Ty X =T'X. Oneparopsr Jy X u I'y X,k € Z, onpenesienbl KOPPEKTHO, BCE BBIIIIE-
omnucanuble psaapl cxousarcesd B So(H). Ormerum, uro oneparopbt JX — Jp X, I'X — 'y X ecrb oneparopsl
KOHEYHOro panra. Ilosromy mmeer mecto

Teopema 5.2. Tpoiixa (Go(H), Tk X, Jp X) asasemecs donycmumoti dasn onepamopa A mpotixot npu
arobom k € Z .

3 Teopemnl 5.1 u Teopemsr 3.1 ciaeayer

Teopema 5.3. Ilycmv onepamop Q maxot, wmo

Q2 < = (29)

>

Tozda onepamop A—Q nodoben onepamopy A—J X, = A=V, X,, V € G3(H), umerowemy 0uazonasvhyio
onepamopnyio mampuyy. Umeem mecmo pasencmeo

(A-—Q)I+TX,)=(I+TX,)(A-V),

20e onepamop X, € Sy(H) ecmsv pewenue neauneinozo onepamopnozo ypasrenus (16).
OTmerum, 9TO JOBOJIBHO KecTKoe ycsoBue (29) MOXKHO CHATH B TOM CJIy4ae, €CJiu COOCTBEHHbIE 3HA-
genust oreparopa A «paszberaiorcsy T. e.

Tim_dist({An}, o (A)\{An}) = oo. (30)

Torua paccmarpusaercs rpoiika (Gqo(H), J,, ') u koncranra vy, anasorudno (26), oueHuBaercs cJjemy-
[otIeit BeTMInuHOMN

v =70 = (dist({\n}, U(A)\{)‘n}))_lv
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IIPU 9TOM OYEBUHO, YTO BEJUIHHY 7Y, MOXKHO CIEJATh MAJOM.
Teopema 5.4. IIpu swnoanenuu ycaosus (30). Cywecmsyem makoe m € Z, wmo onepamop A — Q
nodoben onepamopy 6404H0-0ua20HaAbHO020 6uda A —V u

(A-Q)I+T,X.) = [ +T,X)(A-V),

20e onepamopu, V, X, € G3(H) u X, ecmv pewenue neaunetinozo onepamoprozo ypasrerus (16) ¢ mparc-
dopmamopamu, Jp, Ty € End(Go(H)), onpedeaenmvim dopmyasamu (27), (28).

U3 Teopem 5.3, 5.4, 4.1 BbITEKAET

Teopema 5.5. ITycms evinosnsemcs ycaosue meopemvs 5.3 uau 5.4. Toeda ucxoonwii onepamop A— B
nodoben onepamopy A — V,V € Go(H), umerouemy mampuyy 0uazonasbnozo (6404H0-0ua20HaA61020)
suda. Onepamopom npeobpaszosarus onepamopa A — B 6 onepamop A — V' cayorcum onepamop

(I + M"Y +T0X,) =1+ Upn,

20e Uy, € Go(H).

Ormvernm, gro ais oneparopa Jupaka u3 [Backakos, Jdep6ymies, Ilep6akos, 2011], [Yckosa, 2019]
un auddepeHnuatbHbIX OIepaTOpOB MEPBOro mopsaka ¢ uuBosoinueil u3 [Backakos, Yckosa, 2018,
[Kpumras, Yekosa, 2019 |, [Baskakov, Krishtal, Uskova, 2018] upeumnonoxenus teopem 5.3 u 5.4 He
BBIIIOJIHEHO B 001ieM cirydae. [ToaroMy jist HUX cTporTes Ipyroe ceMefiCTBO JIONYyCTUMbIX TPOEK.

5.2. ITocTpoenune nomycrumoii Tpoiiku (Mg, Ji, I'). Huzke 6y1yT HCIOIB30BATHCS IPOCTPAHCTBA
JIOIyCTUMBIX Bo3Mytennit M. ITo mobomy menymeBomy omeparopy X € Go(H) mocTpouM ABYCTOPOH-
HIOIO TIOCJIEIOBATETFHOCTD BEIIECTBEHHBIX YHCET BUJIA

an(X) = | X3 * max  ( Yo IBXIDLC Y IXPR e (31)
|k|>n,kel |k|>n,keT

IMocnenoBarensrocts (ay, (X))nez 0baamgaer ciaeayomuMu CBORCTBAMU:
n(X) =a_n(X),n € Z;
lim a,(X)=0,n¢€Z;

[n]—o00

1 a
)
3) an(X) <1 mua Bcex n € Z;
)
)
)

2

4) an(X) > any1(X),n > 0;
5) an(X) # 0 maa Beex n € Z, eciu Py X Py # X s Beex m € Zg;
6

KOHEYHAa BEJINYHHA

ZHXP H2+HXP [
X))2

Bes orpanudenns obmuocru B jasbheiimem Oyiem cautarh, 9T0 P, QP # 0 a1a Beex n € Zy..
Hast mroboro oneparopa X € Go(H) TakiKe 3aa1M CaMOCOTIPSIKEHHbIH KOMIIAKTHBI orneparop F:

Fx =Y an(X)P,

nel

nel

Fx € End H — byukuus or HopMmaabHOro oneparopa A u || Fx |l = max |a,(X)| = 1.
IIycts Fo = F. Beemem muOxkecTBO oneparopoB Mg C Go(H), mpencraBisgeMblx B BHIe

X =X,F, X=FX,,

rae X, X, € G2(H). Bagamum B Mg nopmy || X || am, = max{||X;|2, | Xr[l2}, | X2 < | X||mg, X € Mg.
W3 cBoiicTsa 5) mocienoBaTenbHOCTH (0, (X))nez cieayer, uro M siBiisiercst 6aHAXOBLIM IPOCTPAH-
CTBOM.
OuesuzHo, uTo J1060it oneparop X uz Go(H) MOXKHO 3amucarTbh Kak

X = (% ﬁX)XPn)FX = FX(nZe;I ﬁX)PnX).

CrenmoBarensHo, Q € Mg.

OrMeruM, 9TO MOCTEIOBATENBHOCTD v @ Z — R, Xapakrepusyer CKOPOCTh yObIBAHWS MATPUYHBIX
ssiemenToB oneparopa X € Go(H) 1o crpokam u crosibuam.

IMockonbky Mg C S2(H), To Tpancdopmaropst J, u I'y, k > 0, 3amaBaemsie dbopmynamu (24), (25),
(27), (28), onpenernensr u ms oneparopos u3 M. Bomee Toro,

J(XiF) = (Jy X))F, Ju(FX,)=F(JxX;),
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X, F)=(TpX))F, Tyx(FX,) =FTiX,),

roe X,, X; € Go(H).
Hns onenku HOpM [|[TR(XF)|l2 u [|[TR(FX)|2, X € G2(H), paccMOTpEM JiBe HOC/IEL0BATEIBHOCTH
(al),n € Nwu (&),),n € N, onpenenernnnie dbopmymamn

apyy = max{Ndy' 1 j € I || < n,lj| > n}, (32)

Gl = (5o ) m N, (3

vae di; = dist(o;,05),1,j € J. Ilocnenosarensuocru (a,) u (&),) NpUHAIIEZKAT IPOCTPAHCTBY CXOJSAIIUX-
s K HyJIIO TIOCTIeOBATEIBHOCTEH, T. €.

. / _ . ~! __
nh_}rr;o Oy = nh_)rrgo a, =0. (34)
Anasnornano [Backakos, lep0Oymies, [lep6akos, 2011, Jlemma 3| mokasbiBaercs
JIemma 5.1. Jlas xaovicdoeo k € Zy u X € Go(H) umerom mecmo ouenku

max{ || Ty (X F)|a, [Tk (FX) 2} < @y [ X]2-

Teopema 5.6. [Baskakov, Krishtal, Uskova, 2019, Proposition 3.7] Tpoixa (Mg, Ji,T'x) asasemea
donycmumott mpoturol 0aa He803MYuLeHH020 onepamopa A 0is 4106020 k € 74 U NOCTMOAHHAA Y = ), U3
onpedesenus 3.2 donycrkaem oueHKy

Vkéd;c-i-l? kEZJ’_

3 Teopemnl 5.6 u Teopemsr 3.1 ciaeayer
Teopema 5.7. I[Tycmo yesnoe k > 0 makoe, 4mo 6bnosHAEMCA PABEHCTNEO

a1 [Qllme < 1. (35)

Tozda onepamop A — Q nodober Oaouno-duazonanrvromy onepamopy A — Jp X = A — PuyXuPyy —
> BPX.P,=A-V,ede X, € Mg - pewenue neasunetnozo ypasnenus (16). Onepamop npeobpaso-
|i|>k,i€]
8aAHUSA A - Q@ 8 onepamop A -V ecmob onepamop I 4+ TX,,
I'X, e MQ C GQ(H)
Teopema 5.8. B ycaosusax meopemov, 5.7 ucroduviti onepamop A— B nodoben onepamopy A—V , 2de V.
npunadaesicum Sqo(H) u umeem mampuyy 640uH0-0ua20naivhozo euda. Onepamopom npeobpasosanus
onepamopa A — B 6 onepamop A —V cayotcum onepamop

(I + M®YI 4T, X,) = I+ Upm, Uk € So(H), X, € So(H), m > 0.

6. OneHKH CIIEKTPaJbHBIX XapaKTepPUCTUK omeparopa A — B.

6.1. Onenku crnekTpa. I3 Teopem 5.5 u 5.7 ciemyer odeBuHAS

Jlemma 6.1. 0(A — B) = 0(A—-V) = 0(A - P,y XuPmy — > PiXiPi), 2de X, — pewenue

[i|>m

onepamopwozo ypaenenus (16).

Ocobo noguepkuem, 9To oneparop A — V umeer GJIOYHO-IHATNOHAJBHBIN BUJI, 9TO CYIIECTBEHHO 00-
JIEr9aeT UCCIeI0BAHUE €r0 CIEKTPAJIbHBIX CBOMCTB.

Jlemma 6.2. B ycarosuar meopemo, 5.5 uau 5.7 cnexmp onepamopa A — B npedcmasum 6 eude
06BedUHENUA 63AUMHO NEPECERAUOUUTCA KOHENHDLT MHONCECTNE (1), T, |i| > m, npuuem

G(my = 0((A = PX)|H,,) = o(Apmy)s  Himy = ImP,

5; =0((A—PiX,)|u,) =0(A;), H;=1ImP;l|i|>m,iel,

U(A—B)ZO’(A(m))U U U(/L 25(m)U U o;

|i|>m,ie] |i]|>m,ie]

HokazaresbeTBo. [ moka3arenbcrBa paBeHcTBa (36) HEOOXOAUMO POBEPUTD JIBA, BKJIIOUECHUS

O'(A—B)Ca'(m)u U gi |,

|| >m,i€]
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5’(m)U U 0 CU(A—B).
|i]|>m,ie]

Omeparop A—V mepecranoBoden co Becemu oneparopamu Py, P;,|i| > m w npocrpanctsa H .y, , H;, |i| >
m sBJIAeTCs JJjIs Her0 UHBAPUAHTHBLIMU.

3 KoMIIAKTHOCTH Pe3ojbBeHTHI oneparopa A — V' cielyeT KOMIAKTHOCTb Pe30JILBEHTHI OlepPaTopa.
A — B. Tlosromy eciu Ny € (A — V), 10 cymecrByer cobcrBeHublii BekTop g € D(A) Takoii, 4ro
(A= V)zg = Axo. CieoBaresbHO, UMEIOT MECTa PABEHCTBA

A(m)P(m)l'o = )\OP(m)xo, AZ‘PiIEO = AoZo, |Z| >m+ 1.

Cucrema npoektopos Py, P, [i| > m obpasyer pasnoxenwne epunnnpt: @ = Po)x+ > P, x € H,
|| >m

x0T GBI OINH M3 BEKTOPOB P, %0, Pio, |i| > m nemynesoit. CiemopaTensno, Ao — cobCTBEHHOE 3HAYEHWE
KasKJI0TO M3 OTepaTopoB A, As, [i| > m.

Iycre Ag € 0(A;) nag mexoroporo || > m, Torna A;Pxg = MNoPxg,zg € D(A) — coorsercrBytommii
BexTop. Ilpumennm omeparop A — V' x BekTopy xo = Pixo,|l] > m, (A —V)zg = (A — Py XuPrm) —

> P X.P)Pxy= (AP, — PXP)Puxy— A Pixg = M Pxg. Jlemma mokazaHa.

|i]>m

3ameuanne 6.1. B obmem ciydae crektp omneparopa F ¢ 6JI0YHO-THATOHATBLHON MaTPHUIEil MOXKeT
HE COBITAJATH C OObEINHEHHEM CIEKTPOB ero 6J0koB F; m mazke ¢ ero 3aMmbIkanneM. IlpuBemeM mpocToit
npumep. ¥ omeparopa F, 3a7anH0oro 6eCKOHe4HOI 0JI09HO-IMarOHAJIBHON MAaTPUIEN BUIA

0 1
0 0 0 0
010
0 0 01 0
0 0 0
01 0 0 )
0 01 0
0 0 0 0 01
0 0 0O

CIIeKTPAJIbHBII pajuyc paBeH eauunne, u o(E;) = {0},7 € J.

13 nemmbl 6.2 cremyer, 9TO BAYKHOI 3aadell SBISETCS BLIMHCICHHE CIEKTPA OMEpPATOPOB A;, li] >
k,iel.

Bepuemcs k oneparopy X, — DEILEHUIO HEJIMHEHHOIO OleparopHoro ypashenusi (16) u oueHum ero
610k P; X, P;, KOTOpBIIl U UCIIOIB3YeTCs Jajiee B CIEeKTpaIbHOM aHau3e. meewm:

P X.P; = P,QI' X, P, + P,QF;,

OTKY/Ia
P X.P, = P,QP; + PQT',,QP; + P,QT,,(X — Q)P; = PiQP; + Ty,

e orepatop T, TPUHAJIEKUT WAeally sepHbIX omeparopoB &1 (H). OTMeTnM TakKe, 9T0 U3 TEOPEMBI
4.1 cnmemyer, 9TO

P,QP; = P,BP; + P,(I + N®)Y~"YBN® — N® AP, = P,BP; + P, BN P, + Ty,
li| > k,Th; € 61(H).
[TosTomy, cobupasi Bce BMECTe, MOIy9INM PABEHCTBA
P,X.P,= P.BP,+ PLBNW®P, + T;, T; € G,(H).

HamomunM Takxe, 9to smeMenTsl Marpuisl BN %) ompenesnenst dopmyioit (18), u, cremoBarenbHO, IpU
|i] > maxz{k, m} umeror MecTo paBeHCTBa

B; By;
12 T

Omnpenenenne 6.1. Yucao 5\, onpedesernnoe GopmyroTi
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HA3VLBAEMCA 636EUEHHDBIM CPEOHUM ZHAUEHUEM COOCTNEEHHBIL 3HAYEHUT A1, A2, ...y Ay .

Ilepen Tem, Kak choOpMyIHPOBATH OCHOBHOHI pe3y/IbTaT JAHHOrO naparpada, BBemeM cieayiomniee 060-
snawenne: l; = dimImP;,i € J, w nycrs marpunst P,BP; w PLBN® P, i € J |i| > m, cocrosr u3
9JIEMEHTOB bﬁu, 1<n,j<lin bn], 1 < n,j <l; COOTBETCTBEHHO.

Teopema 6.1. Hmeem mecmo caedyrowee aCuUMNMOMURECKOE NPEICTNABACHIUE:

l; l;
Y %Z Y B+ i e B € 13) (36)
n=1 n=1

HoxkazarenberBo. [loanpocrpancrsa ImP;, |i| > m, KOHEYHOMEPHBI, & B KOHEYHOMEPHOM HOJIIPO-
CTPAHCTBE CHEKTPAJIbHBIHA CJlef pABEH MaTPUIHOMY.

CaencrBue 6.1. Ecau dimImP; = 1,]i] > m,i € I, mo daa xascdozo us cobemeennus 3navenud
i, [i| > m ucwodnozo onepamopa A — B umeem Mecmo acumnmomuieckas Gopmyia

X lbl
No= A — ZMZ B4 B, tae Bi € 41(J). (37)
l#1

Pesyabrar Teopembl 6.1 MOKHO ¢HOPMYITHPOBATH HECKOJIBKO HHAYE, B pyciie paborsl [Backakos, Ilo-
agkos, 2017]. Ipusenem coorsercrByroiyo dbopmynaupoBky. s 3Toro Ham HOHAILOOUTCs MOCJIEI0Ba~
TEJIbHOCTh MATPHI]

(k) lelz
VU, = P,BP, + P, BN\® P, = BH+Z/\Z "
l#1
Teopema 6.2. Hmeem mecmo ouenra
YD S WS
In|>k o 1=1
20e A, |n| > k, — cobemeennvie 3naveHus HEBOZMYULEHHOZ0 OnEpamopa A, ;\”,g — cobCBEHHBLE 3HAYEHUSA

6a0ka P, (A — X,)P, u nocaedosameavhocmo o : Z — R onpedesena dopmyaoti (31). Boaee mozo,
on={\n—0(®,)}, |n|>k,
u D, ecmv Maxas MAMPUYA, 4MO NOCALO0EAMEAHOCTL
A(@,) = A(W,)],  In| > &,

CYyMMUPyema.

3ameuanne 6.2. Eciu k ucxomuomy omeparopy A — B He TPUMEHSJIOCH TPEIBAPUTEILHOE TTPEodpa-
30BaHUe MOmO6Hs (APYTUMH CJIOBAMH, €CJIN BO3MYIleHHe B m3HaYaIbHO pHHaIeskano uneany Sq(H)),
10 hopmyibl (36) u (37) nepenurnyrcs B Buie

1l

Ai = A\i — by + i, (39)

rJe MOCTIeNOBATETbHOCTE §; mpuHanIexuT £1(J).

B dopwmymnax (38) u (39) yureno, uro oneparop BI' X, npunagyiexur &1(H), eciu B € Gqo(H).

6.2. O1leHKH CIIEKTPaJIbHBIX MMPOEKTOPOB. B 3T0oM naparpade u3mokeHne IpoOBOIUTC B YCIOBUAX
nozuo6us oneparopa A— B oneparopy A—Q, Q € So(H). Hanomuum, uro cumsosiom P, [ € J, obo3navenst
CTIeKTPaIbHbIE TTPOEKTOPHI HEBO3MYIIEHHOTO oneparopa A n3 dbopumysr (2), Pyy = > P;. O6o3na-

|| <k,i€]
amm wepes Py, [n| > k, CTIeKTpaJIbHbIe TTPOEKTOPHI orepaTopa A — B, MOCTPOEHHbIE MO CHeKTPATHHBIM

MHOXKECTBAM 0y, U3 JeMMblI 6.2, Py = >~ P;. Mbl IpUXOANM K JIBYM Da3JIOKEHUSM €JIHHMUIIbL:
li|<k

I:P(k)—FZPi, I:P(k)—l—zpi.
|i|>k |i|>k

Ormernwm, uro P; = (I + Uk P;(I + Upy) 1 P(k) = (I + Upm) Py (I + Ukm) 1. Otxyna

Py — Py = (U Py — PiUpp)(I 4 Upp) ~* € Go(H), (40)
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p(k) — P(k:) = (Ukmp(k) — P(k)Ukm)(I-f— Ukm)il S GQ(H)

Hns moboro mommuoxectsa ) € Z\{—k,...,—1,0,1,...,k} (e obasarenbro Komewnoro) wepes P((2)
0003HAYMNM CIIeKTPaNbHbIe IpoekTopel P(Q) = Y P;, P(Q) = > P;. OueBunno, uto P(Q)—P(2) =
jeQny JEQNT

(U P(2) = P(Q) U ) (I 4+ Upn) ™' € S2(H). s moboro oneparopa X € So(H) onpenenum Beudumy

a(Q, X) =maxa,(X), QCZ,
neQ
rzae nocsenoBarenbHocTb « @ Z — R onpenenena dopmysoit (31). Ormerum, 9To Jaxke B Cjydae uC-
1OJIb30BaHuA 11epBoil jgomycrumoit Tpoiiku (Sz(H), Ju), ['(y)) Ana onenku npoexTopos ynobuee 6parnb
LOCJI€10BATEJILHOCTD ¢ @ Z — R.
JIemma 6.3. [Baskakov, Krishtal, Uskova, 2019]. Hmeem mecmo ouenka

max{(|Ugm P, [| P(Q)Urkm [} < C(Ukm)a(S2, Ugm)-
Teopema 6.3. [Baskakov, Krishtal, Uskova, 2019]. Hmeemn mecmo ouenxa
1P(©2) = P(Q)]|2 < (2, Q)C (Upm, Q)

2de Koncmanma C(Ugp, Q) > 0 ne sasucum om Q.
Hokazarenscrso Teopemsl 6.3 Boirexkaer u3 (40) u siemmst 6.3.
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