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Àííîòàöèÿ. Èññëåäîâàíî íåàâòîíîìíîå ìíîãîìåðíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà,
ïðàâàÿ ÷àñòü êîòîðîãî ñîäåðæèò ïðîèçâîëüíóþ íåëèíåéíîñòü ïî íåèçâåñòíîé ôóíêöèè è ñòåïåííûå íåëè-
íåéíîñòè ïî å¼ ïåðâûì ïðîèçâîäíûì. Íàéäåíî ðåøåíèå ýòîãî óðàâíåíèÿ òèïà áåãóùåé âîëíû â íåÿâíîì
âèäå. Äëÿ ñëó÷àÿ ñòåïåííîé íåëèíåéíîñòè ïî íåèçâåñòíîé ôóíêöèè ïîëó÷åíû ÿâíûå ðåøåíèÿ òèïà áåãóùåé
âîëíû, â ÷àñòíîñòè, â âèäå ñòåïåííîé, ýêñïîíåíöèàëüíîé è ëîãàðèôìè÷åñêîé ôóíêöèé. Òàêæå ïîëó÷åíû
ðåøåíèÿ â âèäå êâàäðàòè÷íîãî ïîëèíîìà è îáîáù¼ííîãî ìîíîìà, îïðåäåëåíû óñëîâèÿ íà ïàðàìåòðû è ïðà-
âóþ ÷àñòü óðàâíåíèÿ, ïðè êîòîðûõ äàííûå ðåøåíèÿ ñóùåñòâóþò. Íàéäåíû ÷àñòíûå ðåøåíèÿ, âûðàæåííûå
÷åðåç ôóíêöèè îò ïîäìíîæåñòâ íåçàâèñèìûõ ïåðåìåííûõ, à òàêæå ðåøåíèÿ â âèäå ëèíåéíîé êîìáèíàöèè
íåêîòîðûõ ýêñïîíåíöèàëüíûõ ôóíêöèé. Ïðîàíàëèçèðîâàíû ñâîéñòâà íàéäåííûõ ðåøåíèé ïðè ðàçëè÷íûõ
ïàðàìåòðàõ óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: íåëèíåéíîñòü ñòåïåííîãî òèïà, óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ñ ïåðåìåííûìè êî-
ýôôèöèåíòàìè, ðàçäåëåíèå ïåðåìåííûõ, ðåøåíèå òèïà áåãóùåé âîëíû.
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Abstract. We consider non-autonomous multi-dimensional partial di�erential equation of the second order, the
right side of which contains arbitrary nonlinearity on the unknown function and power nonlinearities on its �rst
partial derivatives. There is founded the solution of travelling wave type for this equation in the implicit form.
There are received the explicit solutions of travelling wave type for the case of power nonlinearity on the unknown
function. In particular, these solutions can be in the form of some elementary functions. There are also received the
solutions in the form of quadratic polynomial and generalized monomial, and the conditions on the parameters
and on the right side of equation are determined, under which these solutions exist. There are founded some
solutions, which can be represented through the functions of independent variables subsets, in particular, in the
form of sum and production of such functions, and the solutions of aggregated travelling wave type. Also there
are received the solutions in the form of linear combination of some exponential functions. The properties of the
founded solutions under the di�erent parameters of equation are analysed.

Key words: power type nonlinearity, partial di�erential equation with variable coe�cients, separation of variables,
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Ââåäåíèå. Â ñîâðåìåííîé ìàòåìàòè÷åñêîé ôèçèêå áîëüøîå âíèìàíèå óäåëÿåòñÿ èññëåäîâàíèþ
ðåøåíèé óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ðàçëè÷íûìè òèïàìè íåëèíåéíîñòåé. Â ÷àñòíîñòè,
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ðåçóëüòàòû ïî óðàâíåíèÿì ñ íåëèíåéíîñòÿìè ñòåïåííîãî òèïà øèðîêî ïðåäñòàâëåíû êàê â èçâåñò-
íûõ ïîñîáèÿõ è ñïðàâî÷íèêàõ [Ïîëÿíèí, Çàéöåâ, 2002], [Êóäðÿøîâ, 2010], òàê è â îðèãèíàëüíûõ
ðàáîòàõ [Ðàõìåëåâè÷, 2016 á; 2017 à, á; 2018], [Zhdanov, 1994], [Grundland, Infeld, 1992], [Polyanin,
2019 a, b]. Òàê, ðåçóëüòàòû èññëåäîâàíèÿ äâóìåðíûõ ãèïåðáîëè÷åñêèõ è ýëëèïòè÷åñêèõ óðàâíåíèé
ïðèâåäåíû â ðàáîòàõ [Ðàõìåëåâè÷, 2017á,â], [Miller, Rubel, 1993]. Ïðè ýòîì îäíèì èç íàèáîëåå ýô-
ôåêòèâíûõ ÿâëÿåòñÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ [Ïîëÿíèí, Çàéöåâ, Æóðîâ, 2005]; òàêæå øèðîêî
ïðèìåíÿþòñÿ ìåòîäû àíàëèòè÷åñêîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé [Êóäðÿøîâ, 2010], ìå-
òîäû ãðóïïîâîãî àíàëèçà, ìåòîä äèôôåðåíöèàëüíûõ ñâÿçåé, ìåòîä Êëàðêñîíà � Êðóñêàëà è äðóãèå
[Polyanin, 2019 b]. Â ïîñëåäíèå ãîäû ìíîãî ðàáîò ïîñâÿùåíî èññëåäîâàíèþ íåàâòîíîìíûõ ëèíåéíûõ
è íåëèíåéíûõ óðàâíåíèé [Ðàõìåëåâè÷, 2016á, 2018], [Polyanin, 2019 a, b]. Öåëüþ äàííîé ðàáîòû ÿâ-
ëÿåòñÿ èññëåäîâàíèå íåêîòîðûõ êëàññîâ ðåøåíèé íåàâòîíîìíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ
âòîðîãî ïîðÿäêà, ïðàâàÿ ÷àñòü êîòîðîãî ñîäåðæèò ñòåïåííûå íåëèíåéíîñòè ïî èñêîìîé ôóíêöèè è
å¼ ïåðâûì ïðîèçâîäíûì.

1. Èñõîäíîå óðàâíåíèå è åãî ïðîñòåéøèå ðåøåíèÿ. Ðàññìîòðèì óðàâíåíèå â ÷àñòíûõ
ïðîèçâîäíûõ îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè u(X):

N∑
i=1

ai
∂2u

∂x2
i

= g(u)F (X)
N∏
i=1

(
∂u

∂xi

)βi
, (1.1)

ai, βi � âåùåñòâåííûå ïàðàìåòðû, g(u), F (X) � çàäàííûå ôóíêöèè. Çäåñü è äàëåå áóäóò èñïîëü-
çîâàòüñÿ îáîçíà÷åíèÿ: X = {x1, ..., xN} � ìíîæåñòâî íåçàâèñèìûõ ïåðåìåííûõ; I = {1, ..., N} �
ìíîæåñòâî çíà÷åíèé èíäåêñà, íóìåðóþùåãî íåçàâèñèìûå ïåðåìåííûå.
Ñëåäóþùàÿ òåîðåìà îïðåäåëÿåò ðåøåíèÿ äëÿ óðàâíåíèÿ (1.1), çàâèñÿùèå îò ëèíåéíîé êîìáèíàöèè
íåçàâèñèìûõ ïåðåìåííûõ.

Òåîðåìà 1.1. Ïóñòü F (X) ≡ 1. Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå òèïà áåãóùåé âîëíû,
êîòîðîå ìîæåò áûòü ïðåäñòàâëåíî â íåÿâíîì âèäå:
1) ïðè βΣ = 2:

N∑
n=1

cnxn − z0 = V0

∫
exp (−CG(u)) du; (1.2)

2) ïðè βΣ 6= 2:
N∑
n=1

cnxn − z0 = (2− βΣ)
1

βΣ−2

∫
(CG(u) +A)

1
βΣ−2 du. (1.3)

Â ôîðìóëàõ (1.2), (1.3) cn, z0, V0, A � ïðîèçâîëüíûå ïîñòîÿííûå; βΣ, C,G(u) îïðåäåëÿþòñÿ âûðà-
æåíèÿìè:

βΣ =
N∑
i=1

βi, C =

∏N
i=1 c

βi
i∑N

i=1 aic
2
i

, (1.4à)

G(u) =

∫
g(u)du, (1.4á)

ïðè÷¼ì ïîñòîÿííûå ci äîëæíû óäîâëåòâîðÿòü óñëîâèþ:

N∑
i=1

aic
2
i 6= 0. (1.5)

Äîêàçàòåëüñòâî. Ðåøåíèå óðàâíåíèÿ (1.1) èùåì â âèäå:

u(X) = U(z), z =
N∑
n=1

cnxn. (1.6)

Ïîäñòàâëÿÿ (1.6) â óðàâíåíèå (1.1), ïîëó÷àåì óðàâíåíèå:

U ′′(z)
N∑
i=1

aic
2
i = g(U)[U ′(z)]βΣ

N∏
i=1

cβii . (1.7)

Ó÷èòûâàÿ óñëîâèå (1.5) è ââîäÿ ôóíêöèþ G(U) ñîãëàñíî (1.4á), óðàâíåíèå (1.7) ïðåîáðàçóåòñÿ òàê:

U ′′(z)[U ′(z)]1−βΣ = C
d

dz
G(U). (1.8)
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Ïðîàíàëèçèðóåì óðàâíåíèå (1.8) äëÿ ñëó÷àåâ, ïåðå÷èñëåííûõ â óñëîâèè òåîðåìû.
1. Ïðè βΣ = 2 óðàâíåíèå (1.8) çàïèøåòñÿ â âèäå:

U ′′(z)

U ′(z)
= C

d

dz
G(U). (1.9)

Â ðåçóëüòàòå èíòåãðèðîâàíèÿ (1.9) ñâîäèòñÿ ê óðàâíåíèþ ïåðâîãî ïîðÿäêà:

ln |U ′(z)| = CG(U)− lnV0. (1.10)

Ðàçäåëÿÿ ïåðåìåííûå è èíòåãðèðóÿ óðàâíåíèå (1.10), ïîëó÷àåì:

z − z0 = V0

∫
exp (−CG(U)) dU. (1.11)

Ó÷èòûâàÿ (1.6), èç (1.11) ïîëó÷àåì ðåøåíèå â âèäå (1.2).
2. Ïðè βΣ 6= 2 óðàâíåíèå (1.8) ïðåîáðàçóåì ê âèäó:

d

dz

{
[U ′(z)]2−βΣ − (2− βΣ)CG(U)

}
= 0. (1.12)

Â ðåçóëüòàòå èíòåãðèðîâàíèÿ (1.12) ïîëó÷àåì:

U ′(z) = {(2− βΣ)(CG(U) +A)}
1

2−βΣ . (1.13)

Èíòåãðèðóÿ (1.13), íàõîäèì:

z − z0 = (2− βΣ)
1

βΣ−2

∫
(CG(U) +A)

1
βΣ−2 dU. (1.14)

Èñïîëüçóÿ (1.6), ïîëó÷àåì èç (1.14) äëÿ äàííîãî ñëó÷àÿ ðåøåíèå â âèäå (1.3). Òåîðåìà äîêàçàíà.
Ðàññìîòðèì òåïåðü ðåøåíèÿ óðàâíåíèÿ (1.1) òèïà áåãóùåé âîëíû â ñëó÷àå, êîãäà F (X) = f(z),

ïðè÷¼ì z îïðåäåëÿåòñÿ âûðàæåíèåì (1.6).
1. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè:

F (X) = exp (αz) , g(u) = g0u
γ , (1.15)

ãäå g0, α, γ � âåùåñòâåííûå ïàðàìåòðû. Òîãäà ïðåäïîëàãàåìûé âèä ðåøåíèÿ óðàâíåíèÿ (1.1) áóäåò
ñëåäóþùèì:

u = U0 exp(z), (1.16)

ãäå U0 � íåèçâåñòíàÿ ïîñòîÿííàÿ, ïîäëåæàùàÿ îïðåäåëåíèþ â äàëüíåéøåì. Ïîäñòàâèâ (1.16) â (1.1)
è ó÷èòûâàÿ (1.15), íàõîäèì:

U0 exp(z)
N∑
i=1

aic
2
i = g0U

βΣ+γ
0 exp ((α+ βΣ + γ)z)

N∏
i=1

cβii . (1.17)

Ïðåäïîëàãàÿ, ÷òî ïîñòîÿííûå ci óäîâëåòâîðÿþò óñëîâèþ (1.5), è âûïîëíÿÿ ýëåìåíòàðíûå ïðåîáðà-
çîâàíèÿ, èç (1.17) ïîëó÷àåì:

U1−βΣ−γ
0 = g0C exp ((α+ βΣ + γ − 1)z) , (1.18)

ãäå C îïðåäåëÿåòñÿ âûðàæåíèåì (1.4à). Óðàâíåíèå (1.18) ìîæíî óäîâëåòâîðèòü òîëüêî â òîì ñëó÷àå,
åñëè ïàðàìåòðû óäîâëåòâîðÿþò óñëîâèþ:

α+ βΣ + γ = 1. (1.19)

Ïðåäïîëàãàÿ, ÷òî óñëîâèå (1.19) âûïîëíÿåòñÿ, èç (1.18) íàõîäèì:
à) åñëè βΣ + γ 6= 1:

U0 = (g0C)
1

1−βΣ−γ , (1.20à)

á) åñëè βΣ + γ = 1, òî U0 � ïðîèçâîëüíàÿ, à ïîñòîÿííûå ci äîëæíû óäîâëåòâîðÿòü óñëîâèþ:

g0C = 1. (1.20á)
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2. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè:

F (X) = zα, g(u) = g0u
γ . (1.21)

Òîãäà ïðåäïîëàãàåì ñëåäóþùèé âèä ðåøåíèÿ óðàâíåíèÿ (1.1):

u = U0z
σ, (1.22)

ãäå U0, σ � íåèçâåñòíûå ïîñòîÿííûå, ïîäëåæàùèå îïðåäåëåíèþ. Ïîäñòàâèâ (1.22) â (1.1), îòêóäà ñ
ó÷¼òîì (1.21) è (1.5) ñëåäóåò:

σ1−βΣ(σ − 1)zσ(1−βΣ−γ)+βΣ−α−2 = g0CU
βΣ+γ−1
0 . (1.23)

Óðàâíåíèå (1.23) ìîæíî óäîâëåòâîðèòü, åñëè âûïîëíåíî óñëîâèå:

σ(βΣ + γ − 1) + α− βΣ + 2 = 0. (1.24)

à) åñëè βΣ + γ 6= 1, òî èç (1.23), (1.24) ñëåäóåò, ÷òî U0, σ îïðåäåëÿþòñÿ âûðàæåíèÿìè:

σ =
βΣ − α− 2

βΣ + γ − 1
, U0 =

(
g0C

σ1−βΣ(σ − 1)

) 1
1−βΣ−γ

. (1.25)

Åñëè, êðîìå òîãî, α + γ = −1, òî èç (1.25) ïîëó÷àåì σ = 1. Òîãäà èç âûðàæåíèÿ (1.25) äëÿ U0

ñëåäóåò, ÷òî ïðè βΣ + γ < 1 ðåøåíèå âèäà (1.22) íå ñóùåñòâóåò, à ïðè βΣ + γ > 1 U0 = 0 � ðåøåíèå
âûðîæäàåòñÿ â òðèâèàëüíîå.

á) åñëè βΣ + γ = 1, òî èç (1.23), (1.24) ñëåäóåò, ÷òî U0 � ïðîèçâîëüíàÿ; ïðè÷¼ì ðåøåíèå (1.22)
ñóùåñòâóåò òîëüêî ïðè äîïîëíèòåëüíîì óñëîâèè:

βΣ − α− 2 = 0, (1.26)

ïðè ýòîì σ äîëæíî óäîâëåòâîðÿòü óðàâíåíèþ:

σ1−βΣ(σ − 1) = g0C. (1.27)

3. Ïóñòü âûïîëíåíû óñëîâèÿ (1.21), ïðè÷¼ì γ = 0. Ïîêàæåì, ÷òî â ýòîì ñëó÷àå óðàâíåíèå (1.1)
ìîæåò èìåòü ëîãàðèôìè÷åñêîå ðåøåíèå:

u = U0 ln |z|. (1.28)

Ïîäñòàâèâ (1.28) â (1.1) è ñ ó÷¼òîì (1.21), (1.5), èìååì:

U1−βΣ

0 = −g0Cz
α−βΣ+2. (1.29)

Ýòî óðàâíåíèå ìîæíî óäîâëåòâîðèòü òîëüêî â òîì ñëó÷àå, åñëè âûïîëíåíî óñëîâèå (1.26).
à) åñëè βΣ 6= 1, òî èç (1.29) ñëåäóåò, ÷òî U0 îïðåäåëÿåòñÿ âûðàæåíèåì:

U0 = (−g0C)
1

1−βΣ , (1.30)

á) åñëè βΣ = 1, òî èç (1.29) ñëåäóåò, ÷òî U0 � ïðîèçâîëüíàÿ; ïðè÷¼ì ðåøåíèå (1.28) ñóùåñòâóåò
òîëüêî ïðè äîïîëíèòåëüíîì óñëîâèè:

g0C = −1. (1.31)

Èòàê, â ðåçóëüòàòå ïðîâåä¼ííûõ âûøå ðàññóæäåíèé äîêàçàíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 1.2. 1. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.15), ãäå z îïðåäå-

ëÿåòñÿ âòîðîé ôîðìóëîé (1.6). Âñþäó â äàííîé òåîðåìå ïðåäïîëàãàåòñÿ, ÷òî êîýôôèöèåíòû ci
óäîâëåòâîðÿþò óñëîâèþ (1.5). Ïóñòü òàêæå ïàðàìåòðû óðàâíåíèÿ (1.1) óäîâëåòâîðÿþò óñëîâèþ
(1.19). Òîãäà óðàâíåíèå (1.1) èìååò ýêñïîíåíöèàëüíîå ðåøåíèå (1.16), ïðè÷¼ì:
à) åñëè βΣ + γ 6= 1, òî ïîñòîÿííàÿ U0 îïðåäåëÿåòñÿ âûðàæåíèåì (1.20à);
á) åñëè βΣ + γ = 1, òî U0 � ïðîèçâîëüíàÿ, à ðåøåíèå (1.16) ñóùåñòâóåò ïðè äîïîëíèòåëüíîì
óñëîâèè (1.20á).
2. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.21). Òîãäà óðàâíåíèå (1.1) èìååò
ñòåïåííîå ðåøåíèå (1.22), ïðè÷¼ì:
à) åñëè βΣ + γ 6= 1, òî U0, σ îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.25);
á) åñëè βΣ + γ = 1, òî U0 � ïðîèçâîëüíàÿ, à σ äîëæíî óäîâëåòâîðÿòü óðàâíåíèþ (1.27); ïðè ýòîì
ðåøåíèå (1.22) ñóùåñòâóåò òîëüêî ïðè äîïîëíèòåëüíîì óñëîâèè (1.26).
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3. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.21), ãäå γ = 0, à òàêæå óäîâëåòâî-
ðÿåòñÿ óñëîâèå (1.26). Òîãäà óðàâíåíèå (1.1) èìååò ëîãàðèôìè÷åñêîå ðåøåíèå (1.28), ïðè÷¼ì:
à) åñëè βΣ 6= 1, òî U0 îïðåäåëÿåòñÿ âûðàæåíèåì (1.30);
á) åñëè βΣ = 1, òî U0 � ïðîèçâîëüíàÿ; à ðåøåíèå (1.28) ñóùåñòâóåò òîëüêî ïðè äîïîëíèòåëüíîì
óñëîâèè (1.31).

Òåîðåìà 1.3. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè:

F (X) =
N∏
i=1

(pixi + qi)
−βi , g(u) = g0, (1.32)

ãäå pi, qi � âåùåñòâåííûå ïàðàìåòðû. Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå â âèäå êâàäðàòè÷íîãî
ïîëèíîìà:

u(X) = U0

N∑
n=1

(
pnx

2
n

2
+ qnxn

)
, (1.33)

ïðè÷¼ì:
à) åñëè βΣ 6= 1, òî U0 âûðàæàåòñÿ òàê:

U0 =

(
1

g0

N∑
i=1

aipi

) 1
βΣ−1

; (1.34à)

á) åñëè βΣ = 1, òî U0 � ïðîèçâîëüíàÿ, ïðè ýòîì íåîáõîäèìî, ÷òîáû ïàðàìåòðû óðàâíåíèÿ óäîâëå-
òâîðÿëè óñëîâèþ:

N∑
i=1

aipi = g0. (1.34á)

Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (1.33) â óðàâíåíèå (1.1) è ó÷èòûâàÿ (1.32), ïîëó÷àåì:

UβΣ−1
0 =

1

g0

N∑
i=1

aipi. (1.35)

Ïðè βΣ 6= 1 èç (1.35) ñëåäóåò, ÷òî ôóíêöèÿ (1.33) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.1), åñëè U0

îïðåäåëÿåòñÿ âûðàæåíèåì (1.34à). Â ñëó÷àå βΣ = 1 óðàâíåíèå (1.35) ñâîäèòñÿ ê (1.34á), à ïîñòîÿííàÿ
U0 ìîæåò áûòü ïðîèçâîëüíîé. Òåîðåìà äîêàçàíà.

Òåîðåìà 1.4. Ïóñòü ôóíêöèè F (X), g(u) îïðåäåëÿþòñÿ âûðàæåíèÿìè:

F (X) =
N∑
i=1

bi
x2
i

N∏
i=1

xαii , g(u) = g0u
γ . (1.36)

Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå â âèäå îáîáù¼ííîãî ìîíîìà:

u(X) = U0

N∏
n=1

xσnn . (1.37)

Ïðè ýòîì âîçìîæíû äâà ñëó÷àÿ:
1) åñëè βΣ + γ 6= 1, òî σn, U0 îïðåäåëÿþòñÿ âûðàæåíèÿìè:

σn =
βn − αn
βΣ + γ − 1

, U0 =

(
g0

N∏
n=1

σβnn

) 1
1−βΣ−γ

; (1.38)

2) åñëè βΣ +γ = 1, òî ðåøåíèå (1.37) ñóùåñòâóåò, åñëè ïðè ∀n ∈ I βn = αn. Òîãäà σn, U0 ÿâëÿþòñÿ
ïðîèçâîëüíûìè, íî ïðè ýòîì σn äîëæíû óäîâëåòâîðÿòü óñëîâèþ:

g0

N∏
n=1

σβnn = 1. (1.39)

Êðîìå òîãî, âî âñåõ ïåðå÷èñëåííûõ âûøå ñëó÷àÿõ ïðè ∀n ∈ I äîëæíû áûòü âûïîëíåíû óñëîâèÿ:

bn = anσn(σn − 1). (1.40)
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Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (1.37) â óðàâíåíèå (1.1), ïîëó÷àåì:

N∑
i=1

aiσi(σi − 1)

x2
i

= g0[u(X)]βΣ+γ−1
N∑
i=1

bi
x2
i

N∏
n=1

σβnn xαn−βnn . (1.41)

Óðàâíåíèå (1.41) ìîæíî óäîâëåòâîðèòü, åñëè ïðè ∀n ∈ I âûïîëíÿþòñÿ óñëîâèÿ:

σn(βΣ + γ − 1) + (αn − βn) = 0, (1.42)

à òàêæå óñëîâèÿ (1.40).
Åñëè βΣ + γ 6= 1, òî èç (1.42) ñëåäóåò, ÷òî σn îïðåäåëÿåòñÿ ïåðâûì èç âûðàæåíèé (1.38); èç (1.41)
ñëåäóåò, ÷òî U0 îïðåäåëÿåòñÿ âòîðûì èç âûðàæåíèé (1.38). Åñëè æå βΣ + γ = 1, òî óñëîâèÿ (1.42)
âûïîëíÿþòñÿ, åñëè ïðè ∀n ∈ I βn = αn; ïðè ýòîì σn ìîãóò áûòü ïðîèçâîëüíûìè. Òàêæå èç (1.41) â
ýòîì ñëó÷àå ñëåäóåò, ÷òî U0 ÿâëÿþòñÿ ïðîèçâîëüíîé, ïðè ýòîì íåîáõîäèìî, ÷òîáû σn óäîâëåòâîðÿëè
óñëîâèþ (1.39). Äîêàçàòåëüñòâî çàêîí÷åíî.

Ïóñòü òåïåðü ïðåäïîëàãàåìûé âèä ðåøåíèÿ îïðåäåëÿåòñÿ ôîðìóëîé:

u(X) = U (z) , z =
N∑
n=1

ϕn(xn), (1.43)

ãäå ϕn(xn) � íåêîòîðûå ôóíêöèè, êîòîðûå áóäóò îïðåäåëåíû íèæå. Èñïîëüçóÿ (1.43), óðàâíåíèå
(1.1) ìîæíî çàïèñàòü â âèäå:

U ′′(z)
N∑
i=1

ai[ϕ
′
i(xi)]

2 + U ′(z)
N∑
i=1

aiϕ
′′
i (xi) = g(U)F (X)[U ′(z)]βΣ

N∏
i=1

[ϕ′i(xi)]
βi , (1.44)

Ïðåäïîëîæèì, ÷òî ôóíêöèè ϕi(xi) òàêîâû, ÷òî âûïîëíÿåòñÿ ñîîòíîøåíèå:

N∑
i=1

aiϕ
′′
i (xi) = P = const. (1.45)

Èç (1.45) ñëåäóåò, ÷òî â ýòîì ñëó÷àå ϕi(xi) ïðåäñòàâëÿþò ñîáîé êâàäðàòè÷íûå ôóíêöèè:

ϕi(xi) =
pix

2
i

2
+ qixi + ri. (1.46)

Òîãäà óðàâíåíèå (1.44) ìîæåò áûòü ñâåäåíî ê îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ (ÎÄÓ)
îòíîñèòåëüíî U(z), åñëè âûïîëíåíû óñëîâèÿ:

ai[ϕ
′
i(xi)]

2 = λϕi(xi), F (X) = Φ(z)
N∏
i=1

[ϕ′i(xi)]
−βi , (1.47)

ãäå Φ(z) � íåêîòîðàÿ çàäàííàÿ ôóíêöèÿ; λ � âåùåñòâåííàÿ ïîñòîÿííàÿ. Òîãäà, ïîäñòàâëÿÿ (1.46) â
ïåðâîå èç óñëîâèé (1.47), íàõîäèì:

pi =
λ

2ai
, ri =

aiq
2
i

λ
. (1.48)

Â ñâîþ î÷åðåäü, èç (1.45) è (1.48) ñëåäóåò:

N∑
i=1

aiϕ
′′
i (xi) =

Nλ

2
. (1.49)

Òîãäà èç (1.44) ñ ó÷¼òîì (1.47) è (1.49), ïîëó÷àåì, ÷òî ôóíêöèÿ U(z) äîëæíà óäîâëåòâîðÿòü ñëåäó-
þùåìó ÎÄÓ:

zU ′′(z) +
N

2
U ′(z) =

g(U)

λ
[U ′(z)]βΣΦ(z). (1.50)

Òàêèì îáðàçîì, â ðåçóëüòàòå ïðîâåä¼ííûõ âûøå ðàññóæäåíèé äîêàçàíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 1.5. Ïóñòü ôóíêöèÿ F (X) îïðåäåëÿåòñÿ âûðàæåíèåì:

F (X) = Φ(z)
N∏
i=1

(pixi + qi)
−βi , z =

N∑
i=1

(
pix

2
i

2
+ qixi + ri

)
. (1.51)
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Çäåñü Φ(z) � íåêîòîðàÿ çàäàííàÿ ôóíêöèÿ; λ, qi � âåùåñòâåííûå ïîñòîÿííûå; pi, ri âûðàæàþòñÿ
ïî ôîðìóëàì (1.48). Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà u = U(z), ïðè÷¼ì U(z) íàõîäèòñÿ
èç óðàâíåíèÿ (1.50).

2. Ðåøåíèÿ, çàâèñÿùèå îò ïîäìíîæåñòâ íåçàâèñèìûõ ïåðåìåííûõ. Ïóñòü ìíîæåñòâî
çíà÷åíèé I = {1, . . . , N} èíäåêñà n, íóìåðóþùåãî íåçàâèñèìûå ïåðåìåííûå, ïðåäñòàâëåíî â âèäå
îáúåäèíåíèÿ K ïîäìíîæåñòâ Il (l = 1, . . . ,K), ïðè÷¼ì Il1 ∩ Il2 = � ïðè ëþáûõ l1 6= l2. Òîãäà
ìíîæåñòâî ïåðåìåííûõ X = {x1, x2, ..., xN} òàêæå ìîæåò áûòü ïðåäñòàâëåíî â âèäå îáúåäèíåíèÿ
K íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ Xl = {xn}n∈Il . Òàêæå çäåñü è äàëåå âñþäó áóäåì îáîçíà÷àòü
Ξ = {1, . . . ,K} � ìíîæåñòâî çíà÷åíèé èíäåêñà l.

Àãðåãèðîâàííûìè ïåðåìåííûìè áóäåì íàçûâàòü ïåðåìåííûå âèäà: yl =
∑
n∈Il

ϕn(xn), ãäå ϕn(xn) �

íåêîòîðûå çàäàííûå ôóíêöèè. Äàííûé ïàðàãðàô ïîñâÿù¼í èññëåäîâàíèþ ðåøåíèé, çàâèñÿùèõ îò
ôóíêöèé íåêîòîðûõ ïîäìíîæåñòâ íåçàâèñèìûõ ïåðåìåííûõ, è â ÷àñòíîñòè, îò àãðåãèðîâàííûõ ïå-
ðåìåííûõ. Â ïðîñòåéøåì ñëó÷àå àãðåãèðîâàííûå ïåðåìåííûå ïðåäñòàâëÿþò ñîáîé ëèíåéíûå êîì-
áèíàöèè èñõîäíûõ íåçàâèñèìûõ ïåðåìåííûõ: yl =

∑
n∈Il

cnxn.

Òåîðåìà 2.1. Ïóñòü ôóíêöèÿ F (X) îïðåäåëÿåòñÿ âûðàæåíèåì:

F (X) = exp

(
−

K∑
l=1

αl
∑
n∈Il

cnxn

)
. (2.1)

1. Ïóñòü òàêæå k ∈ Ξ � íåêîòîðîå âûáðàííîå ôèêñèðîâàííîå çíà÷åíèå, ïðè÷¼ì âûïîëíåíû óñëîâèÿ:

Al ≡
∑
i∈Il

aic
2
i = 0 (∀l 6= k), (2.2à)

αl = βΣl (∀l 6= k), αk = βΣk − 1, βΣl =
∑
i∈Il

βi, (2.2á)

g(u) = g0. (2.2â)

Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà:

u(X) =

K∑
l=1

Bl exp

(∑
n∈Il

cnxn

)
, (2.3)

ãäå êîýôôèöèåíòû Bl ñâÿçàíû ñîîòíîøåíèåì:

g0

K∏
l=1

PlB
βΣl

l = AkBk, Pl =
∏
i∈Il

cβii . (2.4)

2. Ïóñòü ïðè ∀l ∈ Ξ âûïîëíåíû óñëîâèÿ:

Al = A 6= 0, αl = βΣl, g(u) = g0u. (2.5)

Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà (2.3), ïðè÷¼ì êîýôôèöèåíòû Bl ñâÿçàíû ñîîòíîøåíèåì:

g0

K∏
l=1

PlB
βΣl

l = A. (2.6)

Äîêàçàòåëüñòâî. 1. Ïîäñòàâëÿÿ (2.3) â óðàâíåíèå (1.1), ñ ó÷¼òîì (2.2â) ïîëó÷àåì:

K∑
l=1

AlBl exp

(∑
n∈Il

cnxn

)
= g0

K∏
l=1

PlB
βΣl

l exp

(
(βΣl − αl)

∑
n∈Il

cnxn

)
. (2.7)

Ïóñòü âûáðàíî òàêîå k ∈ Ξ , ÷òî ïðè ∀l 6= k âûïîëíåíû óñëîâèÿ (2.2à). Òîãäà óðàâíåíèå (2.7) ìîæíî
ïðèâåñòè ê âèäó:

g0Pk
Ak

BβΣk−1
k exp

(
(βΣk − αk)

∑
n∈Ik

cnxn

) ∏
l∈Ξ−k

PlB
βΣl

l exp

(
(βΣl − αl)

∑
n∈Il

cnxn

)
= 1. (2.8)
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Çäåñü èñïîëüçîâàíî îáîçíà÷åíèå Ξ−k = Ξ\{k}. Óðàâíåíèå (2.8) ìîæåò óäîâëåòâîðÿòüñÿ, åñëè âûïîë-
íåíû óñëîâèÿ (2.2á). Òîãäà îíî ñâîäèòñÿ ê ñëåäóþùåìó:

g0

AkBk

K∏
l=1

PlB
βΣl

l = 1,

îòêóäà ïîëó÷àåì ñîîòíîøåíèå (2.4).
2. Àíàëîãè÷íûì îáðàçîì, â ñëó÷àå, êîãäà âûïîëíåíû óñëîâèÿ (2.5), ïîäñòàâëÿÿ (2.3) â óðàâíåíèå

(1.1), ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé ïîëó÷àåì:

g0

K∏
l=1

PlB
βΣl

l exp

(
(βΣl − αl)

∑
n∈Il

cnxn

)
= A. (2.9)

Óðàâíåíèå (2.9) ìîæíî óäîâëåòâîðèòü, åñëè ïðè ∀l ∈ Ξ âûïîëíåíî âòîðîå èç óñëîâèé (2.5). Òîãäà
èç (2.9) íåïîñðåäñòâåííî ñëåäóåò ñîîòíîøåíèå (2.6). Òåîðåìà äîêàçàíà.

Òåîðåìà 2.2. Ïóñòü ôóíêöèè g(u), F (X) óäîâëåòâîðÿþò ñîîòíîøåíèÿì:

g(u) = g0 exp(λu), F (X) =
K∏
l=1

fl(Xl), (2.10)

ãäå fl(Xl) � íåêîòîðûå çàäàííûå ôóíêöèè. Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà

u(X) =
K∑
l=1

ul(Xl), (2.11)

â ñëåäóþùèõ ñëó÷àÿõ:
1. Åñëè ïðè ∀l ∈ Ξ ôóíêöèè ul(Xl) óäîâëåòâîðÿþò ïåðåîïðåäåë¼ííîé ñèñòåìå óðàâíåíèé:

∑
i∈Il

ai
∂2ul
∂x2

i

= pl, fl(Xl) exp(λul(Xl))
∏
i∈Il

(
∂ul
∂xi

)βi
= ql, (2.12)

ãäå pl, ql � ïîñòîÿííûå, óäîâëåòâîðÿþùèå óñëîâèþ:

K∑
l=1

pl = g0

K∏
l=1

ql. (2.13)

2.Åñëè ïðè ∀l ∈ Ξ, l 6= k ôóíêöèè ul(Xl) óäîâëåòâîðÿþò ïåðåîïðåäåë¼ííîé ñèñòåìå óðàâíåíèé
(2.11), à ôóíêöèÿ uk(Xk) óäîâëåòâîðÿåò óðàâíåíèþ:

∑
i∈Ik

ai
∂2uk
∂x2

i

= g0q̃kfk(Xk)
∏
i∈Ik

(
∂uk
∂xi

)βi
− p̃k, (2.14)

ãäå
p̃k =

∑
l∈Ξ−k

pl, q̃k =
∏
l∈Ξ−k

ql, Ξ−k = Ξ \ {k}. (2.14à)

Çäåñü k ∈ Ξ� íåêîòîðîå âûáðàííîå ôèêñèðîâàííîå çíà÷åíèå.
Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (2.11) â óðàâíåíèå (1.1) è ó÷èòûâàÿ (2.10), ïîëó÷àåì:

K∑
l=1

M̂lul(Xl) = g0

K∏
l=1

Ql(Xl, ul). (2.15)

Çäåñü ââåäåíû îáîçíà÷åíèÿ:

M̂l =
∑
i∈Il

ai
∂2

∂x2
i

, Ql(Xl, ul) = fl(Xl) exp(λul(Xl))
∏
i∈Il

(
∂ul
∂xi

)βi
. (2.16)

Äëÿ óðàâíåíèÿ (2.15) âîçìîæíû äâà ñëó÷àÿ.
1. Ïðè ∀l ∈ Ξ ôóíêöèè ul(Xl) óäîâëåòâîðÿþò óðàâíåíèÿì:

Ql(Xl, ul) = ql. (2.17)
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Òîãäà, ïîäñòàâëÿÿ (2.17) â (2.15), íàõîäèì:

K∑
l=1

M̂lul(Xl) = g0

K∏
l=1

ql. (2.18)

Ïðàâàÿ ÷àñòü óðàâíåíèÿ (2.18) ÿâëÿåòñÿ êîíñòàíòîé, à ëåâàÿ ÷àñòü ïðåäñòàâëåíà â âèäå ñóììû
ôóíêöèé îò ðàçíûõ ïåðåìåííûõ, ïîýòîìó ôóíêöèè ul(Xl) äîëæíû óäîâëåòâîðÿòü òàêæå óðàâíåíè-
ÿì:

M̂lul(Xl) = pl. (2.19)

Èç (2.17) è (2.19) ñ ó÷¼òîì (2.16) ñëåäóåò, ÷òî ïðè ∀l ∈ Ξ ôóíêöèè ul(Xl) äîëæíû óäîâëåòâîðÿòü
ñèñòåìå (2.12). Ïîäñòàâèâ (2.19) â (2.18), ïîëó÷àåì óñëîâèå (2.13) äëÿ ïîñòîÿííûõ pl, ql.
2. Ïðè íåêîòîðîì k ∈ Ξ Qk(Xk, uk) 6= const. Òîãäà ñóùåñòâóåò òàêîå j ∈ Ik, ÷òî ∂Qk

∂xj
6= 0. Ïðîäèô-

ôåðåíöèðóåì óðàâíåíèå (2.15) ïî xj è ïî÷ëåííî ðàçäåëèâ íà
∂Qk
∂xj

, â ðåçóëüòàòå ïîëó÷àåì:

∂

∂xj

{
M̂kuk(Xk)

}{ ∂

∂xj
Qk(Xk, uk)

}−1

= g0

K∏
l=1,l 6=k

Ql(Xl, ul). (2.20)

Òàê êàê ëåâàÿ ÷àñòü óðàâíåíèÿ (2.20) ñîäåðæèò òîëüêî ïåðåìåííûå Xk, à ïðàâàÿ ÷àñòü � òîëüêî
ïåðåìåííûå Xl (l 6= k), òî ïðè ∀l ∈ Ξ, l 6= k ôóíêöèè ul(Xl) äîëæíû óäîâëåòâîðÿòü óðàâíåíèþ
(2.17). Ðàññóæäàÿ àíàëîãè÷íî ñëó÷àþ 1, ïîëó÷àåì, ÷òî ýòè ôóíêöèè äîëæíû òàêæå óäîâëåòâîðÿòü
óðàâíåíèþ (2.19). Òîãäà, ñ ó÷¼òîì (2.17) è (2.19), óðàâíåíèå (2.15) ìîæíî ïåðåïèñàòü â âèäå:

M̂kuk(Xk) +
K∑

l=1,l 6=k

pl = g0Qk(Xk, uk)
K∏

l=1,l 6=k

ql. (2.21)

Ïðèíèìàÿ âî âíèìàíèå (2.14à) è (2.16), ïîëó÷àåì, ÷òî ôóíêöèÿ uk(Xk) äîëæíà óäîâëåòâîðÿòü óðàâ-
íåíèþ (2.14). Òåîðåìà äîêàçàíà.

Òåîðåìà 2.3. Ïóñòü ôóíêöèè g(u), F (X) óäîâëåòâîðÿþò ñîîòíîøåíèÿì:

g(u) = g0u
γ , F (X) =

K∏
l=1

fl(Xl), (2.22)

ãäå fl(Xl) � íåêîòîðûå çàäàííûå ôóíêöèè. Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà

u(X) =
K∏
l=1

ul(Xl), (2.23)

â ñëåäóþùèõ ñëó÷àÿõ:
1. Åñëè ïðè ∀l ∈ Ξ ôóíêöèè ul(Xl) óäîâëåòâîðÿþò ïåðåîïðåäåë¼ííîé ñèñòåìå óðàâíåíèé:

∑
i∈Il

ai
∂2ul
∂x2

i

= plul(Xl), fl(Xl)[ul(Xl)]
βΣ+γ−1−βΣl

∏
i∈Il

(
∂ul
∂xi

)βi
= ql, (2.24)

ãäå pl, ql � ïîñòîÿííûå, óäîâëåòâîðÿþùèå óñëîâèþ:

K∑
l=1

pl = g0

K∏
l=1

ql. (2.25)

2.Åñëè ïðè ∀l ∈ Ξ, l 6= k ôóíêöèè ul(Xl) óäîâëåòâîðÿþò ïåðåîïðåäåë¼ííîé ñèñòåìå óðàâíåíèé
(2.24), à ôóíêöèÿ uk(Xk) óäîâëåòâîðÿåò óðàâíåíèþ:

∑
i∈Ik

ai
∂2uk
∂x2

i

= g0q̃kfk(Xk)[uk(Xk)]βΣ+γ−βΣk

∏
i∈Ik

(
∂uk
∂xi

)βi
− p̃kuk(Xk), (2.26)

ãäå p̃k, q̃k îïðåäåëÿþòñÿ âûðàæåíèÿìè (2.14à).
Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ (2.23) â óðàâíåíèå (1.1) è ó÷èòûâàÿ (2.22), ïîëó÷àåì:

K∑
l=1

1

ul(Xl)
M̂lul(Xl) = g0

K∏
l=1

Ql(Xl, ul). (2.27)
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Â ýòîì óðàâíåíèè Ql(Xl, ul) îïðåäåëÿåòñÿ âûðàæåíèåì:

Ql(Xl, ul) = fl(Xl)[ul(Xl)]
βΣ+γ−1−βΣl

∏
i∈Il

(
∂ul
∂xi

)βi
, (2.28)

à M̂l îïðåäåëÿåòñÿ âûðàæåíèåì (2.16). Ïðîâîäÿ äëÿ óðàâíåíèÿ (2.27) ñ ó÷¼òîì (2.28) ðàññóæäåíèÿ,
ïîëíîñòüþ àíàëîãè÷íûå äîêàçàòåëüñòâó òåîðåìû 2.2, ïîëó÷àåì ñèñòåìó (2.24) ñ äîïîëíèòåëüíûì
óñëîâèåì (2.25) è óðàâíåíèå (2.26). Òåîðåìà äîêàçàíà.

Ñëåäóþùàÿ òåîðåìà îïðåäåëÿåò âîçìîæíîñòü ðåäóêöèè óðàâíåíèÿ (1.1) ê óðàâíåíèþ ìåíüøåé
ðàçìåðíîñòè K < N ñ èñïîëüçîâàíèåì ïåðåìåííûõ áåãóùåé âîëíû; àíàëîãè÷íûå ïðîöåäóðû ðåäóê-
öèè ïðèìåíÿëèñü â ðàáîòàõ [Êóäðÿøîâ, 2010], [Ïîëÿíèí, Çàéöåâ, Æóðîâ, 2005], [Ðàõìåëåâè÷, 2016
á, 2017 á].

Òåîðåìà 2.4. Ïóñòü ôóíêöèÿ F (X) óäîâëåòâîðÿåò ñîîòíîøåíèþ:

F (X) =
K∏
l=1

fl(yl), yl =
∑
n∈Il

cnxn. (2.29)

Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà

u(X) = U(y1, ..., yK), (2.30)

ïðè÷¼ì ôóíêöèÿ U(y1, ..., yK) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ:

K∑
k=1

Ak
∂2U

∂y2
k

= Cg(U)
K∏
k=1

{
fk(yk)

(
∂U

∂yk

)βΣk
}
, (2.31)

ãäå C,Ak îïðåäåëÿþòñÿ âûðàæåíèÿìè:

C =
N∏
i=1

cβii , Ak =
∑
i∈Ik

aic
2
i . (2.31à)

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî òåîðåìàì 2.2, 2.3 ïóòåì ïîäñòàíîâêè
ôóíêöèè (2.30) â óðàâíåíèå (1.1) è ïîñëåäóþùåãî ïðåîáðàçîâàíèÿ ýòîãî óðàâíåíèÿ ê ïåðåìåííûì
yk, â ðåçóëüòàòå ÷åãî ïîëó÷àåì óðàâíåíèå (2.31). Òåîðåìà äîêàçàíà.

Ïðèìåð. Ïðåäïîëîæèì, ÷òî fl(yl) = yαll ïðè ∀l ∈ Ξ; Al = 0 ïðè ∀l ∈ Ξ, l 6= k. Ïðè óêàçàííûõ
ïðåäïîëîæåíèÿõ áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (2.31) â âèäå:

U(y1, ..., yK) = V (z), z =
K∏
l=1

yσll . (2.32)

Áåç îãðàíè÷åíèÿ îáùíîñòè ïîëîæèì σk = 1; îñòàëüíûå ïîêàçàòåëè σl áóäóò îïðåäåëåíû íèæå.
Ïîäñòàâëÿÿ (2.32) â (2.31), ïðèõîäèì ê óðàâíåíèþ:

AkV
′′(z)

K∏
l=1,l 6=k

y2σl
l = Cg(V )

K∏
l=1

{
fl(yl)

(
zV ′(z)

σl
yl

)βΣl
}
. (2.33)

Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé óðàâíåíèå (2.33) ïðèâîäèì ê âèäó:

V ′′(z) = Bkg(V ) [zV ′(z)]
βΣ yαk−βΣk

k

K∏
l=1,l 6=k

yαl−βΣl−2σl
l , (2.34)

ãäå Bk =
C

Ak

K∏
l=1

σβΣl

l . Äëÿ òîãî, ÷òîáû óðàâíåíèå (2.34) ìîãëî áûòü ñâåäåíî ê ÎÄÓ îòíîñèòåëüíî

V (z), äîëæíî âûïîëíÿòüñÿ óñëîâèå:

yαk−βΣk

k

K∏
l=1,l 6=k

yαl−βΣl−2σl
l = zν . (2.35)

Òàê êàê â ñèëó ñäåëàííîãî âûøå ïðåäïîëîæåíèÿ σk = 1, òî èç (2.35) ñëåäóåò:

ν = αk − βΣk, νσl = αl − βΣl − 2σl (l 6= k). (2.36)
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Òîãäà èç (2.36) íàõîäèì ïîêàçàòåëè σl:

σl =
αl − βΣl

αk − βΣk + 2
(l 6= k). (2.37)

Èç (2.34) ïîëó÷àåì, ÷òî ôóíêöèÿ V (z) äîëæíà óäîâëåòâîðÿòü ñëåäóþùåìó ÎÄÓ:

V ′′(z) = Bkg(V )zβΣ+ν [V ′(z)]
βΣ . (2.38)

(2.32) ïðåäñòàâëÿåò ñîáîé ðåøåíèå òèïà àãðåãèðîâàííûõ áåãóùèõ âîëí [Ðàõìåëåâè÷, 2016á], ïðè÷¼ì
ôóíêöèÿ V (z) ÿâëÿåòñÿ ðåøåíèåì ÎÄÓ (2.38).

Òàêèì îáðàçîì, â äàííîé ðàáîòå èññëåäîâàíî íåàâòîíîìíîå N-ìåðíîå óðàâíåíèå c ÷àñòíûìè
ïðîèçâîäíûìè âòîðîãî ïîðÿäêà, ïðàâàÿ ÷àñòü êîòîðîãî ñîäåðæèò ïðîèçâîëüíóþ íåëèíåéíîñòü ïî
íåèçâåñòíîé ôóíêöèè è íåëèíåéíîñòè ñòåïåííîãî òèïà ïî å¼ ïåðâûì ïðîèçâîäíûì. Íàéäåíî ðåøå-
íèå ýòîãî óðàâíåíèÿ òèïà áåãóùåé âîëíû â íåÿâíîì âèäå. Äëÿ ñëó÷àÿ ñòåïåííîé íåëèíåéíîñòè ïî
íåèçâåñòíîé ôóíêöèè ïîëó÷åíû ÿâíûå ðåøåíèÿ òèïà áåãóùåé âîëíû, â ÷àñòíîñòè, â âèäå ñòåïåí-
íîé, ýêñïîíåíöèàëüíîé è ëîãàðèôìè÷åñêîé ôóíêöèé. Ïðîàíàëèçèðîâàíî, êàê âëèÿþò ïàðàìåòðû
óðàâíåíèÿ íà ñâîéñòâà íàéäåííûõ ðåøåíèé.
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