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Annoranusa. Henuneitaere nuddepeHimanbHble ypaBHeHIS JOCTATOYHO IIMPOKO MCIIONB3YIOTCS B PA3JIMUHBIX COBPEMEH-
HBIX HayKax. B uacTHOCTH, HeIMHeltHOe 00bIKHOBeHHOE 1 depeHInanpHoe ypaBHeHe EpMakoBa yCIeHO IpUMeHIeTCs
IUIS pellleHNs 3aJjad B KBAHTOBOII MeXaHIKe, 3JIeKTPOAMHAMUKE, B OITUKe, B TEOPUY YIIPYTOCTH, I ONVCAHN MOJIEKY-
JIIPHBIX CTPYKTYP, B TeTEPOCTPYKTYpax CO CIOMKHOI IMOTeHIMANbHO QYHKIMell ¥ BO MHOTMX OPYTUX pasfesiax TeopeTy-
YecKOIl ¥ MaTeMaTnyueckoit ¢pusnke. OxHako 3¢)(eKTHBHOTO METOA PellleHNs HeJIMHEeTHbIX ypaBHEHNUII TUIIA ypaBHEHIS
EpmaxoBa B Hacrosilee BpeMs: HeT. K npumepy, mmpu pelreHnn 3afad Ha COOCTBEHHbIe 3HAUEHNsT COBpeMEHHbIE aBTOPBI
ypaBHeHue EpMakoBa BBIUNCIISIIN IPSMBIMI YNCIeHHBIMI MeTofaMu. Kak nsBectHo u3 pa6ot camoro Epmakosa u gpyrux
M3BECTHBIX aBTOPOB, pellleHMe ypaBHeHusa EpmakoBa omnpepensercda OByMs JIMHEIHO HE3aBUCHMMBIMU PEIIEHUAMM IIOA-
XOJSILETO TaK Ha3bIBA€MOI'O IIPMCOeAMHEHHOTO JIMHEeHOro AuddepeHUNaIbHOI0 ypaBHEeHUI BTOPOTO Iopsiaka. Teopus
MHTErPUPOBaHMS IMHENHBIX TupdepeHIManbHbIX ypaBHEHII CTENIeHHBIMI PSIaMI MaTeMaTIYeCKYI CTPOro paspaboTaHa,
B YaCTHOCTH, JJId NMPUCOEAMHEHHBIX JMHEHBIX ypaBHeHMII K ypaBHeHNI0 EpMakoBa JoKa3aHa CXOAUMOCTb CTEII€HHBIX
PSROB, IPEACTABIISIOUNX PelleHre IPUCOeAMHEHHBIX JINHENHbIX AuddepeHIMaNbHbIX ypaBHeHNIIL. B HacTosIIeit paboTe
9TI JIMHEHO He3aBMCYUMBbIE PellleHNs MIPYCOeJHEHHOrO JMHEHOr0 YpaBHeHNs ObLIM BBIYMCIEHBI B BUJIE CTEIIEHHBIX
PAMOB ¢ IpUMeHeHMeM KOMITBIOTePHOI CYCTeMBI aHaIUTIdecKnx Berunciennit MAPLE, n nus pana ypaBHenmit Epmakosa
TOCTPOEHBI X pellleHNs B BUJe CTeIIeHHBIX PAMOB, B 00IeM, C IPOM3BOIBHBIM MaKCHMAJbHBIM IT0OKa3aTeJeM CTeIleHIL.
HemocpencTBeHHOIT IIOACTAHOBKOI OBLIO IIOKA3aHO, YTO TaK IIOJyUeHHBIE CTeIIeHHBIE PAIBI YAOBIETBOPSIIOT YPaBHEHIUIO
Epmakosa. [lonyuenHble pelleHMs B BUAE CTEIIEHHBIX PANOB, COAEPKAIUX TAKKe M CIEKTPAJIbHBIN ITapaMeTp, MOTYT
OBITH YCIIELIHO IPMMeHEHBI K PellleHNI0 3aau Ha COOCTBEHHbIe 3HAUEHNs, B UaCTHOCTY IS PellleHMs CTAI[IOHApHOTo
ypasaenus IlIpenunrepa.

KnroueBble ciioBa: MaTeMaTUUeCKoe MOAEIMPOBaHNE, CUMBOIbHO-UNCIEHHbBIE METOAbI, KOMILIEKCHI IIporpamm, qudde-
peHUuMaNbHbIe YpaBHEHV, HeJIMHeTHble 0ObIKHOBEHHbIE nuddepeHnNanbHbIe ypaBHEHNS BTOPOTO IIOPSIAKA, ypaBHEHIE
EpmaxoBa, cTelieHHbIE PSIIbI
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Abstract. Nonlinear differential equations are widely used in various modern sciences. In particular, the nonlinear ordinary
differential equation of Ermakov is successfully used to solve problems in quantum mechanics, electrodynamics, optics,
elasticity theory, to describe molecular structures, in heterostructures with a complex potential function and in many other
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branches of theoretical and mathematical physics. However, there is currently no effective method for solving nonlinear
equations such as the Ermakov equation. For example, when solving eigenvalue problems, known modern authors calculated
solutions of the Ermakov equation by direct numerical methods. As is known from the works of Ermakov himself and other
modern authors, the solution of the Ermakov equation is determined by two linearly independent solutions of a suitable
so-called attached linear differential equation of the second order. The theory of integration of linear differential equations
by power series is mathematically strictly developed, in particular, for the attached linear equations to the Ermakov equation,
the convergence of power series representing the solution of the attached linear differential equations is proved. In this paper,
these linearly independent solutions of the attached linear equation were calculated in the form of power series using the
MAPLE analytical computing computer system and for a number of Ermakov equations, their solutions were constructed in
the form of power series, in general, with an arbitrary number terms. By direct substitution, it was shown that the power
series obtained in this way satisfy the Ermakov equation. The obtained solutions in the form of power series containing
also a spectral parameter can be successfully applied to solving eigenvalue problems, in particular for solving the stationary
Schrodinger equation.

Key words: mathematical modeling, symbolic-numerical methods, software packages, differential equation, nonlinear
ordinary differential equation of second order, equation of Ermakov, power series
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1. Beegenmne. B cBoe Bpems B. II. EpmakoB — npodeccop maTemarukyu KueBckoro yHuBepcuTeTa — II0Ka-
3aJI, UTO peIleHNs HeKOTOPBIX HEJIMHEIHBIX OOBIKHOBEHHBIX MUdQepeHINaTbHbIX YPABHEHNI MOTYT OBITH
IIOCTPOEHBI IIPY ITOMOLIY PellleHNIT COOTBETCTBYIOLINX (IIPICOeANHEHHbIX) INHEeTHbIX AnddepeHINaTbHbIX
ypaBHeHMI1 BTOpOro rnopaaka. [l mcciefoBaHHBIX IM HEKOTOPBIX HeJIMHETHBIX ypaBHEHNIA, BKJIIOUasd pa3Hble
BapMaHTHI ypaBHeHUsA PMKKaTH, a Takke NpeI0KeHHOTO CBOET0 ypaBHeHMsd, EpMaKkoB npencTaBmil KOHKpET-
Hble o01ye GOpMyJIbl I pPeLIeHNII HeJMHEeHbIX YPaBHEHMUII ITOCPEeICTBOM pEeIIeHNII COOTBETCTBYIOILNX
(TIprcoeqMIHEHHBIX) INHEHBIX ypaBHeHMI1 [8]. B wacTHOCTH, IUIst CBOETO IIPe/JIOKEHHOTO HEIMHEITHOTO ypaB-
HEeHMUA B BUe

u+ q(x)u + % =0, (1)
u

rge ¢ = const. EpmakoB mokasai, uTo oflijee pellleH1e ypaBHeHMs (1) MoxKeT OBITH 3aIIMICAHO CJIERAYIOINM
obpasom:

rae £(x) — xakoe-HMOYIb UaCTHOE pellleHMe CIEeAYIOIIero IPICOe M HEHHOTO JIMHETHOTO YpaBHeHMS

y +q(x)y=0. (3)

B paGore [6] ee aBTOpBI BHIITOIHIIIN ITOAPOOHBII aHATIN3 O0Jee OOIIUX [T0{00HBIX HEJIMHETHBIX yPaBHEHMIA,
BKJIIOUast 1 ypasHeHue Epmakosa (1). [laHHBIe aBTOPBI [IOKA3aIN, UTO, MCXO U3 IIpeAcTaBiIeHus (2), obiree
peluenue ypaBHeHus (1) MOJKeT OBITH 3aIIMICAHO B BUJIE

u(x) =\ ) + e W (), )

rie y1 (x) my,(x) — TMHETHO He3aBUCUMBIE PELLIEHs IMHETHOTOo ypaBHeH s (3), a Benmmunaa W = 1 ~y’2—y2 -y'1 -
BPOHCKMaH 31X peteHuis, Wy, yz] # 0. 3HaunTenbHo nosxe ypasHeHue (1) GbII0 IEPEOTKPHITO APYTUMMU
aBropamu [19], [20].

Mosker OBITH make HEOXKUJAHHO, HO HeJMHEHOe ypaBHeHMe EpmMakoBa HAaIUIO IIpMMeHEHNVE II03)Ke B
COBpeMeHHBbIX obacTsax Matemaruky u ¢usuku. K mpumepy, B pabore [10] ypaBHenne EpmakoBa 65110 mpu-
MEHEHO Ui ITOCTPOEHNsT HOBOro BapuaHTa Teopmu BKB-npubiiokeHms B KBAHTOBOI MeXaHMKe, KOTOPBIN
IIOJIY YL IIPOCTYIO CTPYKTYPY, B UaCTHOCTI, OBLIN ITOJIyUeHbI IIPAKTIUECKI II0JIe3HbIe peKyppPEeHTHbIE COOTHO-
menus g BKB-pasnoxkennii. B paborax [18], [12] Ha ocHoBe ypaBHenus EpMakoBa osryueHsl HHBapMAHTEI
VLS OIIVICAHYISI BYDKEHIIST HePeJIATUBICTCKOI 3apsDKEHHOI UaCTHUIIBI B 3aBUCALIEM OT BpeMeHY MarHITHOM I10-
se. EpMaKoB ycTaHOBIUI Tak:Ke B [8], 4To JIMHelIHOe ypaBHeHNe (3) JOIIyCKaeT CIIeAY Iy 0 (GyHIaMeHTaIbHYIO
CICTEMY peLIeHUI

20) =y exp (2972 [ 255, ©)
re u(x) ecTb Kakoe-HUOYOb pellleHNe HeJIMHeITHoro ypaBHeHus (1). FIcriop3ys 9T0T pe3ysbTar, aBTOp CTaThi
[19] paspaGorai unciIeHHBII METOJ PEeLIeHNs 3aaul Ha COOCTBEHHbIe 3HAUEHNS ¥ YCIIEIIHO IIPUMEHILL eT0
K ypaBHeHmio [IIpexmurepa mjsi aHrapMOHIYECKOTO ocLmyUIgTOpa. B pabore [21], IOCBSIEHHOI pellIeHII0

ISSN 2687-0959 [Ipuxnadnas mamemamuka & Pusuka, 2022, mom 54, Ne 3



H. H. Bensesa, U. K. Kupuuenko, H. H. Yexanosa 173

ypasuenus [lIpennnrepa, MOSBMIINCH Cpa3y Ba HeJMHElHbIe ypaBHeHUs, 1 EpmMakosa, u PukkaTu, KoTopble
OIIVMCHIBAIOT SBOJIIOLIMI0O MAKCUMyMa ¥ INUPUHBI BoiaHOBO ¢yHkumu ¥(x,t). B craree [15] mokasaHo, uro
o0cykmaeMble HeJIMHeHble OOBIKHOBEHHBIE AU(depeHIMaNbHbIE YPABHEHNS YCIEIIHO TIPUMEHSIIOTCS IS
OIMCAHVS MIPOLIECCOB U ABJIEHMIT B HEIMHEIHOI ONITUKE, B TEOPUIL HEJIMHETHOM YIPYTOCTH, B MOJIEKYJIAPHBIX
CTPYKTypax, B KBAHTOBOJ TEOPUU IIOJS B KPUBOJIMHEHBIX MIPOCTPAHCTBAX U KBAHTOBOI KOCMOJIOTUM (CM.

rawe [1], [13], [16], [17]).

2. Pe3ynpTaThl 1 MX 00cy KmeHMe. 3BeCTHO, UTO pellleHNs JIMHENHBIX 00BIKHOBEHHBIX HuddepeHmn-
QJIBHBIX ypaBHEHMIT MOTYT OBITH IIOJYYEeHBI B BUAE CTEIIEHHBIX JUIM OOOOLIEHHO CTEIEHHBIX PSAOB, €CIIN
ypaBHEeHIe MeeT peryJsipHble 0coOble ToUkn (cM., HarpuMmep, [9], [11], [7]). B HacTos111€11 paboTe pa3paboraH-
Hasl aBTOpaMy KOMIIBIOTEpHas IIporpaMma [2] mpumMeHsieTcs Il pelle st KOHKPEeTHBIX ypaBHeHu T EpmakoBa
U TIpeJCTaBJIeHNs ero pelennit B Bume psamos [3], [5], [14].

[l HaXOXAeHN ero ABYX JIMHEHO He3aBMCUMBIX pelIeHNIt Y (x) 1 yz(X) B MCIONB3yeMYI0 IIPOrpaMMy
IOCTATOUHO BBECTY TOJBKO (PpyHKIMI0-K03duimenT q(x) ns ypasHenus (3), ecau mpu 31oM ypaBHeHUe (3)
UIMeeT PEeryJIspHyI0 0cO0YI0 TOUKy, TO CIEeAyeT Ha BXOZe IIPOrpaMMBbl BKIIOUNTh COOTBETCTBYOmmit ¢iar. B
pesyIbTaTe Ha BBIXOJIE ITOTYUIM peliene 1(x) ¢ HAuaTbHBIMY HaHHBIMI 1(x) = 1,4 (x) = 0, a TakKe perire-
Hue y(X) ¢ HauambHBIMK TaHHBIMH y(X0) = 0, y (xo) = 1, 06a pellreHus B BU/e CTEEHHBIX MM 0GOGIEHHBIX
CTelleHHBIX psaoB. [loxcTaBisas st peltteHns B popmyiry (4), Haxonum petreHne u(x) ypaBHenus Epmaxosa (1)
B BUIJle CTEIIeHHBIX PsioB. [ofcTaBiisas Tak HallieHHOe pelleHme u(X) B caMo ypaBHeHMe EpmakoBa, mosrydaem,
YTO OHO JEJICTBUTEIBHO €My yXOBJIETBOPSIET O OIIpeNeIeHHOI CTeIIeHN BBIUNCIEHHOIO CTEIIEHHOTO PAAa.

Hipke mpepcraBiseM pe3ybTaThl pacueToB [ KOHKPETHBIX HeJIMHeTHbIX ypaBHeHnit EpmakoBa.

1. IlycTh maHO ypaBHEeHUE

” 1
U —xu= et (6)

COOTBCTCTBYIOLLICC JUHETHOoe OMHOPOOHOE YpaBHEHINIE IMEECT BIU:

’,

y —xy=0. (7)

IIpy TOMOIIY MaTeMATIUECKOTO IIaKeTa CMMBOJIBHBIX BhIUMciIeHnit Maple Hamu Opu1a paspaboraHa paHee
[IporpaMMa perreHys JaHHOTo quddepeHINaIbHOrO ypaBHeHNs. YpasHeHue (7) He nMeeT 0co0bIx ToUek. [Ipn
IIOMOILM 3TOI IPOrpaMMBl [2] HallIeHO aHANMTIYECKOe pellleHre ypaBHeHUs (6) B BUe CTEIIEHHBIX PS/IOB,
B KOTOPBIX MaKCUMAJIbHBIII IT0OKA3aTeNlb CTEIEHN X, HEOOXOMMMBII [JIsl ITOCTPOEHMS CTEIIEHHOTO psifa, ObLI
BbIOpan N = 26:

13 1 L) 1 12 1 15 1 18
Yy1=1+-x"+—x"+ x + b'e X
6 180 12960 1710720 359251200 109930867200

1 1
+ x4 x*4
46170964224000 25486372251648000

_ Vg, 1oy L 10 1 13 1 16 1 19 1 22
Yo =X+ —x"+—x"+ x+ X+ X0+ x + x“. (8)
12 504 45360 7076160 1698278400 580811212800 268334780313600
[asnee, MCHONB3ys HalleHHble pelleHNs, MOAUPUIMPYEM IPOrPaMMy I HAXOXKAEHUs peLleHUs CO-
OTBETCTBYIOIIETO HEJIMHENHOro ypaBHeHus (6). Takum 00pasoM, HAXOMUM pelLleHUE TAHHOTO HEeJUMHETHOTO
ypaBHEeHUsI

1 1 1 41 1 187 271 2537
u(x)=1-—x?+ x> - —x* - —x+ —x" - x® + x - x10
2 6 8 720 48 4480 12960 80640

533, 2493259 , 13759 ,, 8196943 , 52755623 s
+ X - x "+ X X+ X
26880 95800320 725760 358758400 2874009600
29201560681 ;38774261 .,  25366097010517 5 = 611375851

— X X - X X

1394852659200 2152550400 1280474741145600 34159656960

1165993680277 ,,  172698415643953 ,,  25895906098288313 ,,

- x= + x* - x 9)
60678438912000 9603560558592000 1362425124578918400
2. PaccMOTpMM HENMHEHOE YpaBHEHUE
noo 2 1
u +-u=—. (10)
x u
Ero mpucoenuueHHOe TUHETHOE YPaBHEHME UMEET BUI
w2
+ -y =0. 11
y +7y (11)
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JInneitnoe oguoponHoe nuddepenuanpiHoe ypasuenune (11) comepkut ocobyo Touky x = 0. M3-3a aro-
IO pellleHye YPaBHEHNMS CONEPIKNT JIOTapi(pMIUecKye WieHsl. PellleHre TaHHOTO JINHEHOTO OXHOPOJHOIO
ypaBHEHs, KOTOpOe IIOJIyueHO ¢ IIOMOIIBI0 pa3paboTaHHOI mporpaMMsl [2] mpu N = 9, uMeeT cleqyoInuit
BULL:

13

1 1 1
y1=x—x2+§x——x4+ 5 6 7

— X - ——x +———X
18 180 2700 56700

5

Yy = =1+ (1+2In(x)) x + (2 = 2In(x)) x* + (—%1 + gln(x)) x4+ (% - %ln(x)) xt+

43 1 97 1
+——— + —In(x) | x* + [ —— — —In(x) | x°. (12)
1350 90 40500 1350
BrImosHsgsS KOMIIBIOTEpHBIT pacueT B Maple, HaxoauM pellieHne COOTBETCTBYIOIETO HEIMHENHOTO ypaB-
Henns (10) B Bume:

, 76 5 35 , 4739 . 7648 , 22177 , 1551071
u(x)=(-14+2x+4x* - —x" + —x" + x’ - X7+ x' = x°+
9 54 1350 3375 30375 10206000

14072 o 339401 4 56069 31019, 1

+ x = x x = x = X1
637875 153090000 382725000 5740875000 76545000

1 " , 8 4 34, 1132, 439 . 8197 , 8617 ,
+—————x +n(x)[4x - 8x" - =x"+ —x" - — "+ —x" - ——x" + ——x"—
3214890000 3 3 135 135 10125 60750
731 199 61 97 20
- x + x10 - x4 x12] = In(x)?[4x? — 8x> + —x*—
40500 121500 607500 27337500 3
1
28 14 44 61 7 7 1 1 2
0 —=xt - —xT+ X8 — x + x10 - x4+ x1? (13)
9 15 225 2025 2025 24300 60750 182250

3. Ilyctp maHo HexuHelHOe nuddepeHIaTbHOE YpaBHEHIE

u +u=—. (14)
TOI‘IIB. COOTBCTCTBYIOH.[CC eMy .TII/IHCI‘/'IHOC OI[HOPOI[HOE ypaBHeHI/Ie MMEET B
y +y=0. (15)

[Ipumenss nporpamMmy [2], ykasas Bo BXOZHBIX JAHHBIX MAaKCUMAaJIbHBII II0KA3aTeJIb CTEIIEHN X CTPOMMOTrO
CTEIIeHHOTO psifa, a Takke uto TypeV = 1, T. e. ypaBHeHME He MMeeT 0COOBIX TOUEK, II0IyuaeM ABa JIMHEITHO
He3aBUCUMBIX peleHus ypaBHeHus (15)

1 1 1 1 1 1
y1=1- x4+ —xt - —xf+ x® — x4 x'2,
2 24 720 40320 3628800 479001600

1 1 1 1 1
Yp=X— =X+ —x° — X+ x - 1 (16)
6 120 5040 362880 39916800

3arem, IIpoBesI COOTBETCTBYIOIIIE pacueTsl B Maple, HaxoquM pellleHre HeJIMHEeTHOro ypasaenus (14):

2 14 194 559 5 29161 4

ux)=1-x"—=x" - —=x* - —x° - (17)
6 90 2520 113400
4. PaccmoTtpuM HennHeltHOe quddepeHINAIbHOE ypaBHEHME
’” 1
u +xu=—. (18)
u
Ero npucoenuueHHOe IUHENHOE OQHOPOAHOE YPaBHEHIIE
y” +xy =0. (19)

Ipumenss nporpammy [2], [4], [5], [14], BO BXODHBIX JAHHBIX CTABMM MAaKCUMAJIbHBII [I0KA3ATEh CTENEHN
N = 24,araxke uto TypeV = 1, T. e. ypaBHEHUE He MeET 0COOBIX TOUEK, II0JIyUaeM [ABa INHETHO He3aBUCUMBbIX
peluenus ypasHeHus (19):
6 I 1 12 1 15

1 1
y1=1——x3+—x— x + - X
6 180 12960 1710720 359251200
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+ 1 18 _ 1 21
109930867200 46170964224000
L 4 1 4 L 10 1 13 1 16

Yp=X——X +—x"———x + X7 = x
12 504 45360 7076160 1698278400

1 19 _ 1 22
+ x x4, (20)
580811212800 268334780313600

Perrerne HenuHeitHOTO ypaBHeHus (18) ronyuaeM B BUe CIEAYIOLIETO CTEIIEHHOTO Psija:

1 1 1 41 1 187 271 2537
u(x)=1-=x*—=x> - =x* - —x* - —x" - x® - x’ - X0
2 6 8 720 48 4480 12960 80640

533 ,, 2493259 ,, 13759 ,, 8196943 ,, 52755623 .

- X - P P X —-———X "=
26880 95800320 725760 358758400 2874009600
29201560681 |, 38774261 ,,  25366097010517 , 611375851
- X - X - X - X =
1394852659200 2152550400 1280474741145600 34159656960
1165993680277 172698415643953
20 x21_ (21)

- x
60678438912000 9603560558592000

3. 3axiaroueHue. Takum 00pasoM, B JaHHOJN paboTe IIPeIUIOKEH CIIOCOG pelleHns HeINHEHbIX 0OBIK-
HOBeHHBIX AnddepeHIaNbHBIX ypaBHeHNT EpMakoBa mpy MOMOIIM pEIIeHNII COOTBETCTBYIOIUX (Ipumco-
eAVHEHHBIX) INHENHbIX AudPepeHIMaTbHbIX ypaBHEHNUIT BTOPOTO ITOPAAKA, PellleHrie KOTOPhIX HaXOMNTCS B
BIJI€ CXOSIIIIMXCS CTETIEHHBIX PSIAOB C IPUMEHEHEM MOIITHON CCTeMbI aHAJIMTUYECKIX BhIuyciieHnit Maple

n paspa60TaHH0171 aBTOpamMM IIporpaMMBI. Ycranosineno pacueraMi, 4TO €CIIM MaKCIMaJIbHasA CTEIIEHD CTEIIEH-

HOTO psAfia B PELLeHNI IIPUCOeAMHEHHOTO JIMHETHOro ypasHeHus (3) paBHa N, TO IIOCTPOEHHOE € MX IIOMOILIBIO
pelreHne ypaBHeHus EpmaxoBa (1) To)ke B BUJIe CTEIIEHHOIO psifa yaoBieTBopsercs xo cremenu (N — 1). On-
HaKo paspaboTaHHas IIporpaMMa II03BOJITEeT HAXOAUTh pellIeHNe JMHEeTHOTO ypaBHeHNS I IPOM3BOJIBHOIO
3HaueHus N, 103TOMy pellleHne ypaBHeHus EpMakoBa Taxke MOXeT OBITh HalileHO 10 Jio0oit crermeHu N.

Baxxno OTMETUTD, UTO PELIEHNA B BIIAE CTEIICHHBIX PAOO0OB COOEPIKUT CHeKTpaJ’IbHLIﬁ IIapaMeTp, 4TO YIIPOIIa€T
PpeELIeHe 3a1aun Ha CcOOCTBEHHbIE 3HAUEHIIS.
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