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Àííîòàöèÿ. Ðàññìîòðåíû íà÷àëüíî-êðàåâûå çàäà÷è ñ óñëîâèÿìè ïåðâîãî è òðåòüåãî ðîäà äëÿ îáîáùåííî-
ãî ìîäèôèöèðîâàííîãî óðàâíåíèÿ âëàãîïåðåíîñà ñ äðîáíîé ïî âðåìåíè ïðîèçâîäíîé. Íà ðàâíîìåðíîé ñåòêå
ïîñòðîåíû ðàçíîñòíûå ñõåìû, àïïðîêñèìèðóþùèå ýòè çàäà÷è. Äëÿ ðåøåíèÿ ýòèõ çàäà÷ â ïðåäïîëîæåíèå ñó-
ùåñòâîâàíèÿ ðåãóëÿðíîãî ðåøåíèÿ ïîëó÷åíû àïðèîðíûå îöåíêè â äèôôåðåíöèàëüíîé è ðàçíîñòíîé ôîðìàõ.
Èç ýòèõ îöåíîê ñëåäóþò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è,
à òàêæå ñõîäèìîñòü ñî ñêîðîñòüþ O(h2 + τ2).
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1. Ââåäåíèå. Ïñåâäîïàðàáîëè÷åñêèìè óðàâíåíèÿìè â ìàòåìàòè÷åñêîé ëèòåðàòóðå ïîñëåäíåãî
âðåìåíè íàçûâàþò óðàâíåíèÿ âèäà

ut −Aut −Bu = f(x, t),

ãäå À è Â � îïåðàòîðû âòîðîãî èëè áîëåå âûñîêîãî ïîðÿäêà ïî ïðîñòðàíñòâåííûì ïåðåìåííûì
[Ñâåøíèêîâ, Àëüøèí, Êîðïóñîâ, Ïëåòíåð, 2007]. Âîïðîñû, ñâÿçàííûå ñ âëàãîïåðåíîñîì â ïî÷âî-
ãðóíòàõ, ïðèâîäÿò ê ïñåâäîïàðàáîëè÷åñêèì óðàâíåíèÿì [×óäíîâñêèé, 1976, c.137].
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Ëîêàëüíûå è íåëîêàëüíûå íà÷àëüíî-êðàåâûå çàäà÷è äëÿ òàêîãî âèäà óðàâíåíèé, êàê ëèíåéíûõ,
òàê è íåëèíåéíûõ, â öèëèíäðè÷åñêîé îáëàñòè Q = G× (0, T ), G ⊂ Rn, èçó÷åíû äîñòàòî÷íî õîðîøî
(ñì., íàïðèìåð, [Òóðáèí, 2013; Øåðãèí, Ïÿòêîâ, 2014; Þëäàøåâ, 2016; Þëäàøåâ, 2017; Lyubanova,
2017]).

Ìíîãèå ó÷åíûå ñòàëè â ïîñëåäíåå âðåìÿ èçó÷àòü óðàâíåíèÿ, ñîäåðæàùèå äðîáíûå ïðîèçâîäíûå
ïî âðåìåííîé è ïðîñòðàíñòâåííûì ïåðåìåííûì, â ñâÿçè ñ òåì, ÷òî â ðàìêàõ êëàññè÷åñêîé òåîðèè
äèôôåðåíöèàëüíûõ óðàâíåíèé öåëî÷èñëåííûõ ïîðÿäêîâ ìíîãèå ïðîöåññû è ÿâëåíèÿ îêðóæàþùåé
ñðåäû íå ïîääàþòñÿ îïèñàíèþ, òàê êàê èìåþò ñâîéñòâî íåëîêàëüíîñòè è íåëèíåéíîñòè êàê ïî ïðî-
ñòðàíñòâó, òàê è ïî âðåìåíè. Òàêèå ÿâëåíèÿ è ïðîöåññû îáû÷íî îïèñûâàþò ñ ïîìîùüþ òåîðèè
äðîáíîãî èñ÷èñëåíèÿ è âñòðå÷àþòñÿ îíè â ìåõàíèêå, ôèçèêå ïðè îïèñàíèè ñëîæíûõ ñèñòåì ðàç-
ëè÷íîé ïðèðîäû [Gao, Sun, Sun, 2015; Cui, 2013; Gao, Sun, Zhang, 2014; Pang, Sun, 2012; Calcagni,
2012].

Ðàáîòû [Pimenov, Hendy, 2016à; Pimenov, Hendy, 2016á; Pimenov, 2018] ïîñâÿùåíû èññëåäîâàíèþ
ðàçëè÷íûõ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ äðîáíîãî ïî-
ðÿäêà ñ ýôôåêòîì çàïàçäûâàíèÿ ïî âðåìåíè. Â ôèçè÷åñêîì àñïåêòå ïîíÿòèÿ ïàìÿòü, ïîñëåäåéñòâèå,
çàïàçäûâàíèå, íàñëåäñòâåííîñòü ñ÷èòàþòñÿ î÷åíü áëèçêèìè.

Â íàñòîÿùåé æå ðàáîòå â ñëó÷àå îïåðàòîðîâ À è Â âòîðîãî ïîðÿäêà äëÿ ìîäèôèöèðîâàííîãî
óðàâíåíèÿ âëàãîïåðåíîñà ñ ïåðåìåííûìè êîýôôèöèåíòàìè è äðîáíîé ïî âðåìåíè ïðîèçâîäíîé â
ñìûñëå Êàïóòî, áóäóò èññëåäîâàòüñÿ ïåðâàÿ è òðåòüÿ êðàåâûå çàäà÷è.

Ïðèáëèæåííûì ìåòîäàì ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ ðàçëè÷íûõ óðàâíåíèé äðîáíîãî ïîðÿäêà
ïîñâÿùåíû ðàáîòû àâòîðà [Áåøòîêîâ, 2018à; Áåøòîêîâ, 2018á; Áåøòîêîâ, 2019; Áåøòîêîâ, Âîäàõîâà,
2019].

2. Ïîñòàíîâêà ïåðâîé êðàåâîé çàäà÷è. Â ïðÿìîóãîëüíèêåQT = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T}
ðàññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ îáîáùåííîãî óðàâíåíèÿ âëàãîïåðåíîñà

∂α0tu =
∂

∂x

(
k(x, t)

∂u

∂x

)
+ ∂α0t

∂

∂x

(
η(x)

∂u

∂x

)
+ r(x, t)

∂u

∂x
− q(x, t)u+ f(x, t),

0 < x < l, 0 < t ≤ T, (1)

u(0, t) = u(l, t) = 0, 0 ≤ t ≤ T, (2)

u(x, 0) = u0(x), 0 ≤ x ≤ l, (3)

ãäå
0 < c0 ≤ k(x, t), η(x), q(x, t), rx(x, t) ≤ c1, |r(x, t)|, |kx(x, t)| ≤ c2,

k(x, t) ∈ C1,0(QT ), η(x) ∈ C1[0, l], r(x, t), q(x, t), f(x, t) ∈ C(QT ),

u(x, t) ∈ C2,0
(
QT
)
∩ C1,0

(
QT
)
, ∂α0tu(x, t) ∈ C(QT ), (4)

∂α0tu = 1
Γ(1−α)

t∫
0

uτ (x,τ)
(t−τ)α dτ, − äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî ïîðÿäêà α, 0 < α < 1, ci, i = 0, 1, 2 =

const > 0.
Äàëåå ïðåäïîëàãàåòñÿ, ÷òî äèôôåðåíöèàëüíàÿ çàäà÷à (1)�(3) èìååò åäèíñòâåííîå ðåøåíèå, îá-

ëàäàþùåå íóæíûìè ïî õîäó èçëîæåíèÿ ïðîèçâîäíûìè.
Â ðàáîòå áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ Mi = const > 0, i = 1, 2, ..., êîòîðûå çàâèñÿò òîëüêî

îò âõîäíûõ äàííûõ ðàññìàòðèâàåìîé çàäà÷è.

3. Àïðèîðíàÿ îöåíêà â äèôôåðåíöèàëüíîé ôîðìå.
Òåîðåìà 1. Ïóñòü óñëîâèÿ (4) âûïîëíåíû, òîãäà äëÿ ðåøåíèÿ çàäà÷è (1)�(3) ñïðàâåäëèâà îöåí-

êà
‖u‖2W 1

2 (0,l) +D−α0t ‖u‖2W 1
2 (0,l) ≤M

(
D−α0t ‖f‖20 + ‖u0(x)‖2W 1

2 (0,l)

)
,

ãäå M = const > 0, çàâèñèò òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1)�(3), D−α0t u = 1
Γ(α)

t∫
0

udτ
(t−τ)1−α−

äðîáíûé èíòåãðàë Ðèìàíà � Ëèóâèëëÿ ïîðÿäêà α, 0 < α < 1, ‖u‖2
W 1

2 (0,l)
= ‖u‖20 + ‖ux‖20.

Äîêàçàòåëüñòâî. Ïîëó÷èì àïðèîðíóþ îöåíêó ðåøåíèÿ çàäà÷è (1)�(3) â äèôôåðåíöèàëüíîé
ôîðìå. Äëÿ ýòîãî óìíîæèì óðàâíåíèå (1) ñêàëÿðíî íà u:(

∂α0tu, u
)

=
((
kux

)
x
, u
)

+
(
∂α0t
(
ηux

)
x
, u
)

+
(
rux, u

)
−
(
qu, u

)
+
(
f, u
)
, (5)

ãäå
(
a, b
)

=
∫ l

0
abdx,

(
a, a
)

= ‖a‖20,− ñêàëÿðíîå ïðîèçâåäåíèå è íîðìà, ãäå a, b � çàäàííûå íà [0, l]

ôóíêöèè.
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Ïîëüçóÿñü ëåììîé [Àëèõàíîâ, 2010], ïîëó÷èì(
∂α0tu, u

)
≥ 1

2

(
1, ∂α0tu

2
)

=
1

2
∂α0t‖u‖20, (6)

((
kux

)
x
, u
)

=

∫ l

0

u
(
kux

)
x
dx = ukux|l0 −

∫ l

0

ku2
xdx, (7)

(
∂α0t
(
ηux

)
x
, u
)

=

∫ l

0

u∂α0t

(
ηux

)
x
dx = u∂α0t(ηux)|l0 −

∫ l

0

η(x)ux∂
α
0tuxdx ≤

≤ u∂α0t(ηux)|l0 −
1

2

∫ l

0

η∂α0t(ux)2dx, (8)

(
rux, u

)
=

∫ l

0

ruxudx =
1

2
ru2|l0 −

1

2

∫ l

0

rxu
2dx ≤ 1

2
ru2|l0 −

c0
2
‖u‖20, (9)

(
qu, u

)
=

∫ l

0

qu2dx ≥ c0‖u‖20, (10)

(
f, u
)

=

∫ l

0

fudx ≤ ε‖u‖20 +M1(ε)‖f‖20. (11)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (6)�(11), èç (5) íàõîäèì

∂α0t‖u‖20 +
1

2

∫ l

0

η∂α0t(ux)2dx+ 2c0‖ux‖20 + 3c0‖u‖20 ≤

≤ 2u
(
kux + ∂α0t(ηux)

)∣∣∣l
0

+ ru2|l0 + 2ε‖u‖20 +M1(ε)‖f‖20. (12)

Âûáèðàÿ ε = c0, èç (12) c ó÷åòîì (2) ïîëó÷àåì

∂α0t‖u‖20 +

∫ l

0

η∂α0t(ux)2dx+ ‖u‖20 + ‖ux‖20 ≤M2‖f‖20. (13)

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì (13) îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ D−α0t , èç (13) íàõîäèì

‖u‖2W 1
2 (0,l) +D−α0t ‖u‖2W 1

2 (0,l) ≤M
(
D−α0t ‖f‖20 + ‖u0(x)‖2W 1

2 (0,l)

)
, (14)

ãäå M = const > 0, çàâèñèò òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1)�(3).
Èç (14) ñëåäóþò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è

(1)�(3).

4. Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû. Ðåøèì çàäà÷ó (1)�(3) ñ ïîìîùüþ ìåòî-
äà êîíå÷íûõ ðàçíîñòåé. Äëÿ ýòîãî äèôôåðåíöèàëüíîé çàäà÷å (1)�(3) ïîñòàâèì â ñîîòâåòñòâèå íà
ðàâíîìåðíîé ñåòêå ωhτ ðàçíîñòíóþ ñõåìó ñî âòîðûì ïîðÿäêîì òî÷íîñòè ïî h è τ :

∆α
0tj+σy = κji

(
ajiy

(σ)
x̄

)
x,i

+ ∆α
0tj+σ

(
γiyx̄

)
x,i

+ b−ji ajiyx̄,i + b+ji aji+1y
(σ)
x,i − d

j
iy

(σ)
i + ϕji , (x, t) ∈ ωh,τ , (15)

y
(σ)
0 = y

(σ)
N = 0, (16)

y(x, 0) = u0(x), (17)

ãäå ∆α
0tj+σy = τ1−α

Γ(2−α)

j∑
s=0

c
(α,σ)
j−s y

s
t � äèñêðåòíûé àíàëîã äðîáíîé ïðîèçâîäíîé Êàïóòî ïîðÿäêà α, 0 <

α < 1 [Alikhanov, 2015].

a
(α,σ)
0 = σ1−α, a

(α,σ)
l =

(
l + σ

)1−α
−
(
l − 1 + σ

)1−α
, l ≥ 1,

b
(α,σ)
l =

1

2− α

[
(l + σ)2−α − (l − 1 + σ)2−α

]
− 1

2

[
(l + σ)1−α + (l − 1 + σ)1−α

]
, l ≥ 1,

ïðè j = 0, c
(α,σ)
0 = a

(α,σ)
0 ;
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ïðè j > 0, c(α,σ)
s =


a

(α,σ)
0 + b

(α,σ)
1 , s = 0,

a
(α,σ)
s + b

(α,σ)
s+1 − b

(α,σ)
s , 1 ≤ s ≤ j − 1,

a
(α,σ)
j − b(α,σ)

j , s = j,

aji = k
(
xi−0.5, t

j+σ
)
, γi = η(xi−0.5), bji =

r(x, tj+σ)

k(xi, tj+σ)
, ϕji = f(xi, t

j+σ), σ = 1− α

2
,

c(α,σ)
s >

1− α
2

(s+ σ)−α > 0, y(σ) = σyj+1 + (1− σ)yj , dji = d(xi, t
j+σ).

Òåîðåìà 2. Ïóñòü óñëîâèÿ (4) âûïîëíåíû, òîãäà ñóùåñòâóåò òàêîå τ0, ÷òî åñëè τ ≤ τ0, òî
äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (15)�(17) ñïðàâåäëèâà îöåíêà

‖yj+1‖2W 1
2 (0,l) ≤M

(
‖y0‖2W 1

2 (0,l) + max
0≤j′≤j

‖ϕj
′
‖20

)
.

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .
Äîêàçàòåëüñòâî. Íàéäåì ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ àïðèîðíóþ îöåíêó â ðàçíîñòíîé

ôîðìå, äëÿ ýòîãî ââåäåì ñêàëÿðíûå ïðîèçâåäåíèÿ è íîðìó â ñëåäóþùåì âèäå:

(
u, v
)

=
N−1∑
i=1

uivih,
(
u, v
]

=
N∑
i=1

uivih,
(
u, u

)
=
(
1, u2

)
= ‖u‖20.

Óìíîæèì òåïåðü (15) ñêàëÿðíî íà y(σ) :(
∆α

0tj+σy, y
(σ)
)

=
(
κ
(
ay

(σ)
x̄

)
x
, y(σ)

)
+
(

∆α
0tj+σ

(
γiyx̄

)
x
, y(σ)

)
+
(
b−ay

(σ)
x̄ , y(σ)

)
+

+
(
b+a(+1)y(σ)

x , y(σ)
)
−
(
dy(σ), y(σ)

)
+
(
ϕ, y(σ)

)
. (18)

Ïðåîáðàçóåì ñóììû, âõîäÿùèå â òîæäåñòâî (18), ñ ó÷åòîì (16) è ëåììû [Alikhanov, 2015](
∆α

0tj+σy, y
(σ)
)
≥ 1

2

(
1,∆α

0tj+σ

(
y2
))

; (19)

(
κ(ay

(σ)
x̄ )x, y

(σ)
)

= κay(σ)
x̄ y(σ)

∣∣∣N
0
−
(
ay

(σ)
x̄ , (κy(σ))x̄

]
= −

(
aκx̄, y(σ)

x̄ y(σ)
]
−
(
aκ(−1), (y

(σ)
x̄ )2

]
≤

≤ −
(
aκx̄, y(σ)

x̄ y(σ)
]
− 1

(1 + hM1)

(
aκ, (y(σ)

x̄ )2
]
; (20)(

∆α
0tj+σ

(
γyx̄
)
x
, y(σ)

)
= y(σ)∆α

0tj+σ

(
γyx̄
)
|N0 −

(
γ, y

(σ)
x̄ ∆α

0tj+σ (yx̄)
]
≤

≤ −
(γi

2
,∆α

0tj+σ (yx̄)2
]
≤ −c0

2
∆α

0tj+σ‖yx̄]|20; (21)(
dy(σ), y(σ)

)
≥ c0‖y(σ)‖20; (22)(

ϕ, y(σ)
)
≤ ε‖y(σ)‖20 +

1

4ε
‖ϕ‖20. (23)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (19)�(23), èç (18) íàõîäèì(1

2
,∆α

0tj+σ (y2)
)

+
1

(1 + hM1)

(
aκ, (y(σ)

x̄ )2
]

+
c0
2

∆α
0tj+σ‖yx̄]|20 ≤ −

(
aκx̄, y(σ)

x̄ y(σ)
]

+
(
b−ay

(σ)
x̄ , y(σ)

)
+

+
(
b+a(+1)y(σ)

x , y(σ)
)
− c0‖y(σ)‖20 + ε‖y(σ)‖20 +

1

4ε
‖ϕ‖20. (24)

Âûáèðàÿ ε =
c0
2
, èç (24) íàõîäèì

∆α
0tj+σ‖y‖

2
0 + c0∆α

0tj+σ‖yx̄]|20 +M2‖y(σ)
x̄ ]|20 + c0‖y(σ)‖20 ≤ −

(
aκx̄, y(σ)

x̄ y(σ)
]

+
(
b−a, y

(σ)
x̄ y(σ)

)
+

+
(
b+a(+1)y(σ)

x , y(σ)
)

+M3‖ϕ‖20. (25)
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Ïðåîáðàçóåì ïåðâîå, âòîðîå è òðåòüå ñëàãàåìûå â ïðàâîé ÷àñòè (25). Òîãäà ïîëó÷èì

−
(
aκx̄, y(σ)

x̄ y(σ)
]

+
(
b−a, y

(σ)
x̄ y(σ)

)
+
(
b+a(+1)y(σ)

x , y(σ)
)
≤M4

(
‖y(σ)‖20 + ‖y(σ)

x̄ ]|20
)
. (26)

Ó÷èòûâàÿ (26), èç (25) ïîëó÷àåì

∆α
0tj+σ‖y‖

2
W 1

2 (0,l) + ‖yσ‖2W 1
2 (0,l) ≤M5‖yσ‖2W 1

2 (0,l) +M6‖ϕ‖20, (27)

ãäå ‖y‖2
W 1

2 (0,l)
= ‖y‖20 + ‖yx̄]|20.

Ïåðåïèøåì (27) â äðóãîé ôîðìå

∆α
0tj+σ‖y‖

2
W 1

2 (0,l) ≤M
σ
7 ‖yj+1‖2W 1

2 (0,l) +Mσ
8 ‖yj‖2W 1

2 (0,l) +M9‖ϕ‖20. (28)

Íà îñíîâàíèè ëåììû 3 [Áåøòîêîâ, 2018] èç (28) ïîëó÷àåì

‖yj+1‖2W 1
2 (0,l) ≤M

(
‖y0‖2W 1

2 (0,l) + max
0≤j′≤j

‖ϕj
′
‖20

)
, (29)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .
Èç (29) ñëåäóþò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è

(15)�(17), à òàêæå â ñèëó ëèíåéíîñòè çàäà÷è (1)�(3) ñõîäèìîñòü ñî ñêîðîñòüþ O
(
h2 + τ2

)
.

5. Ïîñòàíîâêà òðåòüåé êðàåâîé çàäà÷è è àïðèîðíàÿ îöåíêà â äèôôåðåíöèàëüíîé
ôîðìå. Ðàññìîòðèì òðåòüþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ (1){

Π(0, t) = β1(t)u(0, t)− µ1(t),

−Π(l, t) = β2(t)u(l, t)− µ2(t),
(30)

ãäå
0 < c0 ≤ k, η ≤ c1, |β1, β2, r, q, rx, kx| ≤ c2, Π(x, t) = k(x, t)ux + ∂α0t

(
ηux

)
. (31)

Òåîðåìà 3. Ïóñòü óñëîâèÿ (4), (31) âûïîëíåíû, òîãäà äëÿ ðåøåíèÿ çàäà÷è (1), (30), (3) ñïðà-
âåäëèâà îöåíêà

‖u‖2W 1
2 (0,l) +D−α0t ‖ux‖20 ≤M

(
D−α0t

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
+ ‖u0(x)‖2W 1

2 (0,l)

)
,

ãäå M = const > 0, çàâèñèò òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1),(30),(3).
Äîêàçàòåëüñòâî. Óìíîæèì óðàâíåíèå (1) ñêàëÿðíî íà u:(

∂α0tu, u
)

=
((
kux

)
x
, u
)

+
(
∂α0t
(
ηux

)
x
, u
)

+
(
rux, u

)
−
(
qu, u

)
+
(
f, u
)
. (32)

Ïðåîáðàçóåì òðåòüå è ÷åòâåðòîå ñëàãàåìûå â ïðàâîé ÷àñòè (32)(
rux, u

)
=

∫ l

0

ruuxdx ≤
c2
2

∫ l

0

u2dx+
c2
2

∫ l

0

u2
xdx ≤

c2
2

(
‖u‖20 + ‖ux‖20

)
. (33)

−
(
qu, u

)
= −

∫ l

0

qu2dx ≤ c2‖u‖20. (34)

Ñ ó÷åòîì ïðåîáðàçîâàíèé (6)�(8),(11),(33),(34) èç (32) íàõîäèì

1

2
∂α0t‖u‖20 +

1

2

∫ l

0

η∂α0t(ux)2dx+ c0‖ux‖20 ≤ uΠ(x, t)
∣∣l
0

+M1

(
‖u‖20 + ‖ux‖20

)
+M2‖f‖20. (35)

Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (35)

uΠ(x, t)
∣∣l
0

= Π(l, t)u(l, t)−Π(0, t)u(0, t) = u(l, t)
(
µ2(t)− β2(t)u(l, t)

)
+

+u(0, t)
(
µ1(t)− β1(t)u(0, t)

)
= −β2(t)u2(l, t) + µ2(t)u(l, t)− β1(t)u2(0, t) + µ1(t)u(0, t) ≤

≤M3

(
u2(0, t) + u2(l, t)

)
+

1

2

(
µ2

1(t) + µ2
2(t)

)
≤M4

(
‖u‖20 + ‖ux‖20

)
+

1

2

(
µ2

1(t) + µ2
2(t)

)
. (36)
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Ó÷èòûâàÿ (36), èç (35) ïîëó÷èì

1

2
∂α0t‖u‖20 +

1

2

∫ l

0

η∂α0t(ux)2dx+ ‖ux‖20 ≤M5‖u‖2W 1
2 (0,l) +M6

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
. (37)

Ïðèìåíÿÿ ê (37) îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ D−α0t , ïîëó÷àåì

‖u‖2W 1
2 (0,l) +D−α0t ‖ux‖20 ≤M5D

−α
0t ‖u‖2W 1

2 (0,l)+

+M7

(
D−α0t

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
+ ‖u0(x)‖2W 1

2 (0,l)

)
. (38)

Íà îñíîâàíèè ëåììû [Àëèõàíîâ, 2010] îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (38).
Ïóñòü y(t) = D−α0t ‖u‖2W 1

2 (0,l)
, ∂α0ty(t) = ‖u(x, t)‖2

W 1
2 (0,l)

, òîãäà ïîëó÷àåì

D−α0t ‖u‖2W 1
2 (0,l) ≤M8

(
D−2α

0t

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
+ ‖u0(x)‖2W 1

2 (0,l)

)
. (39)

Â ñèëó òîãî, ÷òî äëÿ ëþáîé íåîòðèöàòåëüíîé ôóíêöèè g(t), èíòåãðèðóåìîé íà [0, T ], ñïðàâåäëèâî
íåðàâåíñòâî

D−2α
0t g(t) ≤ tαΓ(α)

Γ(2α)
D−α0t g(t), (40)

òî èç (38) ñ ó÷åòîì (39) è (40) íàõîäèì îöåíêó

‖u‖2W 1
2 (0,l) +D−α0t ‖ux‖20 ≤M

(
D−α0t

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
+ ‖u0(x)‖2W 1

2 (0,l)

)
, (41)

ãäå M = const > 0, çàâèñèò òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1),(30),(3).
Èç (41) ñëåäóþò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è

(1), (30), (3).

6. Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû. Äèôôåðåíöèàëüíîé çàäà÷å (1), (30), (3)
ïîñòàâèì â ñîîòâåòñòâèå íà ðàâíîìåðíîé ñåòêå ωhτ ðàçíîñòíóþ ñõåìó ñî âòîðûì ïîðÿäêîì òî÷íîñòè
ïî h è τ :

∆α
0tj+σy = κji

(
ajiy

(σ)
x̄

)
x,i

+ ∆α
0tj+σ

(
γiyx̄

)
x,i

+ b−ji ajiy
(σ)
x̄,i + b+ji aji+1y

(σ)
x,i − d

j
iy

(σ)
i + ϕji , (x, t) ∈ ωh,τ , (42)

κ0a1y
(σ)
x,0 + ∆α

0tj+σ

(
γ1yx̄,0

)
= β̃1y

(σ)
0 + 0.5h∆α

0tj+σy0 − µ̃1, t ∈ ωτ , x = 0, (43)

−
(
κNaNy(σ)

x̄,N + ∆α
0tj+σ

(
γNyx̄,N

))
= β̃2y

(σ)
N + 0.5h∆α

0tj+σyN − µ̃2, t ∈ ωτ , x = l, (44)

y(x, 0) = u0(x), x ∈ ωh, (45)

ãäå
β̃1(tj+σ) = β1(tj+σ) + 0.5hdj0, β̃2(tj+σ) = β2(tj+σ) + 0.5hdjN ,

µ̃1(tj+σ) = µ1(tj+σ) + 0.5hϕ0, µ̃2(tj+σ) = µ2(tj+σ) + 0.5hϕN ,

∆α
0tj+σy = τ1−α

Γ(2−α)

j∑
s=0

c
(α,σ)
j−s y

s
t � äèñêðåòíûé àíàëîã äðîáíîé ïðîèçâîäíîé Êàïóòî ïîðÿäêà α, 0 < α <

1.
Ïåðåïèøåì (42)�(45) â îïåðàòîðíîì âèäå{

∆α
0tj+σy = Λ(tj+σ)y(σ) + ∆α

0tj+σδ(t)y + Φ,

y(x, 0) = u0(x), x ∈ ωh,
(46)

ãäå

Λ(tj+σ)y(σ) =



Λ̃y
(σ)
i = κ

(
ay

(σ)
x̄

)
x

+ b−ay
(σ)
x̄ + b+a(+1)y

(σ)
x − dy(σ), i = 1, N − 1,

Λ−y
(σ)
0 =

κ0a1y
(σ)
x,0 − β̃1y

(σ)
0

0.5h
, i = 0,

Λ+y
(σ)
N =

−κNaNy(σ)
x,N − β̃2y

(σ)
N

0.5h
, i = N,

δy =


δyi =

(
γiyx̄

)
x
, i = 1, N − 1,

δ−y0 =
2

h

(
γ1yx,0

)
t
, i = 0,

δ+yN = − 2

h

(
γNyx̄,N

)
i = N,

Φ =


ϕ = ϕi, i = 1, N − 1,

ϕ− =
2

h
µ̃1, i = 0,

ϕ+ =
2

h
µ̃2, i = N,
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κ∗ =



κ =
1

1 + 0.5h|r|
k

,

κ0 =
1

1 + 0.5h|r0|
k0.5

, r0 ≤ 0,

κN =
1

1 + 0.5h|rN |
kN−0.5

, rN ≥ 0,

t∗ = tj+1/2.

Òåîðåìà 4. Ïóñòü óñëîâèÿ (4), (31) âûïîëíåíû, òîãäà ñóùåñòâóåò òàêîå τ , ÷òî åñëè τ ≤ τ0
òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (42), (45) ñïðàâåäëèâà îöåíêà

|[yj+1]|2W 1
2 (0,l) ≤M

(
|[y0]|2W 1

2 (0,l) + max
0≤j′≤j

(
|[ϕj

′
]|20 + µ2

1 + µ2
2

))
,

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .
Äîêàçàòåëüñòâî. Óìíîæèì (46) òåïåðü ñêàëÿðíî íà y(σ) :[

∆α
0tj+σy, y

(σ)
]

=
[
Λ(tj+σ)y(σ), y(σ)

]
+
[
∆α

0tj+σδy, y
(σ)
]

+
[
Φ, y(σ)

]
, (47)

ãäå
[
u, v
]

=
N∑
i=0

uivi~, ~ =

{
0.5h, i = 0, N,

h, i 6= 0, N,
[u, u] = [1, u2] = |[u]|20, (u, v] =

N∑
i=1

uivih.

Îöåíèì ñóììû, âõîäÿùèå â (47)[
∆α

0tj+σy, y
(σ)
]
≥ 1

2

[
1,∆α

0tj+σ (y2)
]
, (48)[

Λ(tj+σ)y(σ), y(σ)
]

=
(

Λ̃(tj+σ)y(σ), y(σ)
)

+ 0.5hy
(σ)
0 Λ−y

(σ)
0 + 0.5hy

(σ)
N Λ+y

(σ)
N =

(
κ
(
ay

(σ)
x̄

)
x
, y(σ)

)
+

+
(
b−ay

(σ)
x̄ , y(σ)

)
+
(
b+a(+1)y(σ)

x , y(σ)
)
−
(
dy(σ), y(σ)

)
+ κ0a1y

(σ)
x,0y

(σ)
0 − β̃1

(
y

(σ)
0

)2 − κNaNy(σ)
x̄,Ny

(σ)
N −

−β̃2

(
y

(σ)
N

)2
= −

(
ay

(σ)
x̄ , (κy(σ))x̄

]
+
(
b−a, y

(σ)
x̄ y(σ)

)
+
(
b+a(+1), y(σ)

x y(σ)
)
−
(
dy(σ), y(σ)

)
−

−β̃1(y
(σ)
0 )2 − β̃2(y

(σ)
N )2. (49)

Ïðåîáðàçóåì ñëàãàåìûå â ïðàâîé ÷àñòè (49)

−
(
ay

(σ)
x̄ ,

(
κy(σ)

)
x̄

]
+
(
b−a, y

(σ)
x̄ y(σ)

)
+
(
b+a(+1), y(σ)

x y(σ)
)

= −
(
aκ(−1), (y

(σ)
x̄ )2

]
−
(
aκx̄, y(σ)

x̄ y(σ)
]
+

+
(
b−a, y

(σ)
x̄ y(σ)

)
+
(
b+a(+1), y(σ)

x y(σ)
)
≤ −

( κa
1 + hM1

, (yσx̄ )2
]

+M1

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
, (50)

−
(
dy(σ), y(σ)

)
− β̃1(y

(σ)
0 )2 − β̃2(y

(σ)
N )2 = −

(
dy(σ), y(σ)

)
− 0.5hd0(y

(σ)
0 )2 − 0.5hdN (y

(σ)
N )2 − β1(y

(σ)
0 )2−

−β2(y
(σ)
N )2 = −

[
d, (y(σ))2

]
− β1(y

(σ)
0 )2 − β2(y

(σ)
N )2 ≤M2

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
. (51)

Ó÷èòûâàÿ (50),(51), èç (49) íàõîäèì[
Λ(tj+σ)y(σ), y(σ)

]
≤ −M3‖y(σ)

x̄ ]|20 +M4

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
. (52)[

∆α
0tj+σδy, y

(σ)
]

=
(

∆α
0tj+σδy, y

(σ)
)

+ 0.5hy
(σ)
0 ∆α

0tj+σδ
−y0 + 0.5hy

(σ)
N ∆α

0tj+σδ
+yN =

= −
(
y

(σ)
x̄ ,∆α

0tj+σ (γiyx̄)
]
≤ −

(γ
2
,∆α

0tj+σ (yx̄)2
]
≤ −c0

2
∆α

0tj+σ‖yx̄]|20. (53)[
Φ, y(σ)

]
= (ϕ, y(σ)) + 0.5hy

(σ)
0 ϕ− + 0.5hy

(σ)
N ϕ+ = [ϕ, y(σ)] + µ1y

(σ)
0 + µ2y

(σ)
N ≤

≤M5

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+M6

(
|[ϕ]|20 + µj21 + µj22

)
. (54)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (48)�(54), èç (47) íàõîäèì

∆α
0tj+σ |[y]|2W 1

2 (0,l) +M3‖y(σ)
x̄ ]|20 ≤M7|[y(σ)]|2W 1

2 (0,l) +M6

(
|[ϕ]|20 + µ2

1 + µ2
2

)
, (55)

ãäå |[y]|2
W 1

2 (0,l)
= |[y]|20 + ‖yx̄]|20.
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Èç (55) íà îñíîâàíèè ëåììû 3 [Áåøòîêîâ, 2018] íàõîäèì îöåíêó

|[yj+1]|2W 1
2 (0,l) ≤M

(
|[y0]|2W 1

2 (0,l) + max
0≤j′≤j

(
|[ϕj

′
]|20 + µ2

1 + µ2
2

))
, (56)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .
Èç (56) ñëåäóþò åäèíñòâåííîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è

(42), (45), à òàêæå â ñèëó ëèíåéíîñòè çàäà÷è (1), (30), (3) ñõîäèìîñòü ñî ñêîðîñòüþ O
(
h2 + τ2

)
.

7. Àëãîðèòì ïðèáëèæåííîãî ðåøåíèÿ ðàçíîñòíîé çàäà÷è, àïïðîêñèìèðóþùåé òðå-
òüþ êðàåâóþ çàäà÷ó äëÿ îáîáùåííîãî ìîäèôèöèðîâàííîãî óðàâíåíèÿ âëàãîïåðåíîñà.
Ïðèâåäåì ðàçíîñòíóþ ñõåìó (42)�(45) ê ðàñ÷åòíîìó âèäó äëÿ ïðèáëèæåííîãî ðåøåíèÿ. Òîãäà óðàâ-
íåíèå (42) ïðèâîäèòñÿ ê ñëåäóþùåìó âèäó

Aiy
j+1
i−1 − Ciy

j+1
i +Biy

j+1
i+1 = −F ji , i = 1, N − 1, (57)

ãäå

Ai = τσκji a
j
i + γi

τ1−αc
(α,σ)
0

Γ(2− α)
− τhσb−ji ai, Bi = τσκji a

j
i+1 + γi+1

τ1−αc
(α,σ)
0

Γ(2− α)
+ τhσb+ji ai+1,

Ci = Ai +Bi + h2 τ
1−αc

(α,σ)
0

Γ(2− α)
+ τσh2dji ,

F ji = AAiy
j
i−1 − CCiy

j
i +BBiy

j
i+1 + h2τϕji − h

2 τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s (ys+1

i − ysi )+

+
τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γi+1yi+1

)s+1 −
(
γi+1yi+1

)s)−
− τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
(γi + γi+1)yi

)s+1 −
(
(γi + γi+1)yi

)s)
+

+
τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γiyi−1

)s+1 −
(
γiyi−1

)s)
,

AAi = τ(1− σ)κji a
j
i − γi

τ1−αc
(α,σ)
0

Γ(2− α)
− τh(1− σ)b−ji ai,

BBi = τ(1− σ)κji a
j
i+1 − γi+1

τ1−αc
(α,σ)
0

Γ(2− α)
+ τh(1− σ)b+ji ai+1,

CCi = AAi +BBi − h2 τ
1−αc

(α,σ)
0

Γ(2− α)
+ τ(1− σ)h2dji .

Êðàåâîå óñëîâèå (43) ïðèíèìàåò âèä
y0 = κ1y1 + µ1, (58)

ãäå

κ1 =
τσκ0a1 + γ1

τ1−αc
(α,σ)
0

Γ(2−α)

τσκ0a
j
1 + γ1

τ1−αc
(α,σ)
0

Γ(2−α) + σhτβ̃j1 + 0.5h2 τ
1−αc

(α,σ)
0

Γ(2−α)

,

µ1 =

[
µ̃1hτ − (1− σ)hτβ̃1y

j
0 + τ(1− σ)κ0a1(yj1 − y

j
0)− γ1

τ1−αc
(α,σ)
0

Γ(2− α)
(yj1 − y

j
0) + 0.5h2 τ

1−αc
(α,σ)
0

Γ(2− α)
y0−

−0.5h2 τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s (ys+1

0 − ys0) +
τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γ1y1

)s+1 −
(
γ1y1

)s)−
− τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γ1y0

)s+1 −
(
γ1y0

)s)]/[
τσκ0a

j
1 + γ1

τ1−αc
(α,σ)
0

Γ(2− α)
+ σhτβ̃j1 + 0.5h2 τ

1−αc
(α,σ)
0

Γ(2− α)

]
.
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Êðàåâîå óñëîâèå (44) ïðèíèìàåò âèä

yN = κ2yN−1 + µ2, (59)

ãäå

κ2 =
τσκNaN + γN

τ1−αc
(α,σ)
0

Γ(2−α)

τσκNajN + γN
τ1−αc

(α,σ)
0

Γ(2−α) + σhτβ̃j2 + 0.5h2 τ
1−αc

(α,σ)
0

Γ(2−α)

,

µ2 =

[
µ̃2hτ − (1− σ)hτβ̃2y

j
N − τ(1− σ)κNaN (yjN − y

j
N−1) + γN

τ1−αc
(α,σ)
0

Γ(2− α)
(yjN − y

j
N−1)+

+0.5h2 τ
1−αc

(α,σ)
0

Γ(2− α)
yN − 0.5h2 τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s (ys+1

N − ysN )−

− τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γNyN

)s+1 −
(
γNyN

)s)
+

+
τ1−α

Γ(2− α)

j−1∑
s=0

c
(α,σ)
j−s

((
γNyN−1

)s+1 −
(
γNyN−1

)s)]/[
τσκNajN + γN

τ1−αc
(α,σ)
0

Γ(2− α)
+

+σhτβ̃j2 +
h2

2

τ1−αc
(α,σ)
0

Γ(2− α)

]
.

Òàêèì îáðàçîì, ñ ó÷åòîì (57)�(59), ðåøåíèå ðàçíîñòíîé ñõåìû (42)�(45) ìîæíî íàéòè ìåòîäîì
ïðîãîíêè.

8. Çàêëþ÷åíèå. Â ðàáîòå èññëåäîâàíû íà÷àëüíî-êðàåâûå çàäà÷è ñ óñëîâèÿìè ïåðâîãî è òðå-
òüåãî ðîäà äëÿ îáîáùåííîãî ìîäèôèöèðîâàííîãî óðàâíåíèÿ âëàãîïåðåíîñà ñ äðîáíîé ïî âðåìåíè
ïðîèçâîäíîé. Íà ðàâíîìåðíîé ñåòêå ïîñòðîåíû ðàçíîñòíûå ñõåìû, àïïðîêñèìèðóþùèå ýòè çàäà÷è.
Äëÿ ðåøåíèÿ ýòèõ çàäà÷ â ïðåäïîëîæåíèå ñóùåñòâîâàíèÿ ðåãóëÿðíîãî ðåøåíèÿ ïîëó÷åíû àïðèîð-
íûå îöåíêè â äèôôåðåíöèàëüíîé è ðàçíîñòíîé ôîðìàõ. Èç ýòèõ îöåíîê ñëåäóþò åäèíñòâåííîñòü è
íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ çàäà÷è, à òàêæå ñõîäèìîñòü ñî ñêîðîñòüþ
O(h2 + τ2).
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