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1. Ââåäåíèå. Â ïåðå÷èñëèòåëüíîì êîìáèíàòîðíîì àíàëèçå èçâåñòíà çàäà÷à î ïåðå÷èñëåíèè ðå-
ø¼òî÷íûõ ïóòåé: äëÿ íàáîðà âåêòîðîâ ∆ = {α1, α2, . . . , αN} ⊂ Zn, òðåáóåòñÿ âû÷èñëèòü êîëè÷åñòâî
ñïîñîáîâ, êîòîðûìè ìîæíî ïðèéòè èç íà÷àëà êîîðäèíàò â òî÷êó x ∈ Zn, èñïîëüçóÿ òîëüêî øàãè
èç íàáîðà ∆. Ê ÷èñëó èçâåñòíûõ ïóòåé íà öåëî÷èñëåííîé ðåøåòêå ìîæíî îòíåñòè ïóòè Äèêà, Ìîö-
êèíà è Øðåäåðà (ñì. [Bousquet-M�elou, Petkov�sek, 2000]). Îòìåòèì, ÷òî ïóòè Äèêà ñâÿçàíû êàê ñî
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ñëîâàìè Äèêà, òàê è ñ äèàãðàììàìè Þíãà, äåðåâüÿìè è äðóãèìè îáúåêòàìè ïåðå÷èñëèòåëüíîãî
êîìáèíàòîðíîãî àíàëèçà (ñì. [Ñòåíëè, 2005], [Lyapin, Chandragiri, 2019]).

Åñëè îáîçíà÷èòü èñêîìîå ÷èñëî ïóòåé ÷åðåç f(x), òî èçâåñòíî (ñì. [6]), ÷òî f(x) óäîâëåòâîðÿåò
ðåêóððåíòíîìó ñîîòíîøåíèþ

f(x)− f(x− α1)− . . .− f(x− αN ) = 0, x ∈ Zn. (1)

Ìîùíûì ñðåäñòâîì èññëåäîâàíèÿ ñâîéñòâ ôóíêöèè f(x) ÿâëÿþòñÿ ïðîèçâîäÿùèå ôóíêöèè (ñì.
[Ñòåíëè, 1990]), òî åñòü ôóíêöèè âèäà

F (z) =
∑
x∈K

f(x)zx, (2)

êîòîðûå ïîçâîëÿþò ýôôåêòèâíî èñïîëüçîâàòü ìåòîäû êîìïëåêñíîãî àíàëèçà äëÿ èññëåäîâàíèÿ
ñâîéñòâ ôóíêöèè f(x).

Àáðàõàì Ìóàâð â 1722 ãîäó äîêàçàë, ÷òî â îäíîìåðíîì ñëó÷àå ñòåïåííîé ðÿä F (z) ïðåäñòàâëÿåò
ñîáîé ðàöèîíàëüíóþ ôóíêöèþ òîãäà è òîëüêî òîãäà, êîãäà åãî êîýôôèöèåíòû óäîâëåòâîðÿþò ðå-
êóððåíòíîìó ñîîòíîøåíèþ (ëèíåéíîìó ðàçíîñòíîìó óðàâíåíèþ) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
(ñì. [Moivre, 1724]). À èìåííî, êîýôôèöèåíòû ðàçëîæåíèÿ â ñòåïåííîé ðÿä ðàöèîíàëüíîé ôóíêöèè

F (z) =
1

ckzk + ck−1zk−1 + . . .+ c0
=
∞∑
x=0

f(x)zx, (3)

ãäå ci ∈ C, i = 0, . . . , k � íåêîòîðûå ïîñòîÿííûå, óäîâëåòâîðÿþò ðåêóððåíòíîìó ñîîòíîøåíèþ (ðàç-
íîñòíîìó óðàâíåíèþ) äëÿ ïîñëåäîâàòåëüíîñòè {f(x)}∞x=0, âñå ýëåìåíòû êîòîðîé, íà÷èíàÿ ñ k-ãî,
âû÷èñëÿþòñÿ ÷åðåç k − 1 ïðåäûäóùèõ:

ckf(x− k) + ck−1f(x− k + 1) + . . .+ c0f(x) = 0, x > k. (4)

Äîêàçàòåëüñòâî ýòîãî ôàêòà ìîæíî íàéòè â [1], â ãëàâå, ïîñâÿùåííîé ðàöèîíàëüíûì ïðîèçâî-
äÿùèì ôóíêöèÿì.

Â îáùåì ñëó÷àå, çíà÷åíèÿ ôóíêöèè

f(x) = ϕ(x), x = 0, . . . , k − 1 (5)

çàäàþòñÿ ïðîèçâîëüíî, à çàäà÷à (4)�(5) íàçûâàåòñÿ çàäà÷åé Êîøè äëÿ ðàçíîñòíîãî óðàâíåíèÿ (4),
a (5) � ôóíêöèåé íà÷àëüíûõ äàííûõ.

Â ìíîãîìåðíîì ñëó÷àå ñèòóàöèÿ ãîðàçäî ñëîæíåå è ñâÿçàíà ñî ñâîéñòâàìè è ñòðóêòóðîé êîíó-
ñà K è, êàê ñëåäñòâèå, ðàçëè÷íûìè âèäàìè ðàçíîñòíûõ óðàâíåíèé, îïèñûâàþùèõ ÷èñëî ïóòåé íà
öåëî÷èñëåííîé ðåøåòêå. Îòìåòèì ðàáîòó [Levy, Lessman, 1992], â êîòîðîé äëÿ äâóìåðíîãî ñëó÷àÿ
ðàññìîòðåíû ñïîñîáû ïîñòðîåíèÿ îáùèõ ðåøåíèé äëÿ íåêîòîðûõ âèäîâ ðàçíîñòíûõ óðàâíåíèé. Â
ìîíîãðàôèè [Äàäæèîí, Ìåðñåðî, 1988] äâóìåðíûå ðàçíîñòíûå óðàâíåíèÿ èñïîëüçîâàëèñü â òåîðèè
öèôðîâîé îáðàáîòêè ìíîãîìåðíûõ ñèãíàëîâ äëÿ êîíñòðóèðîâàíèÿ öèôðîâûõ ðåêóðñèâíûõ ôèëü-
òðîâ. Â ñëó÷àå äâóõ ïåðåìåííûõ çàäà÷à îá óñòîé÷èâîñòè öèôðîâîãî ðåêóðñèâíîãî ôèëüòðà ðåøåíà â
ðàáîòå [Tsikh, 1993]. Â ñòàòüå [Bousquet-M�elou, Petkov�sek, 2000] ìíîãîìåðíûå ðàçíîñòíûå óðàâíåíèÿ
èçó÷àëèñü ñ òî÷êè çðåíèÿ ïðèìåíåíèÿ ê çàäà÷àì ïåðå÷èñëèòåëüíîãî êîìáèíàòîðíîãî àíàëèçà. Â
íåé ñôîðìóëèðîâàíà çàäà÷à Êîøè äëÿ ìíîãîìåðíîãî ëèíåéíîãî ðàçíîñòíîãî óðàâíåíèÿ è äîêàçàíà
òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ýòîé çàäà÷è. Â ðàáîòå [Leinartas, 2007] ïðèâå-
äåíà ôîðìóëà äëÿ ðåøåíèÿ çàäà÷è Êîøè ñ èñïîëüçîâàíèåì ïîíÿòèÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ.
Ðè÷àðä Ñòåíëè âûäåëÿåò ñëåäóþùèå êëàññû ïðîèçâîäÿùèõ ôóíêöèé: D-ôèíèòíûå ⊃ àëãåáðàè÷å-
ñêèå ⊃ ðàöèîíàëüíûå, è ðàññìàòðèâàåò ïîñëåäíèå êàê ¾íàèáîëåå ïîëåçíûé¿ êëàññ ïðîèçâîäÿùèõ
ôóíêöèé (ñì. [Ñòåíëè, 1990]). Â ðàáîòå [Íåêðàñîâà, 2014] èññëåäóþòñÿ ïðîèçâîäÿùèå ôóíêöèè ðå-
øåíèé ðàçíîñòíîãî óðàâíåíèÿ â ðàöèîíàëüíûõ êîíóñàõ öåëî÷èñëåííîé ðåøåòêè. Äëÿ ðÿäîâ Ëîðàíà
ñ íîñèòåëÿìè â òàêèõ êîíóñàõ îïðåäåëåíî ïîíÿòèå D-ôèíèòíîñòè è ïðèâåäåíî äîñòàòî÷íîå óñëîâèå,
ïðè êîòîðîì èç ðàöèîíàëüíîñòè (àëãåáðàè÷íîñòè, D-ôèíèòíîñòè) ïðîèçâîäÿùåé ôóíêöèè íà÷àëü-
íûõ äàííûõ çàäà÷è Êîøè ñëåäóåò ðàöèîíàëüíîñòü (àëãåáðàè÷íîñòü, D-ôèíèòíîñòü) ïðîèçâîäÿùåé
ôóíêöèè ðåøåíèÿ. Â äàííîé ðàáîòå äîêàçàí ìíîãîìåðíûé àíàëîã òåîðåìû Ìóàâðà (òåîðåìà 1),
ïîëó÷åíà ðåêóððåíòíàÿ ôîðìóëà äëÿ ñå÷åíèé ïðîèçâîäÿùåãî ðÿäà F (z) è äîêàçàíî, ÷òî ñå÷åíèÿ
ïðîèçâîäÿùåãî ðÿäà äëÿ ðåøåòî÷íûõ ïóòåé ÿâëÿþòñÿ ðàöèîíàëüíûìè ôóíêöèÿìè (ñëåäñòâèå èç
òåîðåìû 1).

2. Îñíîâíûå ðåçóëüòàòû. Ðàññìîòðèì íàáîð âåêòîðîâ ∆ = {α1, α2, . . . , αN} ⊂ Zn> è ðàññìîò-
ðèì êîíóñ

K = {α1x1 + . . .+ αNxN , x1, . . . , xN ∈ Z>} ⊂ Zn>, (6)
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íàòÿíóòûé íà âåêòîðà èç íàáîðà ∆ è ëåæàùèé â íåîòðèöàòåëüíîì îêòàíòå. Èçâåñòíî (ñì., íàïðèìåð,
[Bousquet-M�elou, Petkov�sek, 2000]), ÷òî ïðîèçâîäÿùèé ðÿä äëÿ ÷èñëà ðåøåòî÷íûõ ïóòåé èç íà÷àëà
êîîðäèíàò â òî÷êó x ∈ Zn> ñõîäèòñÿ è èìååò âèä

F (z) =
1

1− zα
1
1

1 · · · z
α1
n

n − . . .− zα
N
1

1 · · · zα
N
n

n

. (7)

Îïðåäåëèì ñå÷åíèå F̂ k(ẑ), k = 0, 1, 2, . . . ïðîèçâîäÿùåãî ðÿäà F (z) äëÿ ÷èñëà ðåø¼òî÷íûõ ïóòåé
ñ øàãàìè èç ∆ ñëåäóþùèì îáðàçîì

F̂ k(ẑ) =
∑

ẑ∈Zn−1
>

f(k, x̂)ẑx̂, (8)

ãäå ẑ = (z2, z3, . . . , zn), x̂ = (x2, x3, . . . , xn) (ñì. [Íåêðàñîâà Ò.È. 2014.], [Lipshitz, 1989]). Â òàêèõ
îáîçíà÷åíèÿõ áóäåò èìåòü ìåñòî çàïèñü z = (z1, ẑ) è x = (x1, ẑ). Çàìåòèì, ÷òî F̂ 0(ẑ) = F (0, ẑ), à ñàìè
ñå÷åíèÿ ïðåäñòàâëÿþò êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè F (z) â ñòåïåííîé ðÿä ïî ïåðåìåííîé
z1. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Teoðåìà 1. Ñå÷åíèÿ F̂ k(ẑ) ïðîèçâîäÿùåãî ðÿäà F (z1, ẑ) äëÿ ðåø¼òî÷íûõ ïóòåé ñ øàãàìè èç ∆
óäîâëåòâîðÿþò ðåêóððåíòíîìó ñîîòíîøåíèþ

ck(ẑ)F̂n−k(ẑ) + ck−1(ẑ)F̂n−k+1(ẑ) + · · ·+ c0(ẑ)F̂n(ẑ) = 0, (9)

ñ êîýôôèöèåíòàìè cl(ẑ) =
∑

α:αi1=l

z
αi2
2 . . . z

αin
n , l = 0, . . . , k.

Äîêàçàòåëüñòâî. Ñãðóïïèðóåì ñëàãàåìûå â çíàìåíàòåëå ïðîèçâîäÿùåé ôóíêöèè (7) ïî ñòåïå-
íÿì z1 è ðàçëîæèì åå â ñòåïåííîé ðÿä ïî z1:

F (z) =
1

ck(ẑ)zk1 + ck−1(ẑ)zk−1
1 + · · ·+ c0(ẑ)z0

1

=
∞∑
n=0

F̂n(ẑ)zn1 ,

ãäå cl(ẑ) =
∑

α:αi1=l

z
αi2
2 . . . z

αin
n , l = 0, . . . , k.

Äîìíîæèì îáå ÷àñòè ýòîãî ðàâåíñòâà íà çíàìåíàòåëü

(
ck(ẑ)zk1 + ck−1(ẑ)zk−1

1 + · · ·+ c0(ẑ)z0
1

)
·
∞∑
n=0

F̂n(ẑ)zn1 = 1

è ïðåîáðàçóåì ëåâóþ ÷àñòü

(ck(ẑ)zk1 + ck−1(ẑ)zk−1
1 + · · ·+ c0(ẑ)) ·

∞∑
n=0

F̂n(ẑ)zn1 =

=

∞∑
n=k

(
ck(ẑ)F̂n−k(ẑ) + ck−1(ẑ)F̂n−k+1(ẑ) + · · ·+ c0(ẑ)F̂n(ẑ)

)
· zn1 +

+
(
ck−1(ẑ)F̂ 0(ẑ) + ck−2(ẑ)F̂ 1(ẑ) + · · ·+ c0F̂

k−1(ẑ)
)
· zk−1

1 +

+
(
ck−2(ẑ)F̂ 0(ẑ) + · · ·+ c0(ẑ)F̂ k−2(ẑ)

)
· zk−2

1 + · · ·+

+
(
c1(ẑ)F̂ 0(ẑ) + c0(ẑ)F̂ 1(ẑ)

)
· z1 + c0(ẑ)F̂ 0(ẑ),

çàòåì, ïðèðàâíÿâ âûðàæåíèÿ ïðè îäèíàêîâûõ ñòåïåíÿõ z1, ïîëó÷èì, ÷òî

c0(ẑ)F̂ 0(ẑ) = 1

c1(ẑ)F̂ 0(ẑ) + c0(ẑ)F̂ 1(ẑ) = 0

· · ·
ck−2(ẑ)F̂ 0(ẑ) + · · ·+ c0(ẑ)F̂ k−2(ẑ) = 0

ck−1(ẑ)F̂ 0(ẑ) + ck−2(ẑ)F̂ 1(ẑ) + · · ·+ c0F̂
k−1(ẑ) = 0

(10)

è äëÿ âñåõ n > k ñïðàâåäëèâî èñêîìîå ðåêóððåíòíîå ñîîòíîøåíèå:

ck(ẑ)F̂n−k(ẑ) + ck−1(ẑ)F̂n−k+1(ẑ) + · · ·+ c0(ẑ)F̂n(ẑ) = 0.
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Äëÿ äîêàçàòåëüñòâà îáðàòíîãî óòâåðæäåíèÿ óìíîæèì ëåâóþ ÷àñòü äàííîãî ðàâåíñòâà íà zk è ïðî-
ñóììèðóåì ïî âñåì n > k. Â èòîãå ïîëó÷èì ïðîèçâîäÿùóþ ôóíêöèþ äëÿ ðåøåòî÷íûõ ïóòåé. Òåî-
ðåìà äîêàçàíà.

Çàìå÷àíèå 1. Îòìåòèì, ÷òî äàííàÿ òåîðåìà ñïðàâåäëèâà äëÿ ïðîèçâîëüíîé ïåðåìåííîé zj,
ãäå j = 1, . . . , n.

Çàìå÷àíèå 2. Ïî àíàëîãèè ñ çàäà÷åé Êîøè (4)�(5) äëÿ ëèíåéíîãî ðàçíîñòíîãî óðàâíåíèÿ, ìîæ-
íî ñôîðìóëèðîâàòü çàäà÷ó Êîøè äëÿ óðàâíåíèÿ (9), ôóíêöèÿ íà÷àëüíûõ äàííûõ F̂ k(ẑ) = Φ̂k(ẑ),
k = 0, 1, . . . , n− 1 êîòîðîé ìîæåò áûòü íàéäåíà èç ñèñòåìû (10).

Çàìå÷àíèå 3. Ñå÷åíèÿ ïðîèçâîäÿùåãî ðÿäà F (z) èìåþò è êîìáèíàòîðíûé ñìûñë, à èìåííî
ôóíêöèÿ F̂ k(ẑ) ÿâëÿåòñÿ ïðîèçâîäÿùåé ôóíêöèåé äëÿ ÷èñëà ïóòåé ñ øàãàìè èç íàáîðà ∆, âûõîäÿ-
ùèõ èç íà÷àëà êîîðäèíàò è îêàí÷èâàþùèõñÿ íà ãèïåðïëîñêîñòè x1 = k.

Èç òåîðåìû 1 àâòîìàòè÷åñêè ïîëó÷àåòñÿ àíàëîã òåîðåìû Ìóàâðà äëÿ ñå÷åíèé ïðîèçâîäÿùèõ
ðÿäîâ ÷èñëà ïóòåé íà öåëî÷èñëåííîé ðåøåòêå.

Ñëåäñòâèå. Ñå÷åíèÿ F̂ k(ẑ) ïðîèçâîäÿùåãî ðÿäà F (z1, ẑ) äëÿ ðåø¼òî÷íûõ ïóòåé ñ øàãàìè èç
íàáîðà ∆ ïðèíàäëåæàò ê êëàññó ðàöèîíàëüíûõ ôóíêöèé.

3. Ïðèìåðû. Ïðèìåð 1. Ðàññìîòðèì íàáîð âåêòîðîâ

∆ = {(1, 0, 1), (2, 2, 2), (1, 2, 3), (3, 1, 2), (3, 2, 1), (2, 1, 2)}.

Ïðîèçâîäÿùàÿ ôóíêöèÿ ÷èñëà ïóòåé íà öåëî÷èñëåííîé ðåøåòêå áóäåò èìåòü âèä

F (z1, z2, z3) =
1

1− z1(z3 + z2
2z

3
3)− z2

1(z2
2z

2
3 + z2z2

3)− z3
1(z2z2

3 + z2
2z3)

,

ïðè÷åì â îáîçíà÷åíèÿõ èç òåîðåìû c0(z2, z3) = 1, c1(z2, z3) = −z3 − z2
2z

3
3 , c2(z2, z3) = −z2

2z
2
3 − z2z

2
3 ,

c3(z2, z3) = −z2z
2
3 − z2

2z3. Ðàçíîñòíîå óðàâíåíèå èìååò âèä

Fn(z2, z3) − (z3 + z2
2z

3
3)Fn−1(z2, z3) − (z2

2z
2
3 + z2z

2
3)Fn−2(z2, z3) − (z2z

2
3 + z2

2z3)Fn−3(z2, z3) = 0.

Ïðèìåð 2. Îòìåòèì ñâÿçü ñå÷åíèé ïðîèçâîäÿùèõ ðÿäîâ ñ ìíîãî÷ëåíàìè Ôèáîíà÷÷è è Ïåëëÿ
(ñì. [Luzon, Moron, 2010]).

Ðàññìîòðèì ïóòè íà öåëî÷èñëåííîé ðåøåòêå, îáðàçîâàííûå íàáîðîì øàãîâ ∆ = {(1, 1), (2, 0)}.
Ôóíêöèÿ f(x1, x2) ÷èñëà òàêèõ ïóòåé èç íà÷àëà êîîðäèíàò â òî÷êó (x1, x2) óäîâëåòâîðÿåò ðàçíîñò-
íîìó óðàâíåíèþ

f(x1, x2)− f(x1 − 1, x2 − 1)− f(x1 − 2, x2) = 0,

à åå ïðîèçâîäÿùèé ðÿä ñõîäèòñÿ è èìååò âèä F (z1, z2) = (1 − z1z2 − z2
1)−1. Îáîçíà÷èì Fn(z2) =∑

x2>0

f(n, x2)zx2
2 � ñå÷åíèÿ ïðîèçâîäÿùåãî ðÿäà. Ïî òåîðåìå 1 òàêèå ñå÷åíèÿ óäîâëåòâîðÿþò ðåêóð-

ðåíòíîìó ñîîòíîøåíèþ
Fn(z2)− z2F

n−1(z2)− Fn−2(z2) = 0

ñ íà÷àëüíûìè äàííûìè F 0(z2) = 1, F 1(z2) = z2. Ïðîäîëæàÿ âû÷èñëåíèÿ, ïîëó÷èì èçâåñòíóþ ïî-
ñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ Ôèáîíà÷÷è:

F 2(z2) =z2
2 + 1,

F 3(z2) =z3
2 + 2z2,

F 4(z2) =z4
2 + 3z2

2 + 1,

F 5(z2) =z5
2 + 4z3

2 + 3z2,

. . .

Ðàññìîòðèì ïóòè íà öåëî÷èñëåííîé ðåøåòêå, îáðàçîâàííûå íàáîðîì øàãîâ∆ = {(1, 1), (1, 1)(2, 0)},
äëÿ óäîáñòâà áóäåì ñ÷èòàòü, ÷òî øàã (1, 1) èìååò êðàòíîñòü 2 èëè ÷òî ñóùåñòâóåò äâà òàêèõ øàãà
ðàçíîãî öâåòà. Ôóíêöèÿ f(x1, x2) ÷èñëà òàêèõ ïóòåé èç íà÷àëà êîîðäèíàò â òî÷êó (x1, x2) óäîâëå-
òâîðÿåò ðàçíîñòíîìó óðàâíåíèþ

f(x1, x2)− 2f(x1 − 1, x2 − 1)− f(x1 − 2, x2) = 0,

à åå ïðîèçâîäÿùèé ðÿä ñõîäèòñÿ è èìååò âèä F (z1, z2) = (1−2z1z2−z2
1)−1. Ïî òåîðåìå 1 åãî ñå÷åíèÿ

Fn(z2) óäîâëåòâîðÿþò ðåêóððåíòíîìó ñîîòíîøåíèþ

Fn(z2)− 2z2F
n−1(z2)− Fn−2(z2) = 0
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ñ íà÷àëüíûìè äàííûìè F 0(z2) = 1, F 1(z2) = 2z2. Ïðîäîëæàÿ âû÷èñëåíèÿ, ïîëó÷èì èçâåñòíóþ
ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ Ïåëëÿ:

F 2(z2) =4z2
2 + 1,

F 3(z2) =8z3
2 + 4z2,

F 4(z2) =16z4
2 + 12z2

2 + 1,

. . .

4. Çàêëþ÷åíèå. Ïîëó÷åííîå ðåêóððåíòíîå ñîîòíîøåíèå äëÿ ñå÷åíèé ïðîèçâîäÿùèõ ðÿäîâ ÷èñ-
ëà ïóòåé íà öåëî÷èñëåííîé ðåøåòêå ïîçâîëÿåò ðàçðàáîòàòü êîìïüþòåðíûé àëãîðèòì äëÿ âû÷èñëå-
íèÿ òàêèõ ñå÷åíèé.

Ñïèñîê ëèòåðàòóðû

1. Äàäæèîí Ä., Ìåðñåðî Î. 1988. Öèôðîâàÿ îáðàáîòêà ìíîãîìåðíûõ ñèãíàëîâ. Ïåð. ñ àíãë. Ì.,
Ìèð, 487. (Dudgeon D. E., Mersereau R. M. 1983. Multidimensional digital signal processing.
Englewood Cli�s, NJ : Prentice-Hall, 400).

2. Ëåéíàðòàñ Å. Ê., Ëÿïèí À. Ï. 2009. Î ðàöèîíàëüíîñòè ìíîãîìåðíûõ âîçâðàòíûõ ñòåïåííûõ
ðÿäîâ. Æóðíàë Ñèáèðñêîãî ôåäåðàëüíîãî óíèâåñèòåòà. Ìàòåìàòèêà è ôèçèêà, 2(2): 449�455.

3. Íåêðàñîâà Ò. È. 2014. Îá èåðàðõèè ïðîèçâîäÿùèõ ôóíêöèé ðåøåíèé ìíîãîìåðíûõ ðàçíîñòíûõ
óðàâíåíèé. Èçâ. Èðêóòñêîãî ãîñ. óí-òà. Ñåð. Ìàòåìàòèêà, 9: 91�102.

4. Ñòåíëè Ð. 2005. Ïåðå÷èñëèòåëüíàÿ êîìáèíàòîðèêà. Äåðåâüÿ, ïðîèçâîäÿùèå ôóíêöèè è ñèì-
ìåòðè÷åñêèå ôóíêöèè. Ì., Ìèð, 767.

5. Ñòåíëè Ð. 1990. Ïåðå÷èñëèòåëüíàÿ êîìáèíàòîðèêà. Ì., Ìèð, 440.

6. Bousquet-M�elou M., Petkov�sek M. 2000. Linear recurrences with constant coe�cients: the multivariate
case. Discrete Mathematics, 225: 51�75.

7. Leinartas E. K. 2007. Multiple Laurent series and fundamental solutions of linear di�erence equations,
Siberian Math. J., 48(2): 268�272.

8. Levy H., Lessman F. 1992. Finite di�erence equations. Dover Publication, 278.

9. Lipshitz L. 1989. D-Finite power series. Journal of Algebra, 122: 353�373.

10. Luzon A., Moron M. A. 2010. Reccurence relations for polynomial sequences via Riordan matrices.
Linear Algebra and its Applications, 433: 1422�1446. DOI:10.1016/j.laa.2010.05.021

11. Lyapin A. P., Chandragiri S. 2019. Generating functions for vector partitions and a basic recurrence
relation. Journal of Di�erence Equations and Applications, 25(7): 1052�1061.
DOI: 10.1080/10236198.2019.1649396

12. Moivre A. 1724. De fractionibus algebraicis radicalitate immunibus ad fractiones simpliciores reducen-
dis, deque summandis terminis quarumdam serierum aequali intervallo a se distantibus. Philosophical
transactions, 176.

13. Nekrasova T. I. 2015. On the Cauchy Problem for Multidimensional Di�erence Equations in Rational
Cone. Journal of Siberian Federal University. Mathematics & Physics, 8(2): 184�191.

14. Tsikh A. K. 1993. Conditions for absolute convergence of the Taylor coe�cient series of a meromorphic
function of two variables. Math. USSR-Sb, 74(2): 337�360.

References

1. Dudgeon D. E., Mersereau R. M. 1983. Multidimensional digital signal processing. Englewood Cli�s,
NJ : Prentice-Hall, 400.

2. Leinartas E. K., Lyapin A. P. 2009. On the Rationality of Multidimentional Recusive Series. Journal
of Siberian Federal University. Mathematics & Physics, 2(2): 449�455 (in Russian).

ISSN 2687-0959 Ïðèêëàäíàÿ ìàòåìàòèêà & Ôèçèêà, 2020, òîì 52, � 2



Ñ. Ñ. Àõòàìîâà, Â. Þ. Ãðèøóíîâ, À. Ï. Ëÿïèí, Ñ. À. Òèõîìèðîâ 151

3. Nekrasova T. I. 2014. On the hierarchy of generating functions for solutions of multidimensional
di�erence equations Izv. Irkutsk Gos. Univ. Ser. Matematika, 9: 91�103 (in Russian).

4. Stanley R. 1997. Enumerative combinatorics. Trees and the Composition of Generating Functions.
Cambridge University Press, 600.

5. Stanley R. 1997. Enumerative combinatorics. Cambridge University Press, 326.

6. Bousquet-M�elou M., Petkov�sek M. 2000. Linear recurrences with constant coe�cients: the multiva-
riate case. Discrete Mathematics, 225: 51�75.

7. Leinartas E.K. 2007. Multiple Laurent series and fundamental solutions of linear di�erence equations,
Siberian Math. J., 48(2): 268�272.

8. Levy H., Lessman F. 1992. Finite di�erence equations. Dover Publication, 278.

9. Lipshitz L. 1989. D-Finite power series. Journal of Algebra, 122: 353�373.

10. Luzon A., Moron M. A. 2010. Reccurence relations for polynomial sequences via Riordan matrices.
Linear Algebra and its Applications, 433: 1422�1446. DOI:10.1016/j.laa.2010.05.021

11. Lyapin A. P., Chandragiri S. 2019. Generating functions for vector partitions and a basic recurrence
relation. Journal of Di�erence Equations and Applications, 25(7): 1052�1061.
DOI:10.1080/10236198.2019.1649396

12. Moivre A. 1724. De fractionibus algebraicis radicalitate immunibus ad fractiones simpliciores reducendis,
deque summandis terminis quarumdam serierum aequali intervallo a se distantibus. Philosophical
transactions, 176.

13. Nekrasova T. I. 2015. On the Cauchy Problem for Multidimensional Di�erence Equations in Rational
Cone. Journal of Siberian Federal University. Mathematics & Physics, 8(2): 184�191.

14. Tsikh A. K. 1993. Conditions for absolute convergence of the Taylor coe�cient series of a meromorphic
function of two variables. Math. USSR-Sb, 74(2): 337�360.

Ïîëó÷åíà 10.06.2020

Àõòàìîâà Ñâåòëàíà Ñòàíèñëàâîâíà � êàíäèäàò ïåäàãîãè÷åñêèõ íàóê, äîöåíò, äîöåíò êàôåäðû
âûñøåé ìàòåìàòèêè, èíôîðìàòèêè è åñòåñòâîçíàíèÿ Ëåñîñèáèðñêîãî ïåäàãîãè÷åñêîãî èíñòèòóòà �
ôèëèàëà Ñèáèðñêîãî ôåäåðàëüíîãî óíèâåðñèòåòà

óë. Ïîáåäû, 42, ã. Ëåñîñèáèðñê, Êðàñíîÿðñêèé êðàé, Ðîññèÿ, 662544
E-mail: ahtamova-ss@mail.ru

Ãðèøóíîâ Âèòàëèé Þðüåâè÷ � ðàçðàáîò÷èê Ñ#/JavaScript, ÎÎÎ ¾Èíòåðìåäèà¿
Íåâñêèé ïð-ò., 2Â, ã. Ñàíêò-Ïåòåðáóðã, Ëåíèíãðàäñêàÿ îáë., Ðîññèÿ, 191167
E-mail: vitaliqmetaliq@gmail.com

Ëÿïèí Àëåêñàíäð Ïåòðîâè÷ � êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò áàçîâîé êàôåäðû
âû÷èñëèòåëüíûõ è èíôîðìàöèîííûõ òåõíîëîãèé èíñòèòóòà ìàòåìàòèêè è ôóíäàìåíòàëüíîé èíôîð-
ìàòèêè Ñèáèðñêîãî ôåäåðàëüíîãî óíèâåðñèòåòà

ïð. Ñâîáîäíûé, 79, ã. Êðàñíîÿðñê, Ðîññèÿ, 660041
E-mail: aplyapin@sfu-kras.ru

Òèõîìèðîâ Ñåðãåé Àëåêñàíäðîâè÷ � êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò, äîöåíò
êàôåäðû ãåîìåòðèè è àëãåáðû ôèçèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà ßðîñëàâñêîãî ãîñóäàðñòâåííîãî
ïåäàãîãè÷åñêîãî óíèâåðñèòåòà

óë. Ðåñïóáëèêàíñêàÿ, 108/1, ã. ßðîñëàâëü, Ðîññèÿ, 150000
E-mail: satikhomirov@mail.ru

ISSN 2687-0959 Ïðèêëàäíàÿ ìàòåìàòèêà & Ôèçèêà, 2020, òîì 52, � 2




