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1. Introduction
1.1. This paper is devoted to studying certain class of discrete equations. these equations are operator equations,

and generating operators were called digital pseudo-differential operators [1, 2]. We are interested in solvability
of such equations and their approximation properties for solving continuous ones. Existing methods [3, 4, 5]
are developed for partial differential equations and related boundary value problems, but these methods are not
appropriate for pseudo-differential equations. Latter equations present more general class of operator equations,
and there is not complete theory for such equations, particularly in domains with a non-smooth boundary.
Moreover, we think the discrete theory of pseudo-differential equations will be useful in digital signal processing
[6, 7, 8] since functions of a discrete variable are models of signals and images.

Starting step, we work with model operators and canonical domains (cones) and use periodic analogue of the
wave factorization [9] to describe solvability picture for discrete equations. this paper is related to a conical domain
of a special type. A half-space case was considered earlier [1, 2]. The section below includes main notations and
definitions. Let us remind that continuous half-space case was studied in details in [10].

1.2. We use the following notations. Let Z3 be the integer lattice in R3, 𝐶𝑛 = {𝑥 ∈ R3 : 𝑥 = (𝑥1, 𝑥2, 𝑥3), 𝑥3 >

𝑎𝑛 |𝑥1 | + 𝑏𝑛 |𝑥2 |, 𝑎, 𝑏 > 0} be the four-faced angle, 𝐶𝑛,𝑑 = ℎZ3 ∩𝐶𝑛, ℎ > 0, T = [−𝜋, 𝜋], ℏ = ℎ−1, and 𝑎𝑛, 𝑏𝑛 can take
values 𝑛, 1/𝑛, 𝑛 ∈ N. We denote 𝑥 = (𝑥1, 𝑥2, 𝑥3) ∈ ℎZ3 and consider functions of discrete variable 𝑢𝑑 (𝑥).

Let us denote

𝜁 2 =

3∑︁
𝑘=1

𝜁 2
𝑘
, 𝜁𝑘 = ℏ(𝑒𝑖ℎ ·𝜉𝑘 − 1),

and let 𝑆 (ℎZ3) be the discrete analogue of the Schwartz space of infinitely differentiable rapidly decreasing at
infinity functions [1].
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The space 𝐻𝑠 (ℎZ3) consists of discrete functions and it is a closure of the space 𝑆 (ℎZ3) with respect to the
norm

| |𝑢𝑑 | |𝑠 =
©­«
∫
ℏT3

(1 + |𝜁 2 |)𝑠 |�̃�𝑑 (𝜉) |2𝑑𝜉
ª®¬

1/2

,

where �̃�𝑑 (𝜉) denotes the discrete Fourier transform

(𝐹𝑑𝑢𝑑 ) (𝜉) ≡ �̃�𝑑 (𝜉) =
∑︁
�̃�∈ℎZ3

𝑒𝑖�̃� ·𝜉𝑢𝑑 (𝑥)ℎ3, 𝜉 ∈ ℏT3 .

Let 𝐴𝑑 (𝜉) be a measurable periodic function defined in R3 with the basic cube of periods ℏT3.
A digital pseudo-differential operator 𝐴𝑑 with the symbol 𝐴𝑑 (𝜉) in discrete cone 𝐶𝑛.𝑑 is called the following

operator

(𝐴𝑑𝑢𝑑 ) (𝑥) =
∑︁
�̃�∈ℎZ3

ℎ3
∫
ℏT3

𝐴𝑑 (𝜉)𝑒𝑖 (�̃�−�̃� ) ·𝜉�̃�𝑑 (𝜉)𝑑𝜉, 𝑥 ∈ 𝐶𝑛,𝑑 ,

Here we will consider symbols satisfying the condition

𝑐1 (1 + |𝜁 2 |)𝛼/2 ≤ |𝐴𝑑 (𝜉) | ≤ 𝑐2 (1 + |𝜁 2 |)𝛼/2

with positive constants 𝑐1, 𝑐2 non-depending on ℎ. The number 𝛼 ∈ R is called an order of the digital pseudo-
differential operator 𝐴𝑑 .

We study solvability of the discrete equation

(𝐴𝑑𝑢𝑑 ) (𝑥) = 0, 𝑥 ∈ 𝐶𝑛,𝑑 , (1)

in the space 𝐻𝑠 (𝐶𝑛,𝑑 ), it consists of functions from the space 𝐻𝑠 (ℎZ3) with supports in 𝐶𝑛,𝑑 . For this purpose we
need certain specific domains of three-dimensional complex space C3. A domain of the type Tℎ (𝐶𝑛) = ℏT3 + 𝑖𝐶𝑛 is
called a tube domain over the cone 𝐶𝑛 . Such domains are periodic analogues of radial tube domains [11, 12]. We
will work with analytic functions 𝑓 (𝑥 + 𝑖𝜏) in such domains Tℎ (𝐶𝑛). Let us denote

∗
𝐶𝑛= {𝑥 ∈ R3 : 𝑥3 >

1
2𝑎𝑛

|𝑥1 | +
1

2𝑏𝑛
|𝑥2 |},

it is so called conjugate cone to 𝐶𝑛 .
Definition 1.1. Periodic wave factorization of the symbol 𝐴𝑑 (𝜉) with respect to 𝐶𝑛 is called its representation in

the form
𝐴𝑑 (𝜉) = 𝐴𝑑,≠ (𝜉)𝐴𝑑,= (𝜉),

where factors𝐴𝑑,≠ (𝜉), 𝐴𝑑,= (𝜉) admit analytic continuation into tube domains Tℎ (
∗
𝐶𝑛),Tℎ (−

∗
𝐶𝑛) respectively satisfying

the estimates
𝑐1 (1 + |𝜁 2 |) æ

2 ≤ |𝐴𝑑,≠ (𝜉 + 𝑖𝜏) | ≤ 𝑐′1 (1 + |𝜁 2 |) æ
2 ,

𝑐2 (1 + |𝜁 2 |) 𝛼−æ
2 ≤ |𝐴𝑑,= (𝜉 − 𝑖𝜏) | ≤ 𝑐′2 (1 + |𝜁 2 |) 𝛼−æ

2 ,

with positive constants 𝑐1, 𝑐
′
1, 𝑐2, 𝑐

′
2 non-depending on ℎ;

𝜁 2 ≡ ℏ2

(
3∑︁
𝑘=1

(𝑒𝑖ℎ (𝜉𝑘+𝑖𝜏𝑘 ) − 1)2

)
, 𝜉 = (𝜉1, 𝜉2, 𝜉3) ∈ ℏT3,

𝜏 = (𝜏1, 𝜏2, 𝜏3) ∈
∗
𝐶𝑛 .

The number æ ∈ R is called an index of periodic wave factorization.

2. Discrete Transformations and Transmutation Operators
2.1.Herewewill discuss some discrete transformations and their periodic representation. These transformations

have corresponding continuous analogues [13, 14]. Let us introduce the following transformation 𝑇𝑎𝑛,𝑏𝑛 : ℎZ3 →
ℎZ3 of the following type

𝑡1 = 𝑥1

𝑡2 = 𝑥2

𝑡3 = 𝑥3 − 𝑎𝑛 |𝑥1 | − 𝑏𝑛 |𝑥2 |
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Let 𝑢𝑑 ∈ 𝑆 (ℎZ3). We would like to understand what is the discrete Fourier image of the function 𝑇𝑎𝑛,𝑏𝑛𝑢𝑑 . We
have

(𝐹𝑑𝑇𝑎𝑛,𝑏𝑛𝑢𝑑 ) (𝜉) =
∑︁
�̃�∈ℎZ3

𝑒𝑖�̃� ·𝜉 (𝑇𝑎𝑛𝑏𝑛𝑢𝑑 ) (𝑥)ℎ3 =
∑︁
�̃�∈ℎZ3

𝑒𝑖�̃� ·𝜉𝑢𝑑 (𝑥1, 𝑥2, 𝑥2 − 𝑎𝑛 |𝑥1 | − 𝑏𝑛 |𝑥2 |)ℎ3

=
∑︁
𝑡 ∈ℎZ3

𝑒𝑖𝑡1 ·𝜉1𝑒𝑖𝑡2 ·𝜉2𝑒𝑖 (𝑡3+𝑎𝑛 |𝑡1 |+𝑏𝑛 |𝑡2 | ) ·𝜉3𝑢𝑑 (𝑡1, 𝑡2.𝑡3)ℎ3

=
∑︁
𝑡1∈ℎZ

𝑒𝑖𝑡1𝜉1+𝑎𝑛 |𝑡1 |𝜉3ℎ
©­«
∑︁
𝑡2∈ℎZ

𝑒𝑖𝑡2𝜉2+𝑏𝑛 |𝑡2 |𝜉3ℎ
©­«
∑︁
𝑡3∈ℎZ

𝑒𝑖𝑡3𝜉3𝑢𝑑 (𝑡1, 𝑡2, 𝑡3)ℎ
ª®¬ª®¬

=
∑︁
𝑡1∈ℎZ

𝑒𝑖𝑡1𝜉1+𝑎𝑛 |𝑡1 |𝜉3ℎ
©­«
∑︁
𝑡2∈ℎZ

𝑒𝑖𝑡2𝜉2+𝑏𝑛 |𝑡2 |𝜉3𝑢𝑑 (𝑡1, 𝑡2, 𝜉3)ℎ
ª®¬ ,

where 𝑢𝑡 (𝑡1, 𝑡2, 𝜉3) is the discrete Fourier transform on third variable.
Further, we need to calculate one-dimensional discrete Fourier transforms on variables 𝑡1, 𝑡2. We will use

calculations from [2, 15]. Let Z+{0} ∪ N, Z− = Z \ Z+, and 𝜒± be indicators of Z±. For functions 𝜑 (𝑥) of one
variables defined in segment [−ℏ𝜋, ℏ𝜋] the periodic analogue of Hilbert transform [13, 16, 17, 18, 19, 20] was
introduced in [2, 15] in the following way

(𝐻𝑝𝑒𝑟
ℎ
𝜑) (𝜉) = ℎ

2𝜋𝑖
𝑝.𝑣 .

ℏ𝜋∫
−ℏ𝜋

𝜑 (𝑥) cot
ℎ(𝑥 − 𝜉)

2
𝑑𝑥,

where integral is meant in principal value (p.v.) sense. Two projectors 𝑃ℎ and 𝑄ℎ are related to the operator 𝐻𝑝𝑒𝑟
ℎ

𝑃ℎ =
1
2
(𝐼 + 𝐻𝑝𝑒𝑟

ℎ
), 𝑄ℎ =

1
2
(𝐼 − 𝐻𝑝𝑒𝑟

ℎ
),

𝐼 is identity operator, so that the representation

𝜑 = 𝑃ℎ𝜑 +𝑄ℎ𝜑

is unique for arbitrary function 𝜑 ∈ 𝐿2 [−ℏ𝜋, ℏ𝜋].
Moreover, if 𝜑𝑑 (𝑥) is a function of discrete variable 𝑥 ∈ ℎZ then

𝐹𝑑 (𝜒+ · 𝜑𝑑 ) = 𝑃ℎ (𝐹𝑑𝜑𝑑 ), 𝐹𝑑 (𝜒− · 𝜑𝑑 ) = 𝑄ℎ (𝐹𝑑𝜑𝑑 )

at least for 𝜑𝑑 ∈ 𝑆 (ℎZ).
Using these properties we introduce the periodic Hilbert transforms with a parameter of the following type

(𝜓 (𝜉) = 𝜓 (𝜉1, 𝜉2, 𝜉3))

(𝐻 ′
ℎ
𝜓 ) (𝜉) = ℎ

2𝜋𝑖
𝑝.𝑣 .

ℏ𝜋∫
−ℏ𝜋

𝜓 (𝜂1, 𝜉2, 𝜉3) cot
ℎ(𝜂1 − 𝜉1)

2
𝑑𝜂1,

(𝐻 ′′
ℎ
𝜓 ) (𝜉) = ℎ

2𝜋𝑖
𝑝.𝑣 .

ℏ𝜋∫
−ℏ𝜋

𝜓 (𝜉1, 𝜂2, 𝜉3) cot
ℎ(𝜂2 − 𝜉2)

2
𝑑𝜂2,

and corresponding projectors
𝑃 ′
ℎ
= (𝐼 + 𝐻 ′

ℎ
), 𝑄 ′

ℎ
= (𝐼 − 𝐻 ′

ℎ
),

𝑃 ′′
ℎ
= (𝐼 + 𝐻 ′′

ℎ
), 𝑄 ′′

ℎ
= (𝐼 − 𝐻 ′′

ℎ
),

and continue calculations for 𝐹𝑑𝑇𝑎𝑛𝑏𝑛𝑢𝑑 . We have∑︁
𝑡2∈ℎZ

𝑒𝑖𝑡2𝜉2+𝑏𝑛 |𝑡2 |𝜉3𝑢𝑑 (𝑡1, 𝑡2, 𝜉3)ℎ =

∑︁
𝑡2∈ℎZ+

𝑒𝑖𝑡2𝜉2+𝑏𝑛𝑡2𝜉3𝑢𝑑 (𝑡1, 𝑡2, 𝜉3)ℎ +
∑︁

𝑡2∈ℎZ−

𝑒𝑖𝑡2𝜉2−𝑏𝑛𝑡2𝜉3𝑢𝑑 (𝑡1, 𝑡2, 𝜉3)ℎ

=
∑︁
𝑡2∈ℎZ

𝑒𝑖𝑡2 (𝜉2+𝑏𝑛𝜉3 ) 𝜒+ (𝑡2)𝑢𝑑 (𝑡1, 𝑡2, 𝜉3)ℎ +
∑︁
𝑡2∈ℎZ

𝑒𝑖𝑡2 (𝜉2−𝑏𝑛 |𝜉3 ) 𝜒− (𝑡2)𝑢𝑑 (𝑡1, 𝑡2, 𝜉3)ℎ
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= 𝑃 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 + 𝑏𝑛𝜉3, 𝜉3) +𝑄 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 − 𝑏𝑛𝜉3, 𝜉3),

where ˆ̂𝑢𝑑 is the discrete Fourier of discrete function 𝑢𝑑 (𝑡1, 𝑡2, 𝑡3) on variables 𝑡2, 𝑡3.
Further we find

(𝐹𝑑𝑇𝑎𝑛,𝑏𝑛𝑢𝑑 ) (𝜉) =
∑︁
𝑡1∈ℎZ

𝑒𝑖𝑡1𝜉1+𝑎𝑛 |𝑡1 |𝜉3
(
𝑃 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 + 𝑏𝑛𝜉3, 𝜉3) +𝑄 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 − 𝑏𝑛𝜉3, 𝜉3)
)
ℎ

=
∑︁
𝑡1∈ℎZ+

𝑒𝑖𝑡1 (𝜉1+𝑎𝑛𝜉3 )
(
𝑃 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 + 𝑏𝑛𝜉3, 𝜉3) +𝑄 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 − 𝑏𝑛𝜉3, 𝜉3)
)
ℎ

+
∑︁

𝑡1∈ℎZ−

𝑒𝑖𝑡1 (𝜉1−𝑎𝑛𝜉3 )
(
𝑃 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 + 𝑏𝑛𝜉3, 𝜉3) +𝑄 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 − 𝑏𝑛𝜉3, 𝜉3)
)
ℎ

=
∑︁
𝑡1∈ℎZ

𝑒𝑖𝑡1 (𝜉1+𝑎𝑛𝜉3 ) 𝜒+ (𝑡1)
(
𝑃 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 + 𝑏𝑛𝜉3, 𝜉3) +𝑄 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 − 𝑏𝑛𝜉3, 𝜉3)
)
ℎ

+
∑︁
𝑡1∈ℎZ

𝑒𝑖𝑡1 (𝜉1−𝑎𝑛𝜉3 ) 𝜒− (𝑡1)
(
𝑃 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 + 𝑏𝑛𝜉3, 𝜉3) +𝑄 ′′
ℎ

ˆ̂𝑢𝑑 (𝑡1, 𝜉2 − 𝑏𝑛𝜉3, 𝜉3)
)
ℎ

= 𝑃 ′
ℎ

(
𝑃 ′′
ℎ
�̃�𝑑 (𝜉1 + 𝑎𝑛𝜉3, 𝜉2 + 𝑏𝑛𝜉3, 𝜉3) +𝑄 ′′

ℎ
�̃�𝑑 (𝜉1 + 𝑎𝑛𝜉3, 𝜉2 − 𝑏𝑛𝜉3, 𝜉3)

)
+𝑄 ′

ℎ

(
𝑃 ′′
ℎ
�̃�𝑑 (𝜉1 − 𝑎𝑛𝜉3, 𝜉2 + 𝑏𝑛𝜉3, 𝜉3) +𝑄 ′′

ℎ
�̃�𝑑 (𝜉1 − 𝑎𝑛𝜉3, 𝜉2 − 𝑏𝑛𝜉3, 𝜉3)

)
.

So, we have the following operator acting on Fourier images in the following way

(𝑉𝑎𝑛,𝑏𝑛�̃�𝑑 ) (𝜉) = (𝑃 ′
ℎ
𝑃 ′′
ℎ
�̃�𝑑 ) (𝜉1 + 𝑎𝑛𝜉3, 𝜉2 + 𝑏𝑛𝜉3, 𝜉3) + (𝑃 ′

ℎ
𝑄 ′′
ℎ
�̃�𝑑 ) (𝜉1 + 𝑎𝑛𝜉3, 𝜉2 − 𝑏𝑛𝜉3, 𝜉3)

+(𝑄 ′
ℎ
𝑃 ′′
ℎ
�̃�𝑑 ) (𝜉1 − 𝑎𝑛𝜉3, 𝜉2 + 𝑏𝑛𝜉3, 𝜉3) + (𝑄 ′

ℎ
𝑄 ′′
ℎ
�̃�𝑑 ) (𝜉1 − 𝑎𝑛𝜉3, 𝜉2 − 𝑏𝑛𝜉3, 𝜉3),

and finally
𝑉𝑎𝑛,𝑏𝑛 = 𝐹𝑑𝑇𝑎𝑛,𝑏𝑛𝐹

−1
𝑑
. (2)

The discrete Fourier transform takes part in this relation as a transmutation operator.
2.2. Here we return to studying the equation (1).
Theorem 2.1. Let the symbol 𝐴𝑑 (𝜉) admits the periodic wave factorization with respect to 𝐶𝑛 with the index æ

such that æ − 𝑠 = 𝑛 + 𝜀, 𝑛 ∈ N, |𝜀 | < 1/2 then a general solution of the equation (1) has the following form

�̃�𝑑 (𝜉) = 𝐴−1
𝑑,≠

(𝜉)𝑉 −1
𝑎𝑛,𝑏𝑛

(
𝑛−1∑︁
𝑘=0

𝑐𝑑,𝑘 (𝜉 ′)𝜁𝑘3

)
, (3)

where 𝜉 ′ = (𝜉1, 𝜉2) ∈ ℏ2T2, 𝑐𝑑,𝑘 ∈ 𝐻𝑠𝑘 (ℎZ2) are arbitrary functions, 𝑠𝑘 = 𝑠 − æ + 𝑘 − 1/2, 𝑘 = 0, 1, . . . , 𝑛 − 1.
Proof. Let us introduce the discrete function 𝑣𝑑 such that

𝑣𝑑 (𝑥) =
{
−(𝐴𝑑𝑢𝑑 ) (𝑥), 𝑥 ∉ 𝑀𝑑 ,

0, 𝑥 ∈ 𝑀𝑑 .

Then we have the following paired equation in whole ℎZ3

(𝐴𝑑𝑢𝑑 ) (𝑥) + 𝑣𝑑 (𝑥) = 0, 𝑥 ∈ ℎZ3 . (4)

Applying the discrete Fourier transform to (4) we have

𝐴𝑑 (𝜉)�̃�𝑑 (𝜉) + 𝑣𝑑 (𝜉) = 0,

and after periodic wave factorization it leads to the equality

𝐴𝑑,≠�̃�𝑑 (𝜉) = −𝐴−1
𝑑,=
𝑣𝑑 (𝜉),

so that after applying the inverse discrete Fourier transform we have

𝐹 −1
𝑑
𝐴𝑑,≠�̃�𝑑 (𝜉) = −𝐹 −1

𝑑
𝐴−1
𝑑,=
𝑣𝑑 (𝜉).

Now we apply the transformation 𝑇𝑎𝑛𝑏𝑛 in the latter equality and obtain the following

𝑇𝑎𝑛𝑏𝑛𝐹
−1
𝑑
𝐴𝑑,≠�̃�𝑑 (𝜉) = −𝑇𝑎𝑛𝑏𝑛𝐹 −1

𝑑
𝐴−1
𝑑,=
𝑣𝑑 (𝜉). (5)
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We denote Z3
± = {𝑥 ∈ Z3 : 𝑥 − (𝑥1, 𝑥2, 𝑥3),±𝑥3 > 0} and then the left hand side of (5) vanishes in ℎZ3

− , and the
right hand side vanishes in ℎZ3

+. According to [1] (Theorem 2) such discrete function should be supported on
discrete hyper-plane 𝑥3 = 0, and its discrete Fourier transform looks as follows

𝐹𝑑𝑇𝑎𝑛𝑏𝑛𝐹
−1
𝑑
𝐴𝑑,≠�̃�𝑑 (𝜉) =

𝑛−1∑︁
𝑘=0

𝑐𝑑,𝑘 (𝜉 ′)𝜁𝑘3 ,

where 𝜉 ′ = (𝜉1, 𝜉2) ∈ ℏ2T2, 𝑐𝑑,𝑘 ∈ 𝐻𝑠𝑘 (ℎZ2) are arbitrary functions, 𝑠𝑘 = 𝑠 − æ + 𝑘 − 1/2, 𝑘 = 0, 1, . . . , 𝑛 − 1.
Taking into account (2) we have the formula for a general solution of the equation (1)

�̃�𝑑 (𝜉) = 𝐴−1
𝑑,≠

(𝜉)𝑉 −1
𝑎𝑛,𝑏𝑛

(
𝑛−1∑︁
𝑘=0

𝑐𝑑,𝑘 (𝜉 ′)𝜁𝑘3

)
,

Q.E.D.
Remark 2.1. Obviously, the operator 𝑉 −1

𝑎𝑛,𝑏𝑛
is very simple,

𝑉 −1
𝑎𝑛,𝑏𝑛

= 𝑉−𝑎𝑛,−𝑏𝑛 .

3. Discrete Boundary Value Problems
3.1. Here we consider a special case in which we can suggest simple solution. Namely, we assume that under

conditions of Theorem 2.1 we have æ − 𝑠 = 1 + 𝜀, |𝜀 | < 1/2. Then the formula (3) looks as follows

�̃�𝑑 (𝜉) = 𝐴−1
𝑑,≠

(𝜉)𝑉 −1
𝑎𝑛,𝑏𝑛

𝑐𝑑 (𝜉 ′), (6)

where we have written 𝑐𝑑 instead of 𝑐𝑑,0 for simplicity.
To determine uniquely the function 𝑐𝑑 we add the following condition∑︁

�̃�3∈ℎZ+

𝑢𝑑 (𝑥 ′, 𝑥3)ℎ = 𝑓𝑑 (𝑥 ′), (7)

where 𝑓 is given function.
Theorem 3.1. If conditions of Theorem 2.1 hold and 1/2 < æ − 𝑠 < 3/2, 𝑓𝑑 ∈ 𝐻𝑠+1/2 (ℎZ2) then the problem

(1),(7) has unique solution given by the formula

�̃�𝑑 (𝜉) = 𝐴−1
𝑑,≠

(𝜉)𝑉 −1
𝑎𝑛,𝑏𝑛

𝑐𝑑 (𝜉 ′),

where 𝑐𝑑 is defined by the formula
𝑐𝑑 (𝜉 ′) = 𝐴≠ (𝜉 ′, 0) 𝑓𝑑 (𝜉 ′).

Proof. First we write the condition (7) in Fourier images

�̃�𝑑 (𝜉1, 𝜉2, 0) = 𝑓𝑑 (𝜉1, 𝜉2). (8)

Second we have
(𝑉−𝑎𝑛,−𝑏𝑛𝑐𝑑 ) (𝜉) = (𝑃 ′

ℎ
𝑃 ′′
ℎ
𝑐𝑑 ) (𝜉1 − 𝑎𝑛𝜉3, 𝜉2 − 𝑏𝑛𝜉3) + (𝑃 ′

ℎ
𝑄 ′′
ℎ
𝑐𝑑 ) (𝜉1 − 𝑎𝑛𝜉3, 𝜉2 + 𝑏𝑛𝜉3)

+(𝑄 ′
ℎ
𝑃 ′′
ℎ
𝑐𝑑 ) (𝜉1 + 𝑎𝑛𝜉3, 𝜉2 − 𝑏𝑛𝜉3) + (𝑄 ′

ℎ
𝑄 ′′
ℎ
𝑐𝑑 ) (𝜉1 + 𝑎𝑛𝜉3, 𝜉2 + 𝑏𝑛𝜉3).

(9)

Substituting 𝜉3 = 0 in the formula (9) we obtain

(𝑉−𝑎𝑛,−𝑏𝑛𝑐𝑑 ) (𝜉1, 𝜉2, 0) = (𝑃 ′
ℎ
𝑃 ′′
ℎ
𝑐𝑑 ) (𝜉1, 𝜉2) + (𝑃 ′

ℎ
𝑄 ′′
ℎ
𝑐𝑑 ) (𝜉1, 𝜉2)

+(𝑄 ′
ℎ
𝑃 ′′
ℎ
𝑐𝑑 ) (𝜉1, 𝜉2) + (𝑄 ′

ℎ
𝑄 ′′
ℎ
𝑐𝑑 ) (𝜉1, 𝜉2).

Taking into account properties of projectors 𝑃 ′
ℎ
, 𝑃 ′′
ℎ
, 𝑄 ′

ℎ
, 𝑄 ′′

ℎ
we find

(𝑉−𝑎𝑛,−𝑏𝑛𝑐𝑑 ) (𝜉1, 𝜉2, 0) = 𝑐𝑑 (𝜉1, 𝜉2).

According to formula (6) we have
�̃�𝑑 (𝜉 ′, 0) = 𝐴−1

≠ (𝜉 ′, 0)𝑐𝑑 (𝜉 ′)
and then using (8) we conclude

𝑐𝑑 (𝜉 ′) = 𝐴≠ (𝜉 ′, 0) 𝑓𝑑 (𝜉 ′).
Q.E.D.

Remark 3.1. The continuous analogue of the problem (1),(7) was considered in [21]. Unique solvability for such
problem was proved under corresponding assumptions.

Conclusion. The considered discrete boundary value problem (1),(7) should be approximation problem for
corresponding continuous boundary value problem. Here the first step was done, the unique solvability and
integral representation were obtained. The next step is a comparison (in certain sense) of discrete and continuous
solutions and we will give it in forthcoming papers. In two-dimensional case such a comparison was obtained.
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