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AnnHoTanmuA. PaccMaTpuBaTCs HEKOTOPbIE KIacChl AMCKPETHBIX YPaBHEHMIT B MHOTOMEPHOM IPOCTPAaHCTBE. B HEKOTOPhIX
CIyJasx I TaKUX ypaBHEHUII CTpOMTCA oOlilee pellleHNe ¢ IOMOIIBIO CIeIVaJbHBIX IVICKPETHBIX IIpeobpa3oBaHMIL.
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1. Introduction

1.1. This paper is devoted to studying certain class of discrete equations. these equations are operator equations,
and generating operators were called digital pseudo-differential operators [1, 2]. We are interested in solvability
of such equations and their approximation properties for solving continuous ones. Existing methods [3, 4, 5]
are developed for partial differential equations and related boundary value problems, but these methods are not
appropriate for pseudo-differential equations. Latter equations present more general class of operator equations,
and there is not complete theory for such equations, particularly in domains with a non-smooth boundary.
Moreover, we think the discrete theory of pseudo-differential equations will be useful in digital signal processing
[6, 7, 8] since functions of a discrete variable are models of signals and images.

Starting step, we work with model operators and canonical domains (cones) and use periodic analogue of the
wave factorization [9] to describe solvability picture for discrete equations. this paper is related to a conical domain
of a special type. A half-space case was considered earlier [1, 2]. The section below includes main notations and
definitions. Let us remind that continuous half-space case was studied in details in [10].

1.2. We use the following notations. Let Z* be the integer lattice in R?, C,, = {x € R® : x = (x1, %3, x3), x3 >
an|x1| + bulxz|, a, b > 0} be the four-faced angle, C,, g = hZ* N Cp,h > 0, T = [-, x], A = h™, and ay, by, can take
values n, 1/n, n € N. We denote X = (%1, X2, X3) € hZ® and consider functions of discrete variable u;(%).

Let us denote

3
=300 Ge=h(em% -1,
k=1

and let S(hZ?®) be the discrete analogue of the Schwartz space of infinitely differentiable rapidly decreasing at
infinity functions [1].
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The space H*(hZ?) consists of discrete functions and it is a closure of the space S(hZ®) with respect to the

norm
1/2

gl = / (1 +12) lia(®Pde|
T3

where i;(&) denotes the discrete Fourier transform

(Faua) () =ia(§) = ). e fug(®)h*, & e hT,

xehz3

Let A4(¢) be a measurable periodic function defined in R* with the basic cube of periods #T>.
A digital pseudo-differential operator A; with the symbol A;(€) in discrete cone C, 4 is called the following
operator

(Aau)(®) = Y 1 | AT iy (H)dE, % € Cog
GehZ? s

Here we will consider symbols satisfying the condition

e (1+12D%? < 1A4(E)] < ea(1+]22)) %/

with positive constants c;, ¢; non-depending on h. The number a € R is called an order of the digital pseudo-
differential operator Ay.
We study solvability of the discrete equation

(Aqug)(x) =0, X € Cpg, (1)

in the space H*(C,,¢), it consists of functions from the space H*(hZ?) with supports in C,, 4. For this purpose we
need certain specific domains of three-dimensional complex space C. A domain of the type 7;(C,) = AT +iC, is
called a tube domain over the cone C,. Such domains are periodic analogues of radial tube domains [11, 12]. We
will work with analytic functions f(x + it) in such domains 7;,(C,). Let us denote

* 1 1
Co={x €R? x5 > — x| + — ||},
= { > gl + )

it is so called conjugate cone to Cp,.
Definition 1.1. Periodic wave factorization of the symbol Az(&) with respect to C,, is called its representation in
the form

Ad(§) = Agz(H)Aa=(2),

where factors Ag + (), Ag=(&) admit analytic continuation into tube domains T, (Cyp), Tn(— Cy,) respectively satisfying
the estimates

a(1+32)F < |Agz(E+in)| < cj(1+]03)F,

(141837 < |Ag=(E - in)| < (1 + 1),

with positive constants cy, ¢}, ¢z, c;, non-depending on h;
R 3
é«Z = 72 (Z(elh(§k+lfk) _ 1)2) , gz (g:l, 52,53) c hT3,
k=1

»
7= (11,72, 73) €Cp .

The number & € R is called an index of periodic wave factorization.

2. Discrete Transformations and Transmutation Operators

2.1.Here we will discuss some discrete transformations and their periodic representation. These transformations
have corresponding continuous analogues [13, 14]. Let us introduce the following transformation T, 5, : hZ®> —
hZ? of the following type

l~'1 2321
Ez 232'2
f3 = X3 — an|X1| = bnl%|
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144 Multidimensional Discrete Transformations and Their Applications to Discrete Equations

Let ug € S(hZ*). We would like to understand what is the discrete Fourier image of the function T, ug. We
have

(FaTa, ) (§) = D €5 (o, ua) B = )" e Sug(51, %, % — anlr] = bal%)

xehz? xehz?
= Z eitl'{flel'fzfzei(l‘ﬁan|t1\+bn|t2|)'§3ud(i‘1’ i’z'%)h3
tehz?
— Z eihéitanltilés Z AL ALY A Z eit3§3ud(i‘1’ b, if3)h
fehZ f,ehZ f3ehZ

= Z eiEI§l+an‘;1|§3h Z ei;2§2+b"|22|§312d(l~’1,l~'2,§3)h ,

tehZ t,ehZ

where 4, (11, to, &) is the discrete Fourier transform on third variable.

Further, we need to calculate one-dimensional discrete Fourier transforms on variables #;, £,. We will use
calculations from [2, 15]. Let Z,{0} UN, Z_ = Z \ Z,, and y. be indicators of Z.. For functions ¢(x) of one
variables defined in segment [—7, firr] the periodic analogue of Hilbert transform [13, 16, 17, 18, 19, 20] was
introduced in [2, 15] in the following way

%

(HI0)(®) = 5o, / o (x) cot

—hr

>

hx=8)
2

where integral is meant in principal value (p.v.) sense. Two projectors Py and Qy, are related to the operator err
1 per 1 per
P, = E(I+Hh )> On= E(I_Hh ),
I is identity operator, so that the representation

¢ =Ppo+ Qo

is unique for arbitrary function ¢ € L[, fir].
Moreover, if ¢4(%) is a function of discrete variable ¥ € hZ then

Fa(x+ - a) = Pn(Fapa), Fa(x- - @a) = Qn(Fapq)

at least for ¢4 € S(hZ).
Using these properties we introduce the periodic Hilbert transforms with a parameter of the following type

(&) =y (51 82 83)

hr

(Wi = spo. [yt cor M0y,
—hmr

(H)©) = 5 po. / () cot " gy,
—hmr

and corresponding projectors
= (I+H,), Q,= (I-Hy),
P/ = (I+H)), Q)= (I-H)),
and continue calculations for F;T,, p, uq. We have

Z eifz§z+bn\fz|§3ﬁd(fl’ f Es)h =

Ez ehZ

Z ei22§2+b"22§3ﬁd(f1,fz,gs)h‘F Z eizzgrb"izgsﬁd(fl,fz,'fa)h

ty€hZ, tyehZ_

= > RSt E) y B)ag(h b, B+ Y P ETIE) y (B)ig (b, &)
t,ehZ f,ehZ
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= P ig (b, & + bubs, &) + Q) da(t1, & — bubs, &),

where 14 is the discrete Fourier of discrete function ug(f1, I, 3) on variables , 3.
Further we find

(FaTap b, ua)(§) = " 88l (B, £ + by, &) + Q) fha(F &2 = batisn &)
fehZ

= Z ef1(6vants) (P;l,lid(fl, & +buds, E) + Q;{L:‘d(zl, & —bués, §3)) h

tehZ,
b Gt (Prdy(h, £+ bk, &) + Q) a(E £ — bat, ) ) b
tehZ_
= 3 D)y (0) (P da(E & + buds, &) + O da(E £ — bubs £0)) b
tehZ
+ Z elhifimand) y_(f) (P;l’ﬁd(fl, Er+bnds, &) + Q) a(f1, & — buls, 53)) h
hehZ

=P; (P ig(& + anks, & + buls, &) + Q) Uia (61 + anés, & — bués, &3))
+Qp, (P iig (&1 — anés, & + bpés, &) + Q) tiq (&1 — anés, & — bufs, &3)) .
So, we have the following operator acting on Fourier images in the following way

(Vapb,a) (&) = (PP} iig) (&1 + an&s, & + bpés, &) + (PLQ} lia) (& + ans, & — bpés, &3)

+(Q, P ta) (&1 — anks, & + bp&s, &) + (0,0} 1) (&1 — an&3, & — bu&s, &),

and finally
Vayibn = FaTa, 5, Fq " (2)

The discrete Fourier transform takes part in this relation as a transmutation operator.

2.2. Here we return to studying the equation (1).

Theorem 2.1. Let the symbol A;(§) admits the periodic wave factorization with respect to C, with the index
suchthatee —s =n+¢ n €N, |¢| < 1/2 then a general solution of the equation (1) has the following form

ia(8) = AZL OV, (Z ed,k@')ggk) : 3)
k=0

where & = (£,&) € h2T?, car € H* (hZ?) are arbitrary functions, sy =s —e+k—-1/2, k=0,1,...,n— 1.
Proof. Let us introduce the discrete function v, such that

o _ )~ (Aqug) (%), x & Ma,
va(%) = 0 X € My.

Then we have the following paired equation in whole hZ?
(Aqug) (X) +04(%) =0, &% € hZ’. (4)
Applying the discrete Fourier transform to (4) we have
Aa(§ug () +0a(8) =0,
and after periodic wave factorization it leads to the equality
Agzia(§) = =A 104(8),
so that after applying the inverse discrete Fourier transform we have
Fy'Agytiq(8) = —F; Ay 64(8).
Now we apply the transformation T, j, in the latter equality and obtain the following
Touba g Adzita (&) = =To,p,Fy A7 0a(8). )
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146 Multidimensional Discrete Transformations and Their Applications to Discrete Equations

We denote Z3 = {¥ € Z3 : X — (%, X3, X3), £X3 > 0} and then the left hand side of (5) vanishes in hZ>, and the
right hand side vanishes in hZ3. According to [1] (Theorem 2) such discrete function should be supported on
discrete hyper-plane X3 = 0, and its discrete Fourier transform looks as follows

n—1

FuTa,, Py Aqziia(8) = D Gar(E)F,
k=0

where & = (&, &) € B*T?, ¢y € H** (hZ?) are arbitrary functions, sy =s —a&+k—-1/2, k=0,1,...,n— 1.
Taking into account (2) we have the formula for a general solution of the equation (1)

n-1
a(§) = Ag L (OV, ", (Z 5d,k(§,)§3k) ;
k=0

Q.ED.
Remark 2.1. Obviously, the operator Va_lb is very simple,

-1 _
Van,bn - V_ana_bn .

3. Discrete Boundary Value Problems
3.1. Here we consider a special case in which we can suggest simple solution. Namely, we assume that under
conditions of Theorem 2.1 we have & —s = 1 + ¢, |¢| < 1/2. Then the formula (3) looks as follows

q(8) = AZL(OV,, Ea(d), (6)

where we have written ¢, instead of ¢z for simplicity.
To determine uniquely the function c; we add the following condition

D ug(, %)k = fa(&), (7)
X3€hZy
where f is given function.
Theorem 3.1. If conditions of Theorem 2.1 hold and 1/2 < @ — s < 3/2, f; € H**'/?(hZ?) then the problem
(1),(7) has unique solution given by the formula
4g(8) = AL OV, Ca(E),
where ¢4 is defined by the formula )
Ca(&) = Ax(&,0)fa(&).
Proof. First we write the condition (7) in Fourier images
(&1, £.0) = fa(é &) ®)
Second we have
(Vtp-b,€a) (&) = (PP} Ca) (&1 — ants, & — bpés) + (PO} ¢a) (&1 — anés, & + bpls)
+(Q;,P;/l,5d)(§l +ants, & — bpés) + (Q;Q;{Ed)(gl +ants, & + byé3).

Substituting & = 0 in the formula (9) we obtain

(V_ap,-bn€a) (&1, £2,0) = (P P/ Cq) (€1, &) + (PO} Ea) (&1, &2)
+(Q, Py Ca) (&1, &) + (Q,0) ¢a) (&1, &2).

Taking into account properties of projectors P;, P}, Q;, Q" we find

(Vetn=b,Ca) (£1, &, 0) = Ca (&1, &).

©)

According to formula (6) we have
ia(&',0) = AL (£,0)84(&)
and then using (8) we conclude )
Ca(&) = Ax(&,0)fa(&).
QED.

Remark 3.1. The continuous analogue of the problem (1),(7) was considered in [21]. Unique solvability for such
problem was proved under corresponding assumptions.

Conclusion. The considered discrete boundary value problem (1),(7) should be approximation problem for
corresponding continuous boundary value problem. Here the first step was done, the unique solvability and
integral representation were obtained. The next step is a comparison (in certain sense) of discrete and continuous
solutions and we will give it in forthcoming papers. In two-dimensional case such a comparison was obtained.
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