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AmnHortanus. B pabore paccMarpuBaioTCs TOIBKO KOHEYHbIE IPYHIIbl. VI3y4gaioTcd CBOMCTBA peneTKu BCeX PpyHK-
TOPHO 3aMKHYTHIX YaCTUYHO TOTAJHHO KOMITO3UITHOHHBIX (popmarwmii. /{oka3aHo, 9To 1J1s JIF0O0r0 MOATPyIIIOBOTO
dbynkTopa T permrerka c[, BCEX T-3aMKHYTBIX TOTAIBHO W-KOMIIO3WUIMOHHBIX (hOpMaruii ABIAeTCs anredpamde-
ckoii. Kpome Toro, ycranossiiena WHJ/lyKTUBHOCTD JaHHOM pemieTku. B KadecTse ciieicTBUs OCHOBHOIO PE3YJIbTaTa
YCTaHOBJIEHBI aIre0pPamTHOCTL ¥ MHIYKTHBHOCTD PEMIeTKHI C,_ BCEX T-3aMKHYTBIX TOTAIHHO P—KOMIIO3UIMOHHBIX
dopmanuii, a TakXKe PEIeTKA Ch, BCEX T-3aMKHYTBIX TOTAIHLHO KOMIIO3UIMOHHBIX (DOPMATIHIA.

KiroueBble ciioBa: KOHedYHAsl rpymnma, (OpMAIysl CPYII, TOTAJBHO w-KOMIIO3UIUOHHAS (DOPMAIHSI, PEIIeTKa
dopmarmii, T-3aMKHyTas Gopmars, aaredpanvdeckas pelreTka, HHIyKTUBHAS PENIeTKa.
Has murupoBanusi: [Ilep6ouna B. B. 2020. O aByx 3amadax TeOpUM YACTUYHO TOTAJIBHO KOMIIO3WIMOHHBIX

dbopmammit koreanbrx rpymm. IIpuknagnas marematnka & Pumsmka. 52(1): 18-32.
DOI 10.18413/2687-0959-2020-52-1-18-32.

ON TWO PROBLEMS OF THE THEORY OF PARTIALLY TOTALLY COMPOSITION
FORMATIONS OF FINITE GROUPS

V. V. Shcherbina
Article submitted by a member of the editorial board V. B. Vasilyev

State Institution of Education «Graduate School of the National Academy of Sciences of Belarus»,
Minsk, 220049, Republic of Belarus
E-mail: shcherbinavv@tut.by

Received December 25, 2019
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BBegenne. B pabore paccMarpuBarOTCS TOJIBKO KOHEUHBIE TPYMIbI. MbI Oyaem HCIOJIb30BaTh TEp-
MWHOJIOIHIO, MPpUHATYIO B paborax JI. A. ITTemerkosa, A. H. Ckubbt n apyrux asropos [[ITemerkos, 1978;
Iemerkos, Ckuba, 1989; Doerk, Hawkes, 1992; Ckuba, 1997; Ckuba, [llemerros, 2000; Bopobres, 2012].

Toustre dopmarmn 6but0 BBemeHo B. Tammorniom [Gaschuts, 1963] B cs3u ¢ pa3paboTkoii obImx
METO/IOB OTBICKAHWS TOATPYIN B KOHEYHBIX PA3PEIUMbIX rpymmax. Kiacc KOHEYHBIX TPYIN HABBIBAIOT
popmayueti, €CIU OH 3aMKHYT OTHOCUTEBHO B3ATHS TOMOMOPMHBIX 00PA30B U KOHEYHBIX MOIIPSIMBIX
npousBenenuii. B Toit ke pabore B. Tamrona 6611 BIepBbIe BBIASTEH BAXKHBIN 171 MPUIOKEHUH KJIacC
HacOeHHbr (popManuii U TPeIoKeH CIOCO00 KOHCTPYUPOBAHUS TAKOrO Pofa (pOpMalyii npu HOMOIIA
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cuenuanbabix dyskuuii. Ycranosiennas A. H. Ckuboii [1986] moxysspHocTb perierku Beex hopMmanuii,
a TAK2Ke PeIIeTKU BCEX HACHIMEHHBIX (hOpMAIuil, CTajga OCHOBOM B UCIOIb30BAHUN PEHIETOYHBIX METO/IOB
JIJIST PEITIeHNsT MHOTHX OTKPBITHIX BOMPOCOB Teopun (popMarmii KOHeUHbIX Tpyni. OCHOBHBIE PE3YIbTATHI
CTPYKTYpHOU Teopun dopmarimii u3jioxensl B Kaurax JI. A. [llemerkoBa, A. H. CkubbI 1 1pyrux aBTOpOB
[IIlemerxos, Cxuba, 1989; Doerk, Hawkes, 1992; Cku6a, 1997; Guo, 2000; Ballester-Bolinches, Ezquerro,
2006; Bopobbes, 2012]. Psi cBoiicTB penierku Bcex TOTAJIbHO HACBILIEHHbIX (opMaluii yCTaHOBJEH B
paborax A. H. Cxubsi, H. H. Bopobbesa u apyrux asropos [Ckuba, 1997; Bopobbes, 2000; Cadonos,
2007; Cadoros, 2008; Cadonos, 2010]. M3yyennio CBONCTB PEIETKH BCEX TOTAIHHO KOMIO3UIMOHHBIX
dbopmanuit mocesmensr padorer A. A. Iapesa [Tsarev, 2018a; Tsarev, 2019].

B 1999 rony B Teopuu dopmarmit A. H. Ckuboit u JI. A. IIlemeTkoBbIM ObLIT MPEJIOXKEH TOIXOI, WC-
nosb3yfomuit uiaen yacrugnoii [[Ilemerxos, 1984] u kparuoit (roranbhoit) [Cxkuba, 1987] naceienHocTy
dbopmanum, obbennHeHHBIE B TIOHATHH N-KPaTHO (TOTAJIBHO) w-HachImeHHOH dopmannn [Ckuba, le-
MeTKOB, 1999]. anpHe#mnM pa3BuTHEM Wil W Pe3yabTaToB Teopun (hopMaluii SBUIOCH MepeHeCeHne
JIAHHOTO MOJXO/1a Ha Gojiee MMPOKHH KJIACC YaCTHYHO KOMIO3MIMOHHBIX dopMarmii [Ckuba, ITemer-
k0B, 2000]. Ocobast poJib YaCTUUHO TOTAIBHO HACBIIEHHBIX (KOMIIO3UIMOHHBIX) (hopMaluii 00yci0BIeHa
MpPEXKJIe BCErO Te€M, 9TO OOJBIIMHCTBO HAUOO/Iee U3BECTHHIX KOHKPETHBIX KJIACCOB KOHEYHBIX I'PYII siB-
JIAIOTCS YACTUYHO TOTAJIBHO HACKHIIEHHBIMY (KOMIO3UIMOHHBIME) (GOPMALUAMHA, U TTOITOMY OHU HAHOO-
Jlee 9aCcTO MPUMEHSIIOTCS B PA3JIMYHBIX MPUJIOKEHUAX TEOPUU KJIACCOB KOHEUHBIX IpyIi. 3ydenue psaa
CBOMCTB peIeTKd JYaCTUIHO TOTAJIHHO HACHIMEHHBIX dopmanmii mposemaero B paborax B. I'. Cadonosa
u apyrux asropos [Cadonos, 2004; Cadonos, Cadonosa, 2014; Cadonos, Cadonosa, 2017; Illepbuna,
Cadonos, 2019a, 6]. Tem He menee B Hacrosiiee BpeMs penieTka (4acTUYHO) TOTAJILHO KOMIIO3HUIMOH-
HbIX (POpManuUil sABJISETCH OIHONW M3 MEHEee M3y4eHHbIX pelierok gopmaruii KonedHbix rpyii. O6 srom
CBUIETENLCTBYET PsiJl OTKPBITHIX BOPOCOB, MOCTaBIeHHBIX B paborax A. H. Ckubnr, JI. A. IllemerkoBa
u npyrux asropos [Ckuba, [ITemerkos, 2000; Skiba, Vorob’ev, 2013; Tsarev, Vorob’ev, 2018]. B Teopun
yacTugHO KoMmno3unuoHubix dopmarumii A. H. Cxuboit u JI. A. Ilemerkosbim [2000] GbLi1a ycranoBiieHa
MOJIYJISIPHOCTD U aJIr€OPandHOCTh PEIIeTKH BCEX N-KPATHO £ —KOMIIO3UIIMOHHBIX (DOpMAIuil Ipu JI060M
HATYPAIbHOM 71, & TAKZKe IIOCTaBJIeHa Ce/yiomas Ipobema: anrebpandHa /il PElIeTKa Co, BCeX TOTATbHO
L£-KOMTO3UIMOHHBIX hopmarmit (cum. mpobiema 1 [Ckuba, IIlemerkos, 2000]).

B coBmecrnoit pabore A. A. Ilapesa u H. H. Bopo6nesa [Tsarev, Vorob’ev, 2018] nocrasienbr BOnmpocht
00 anreOpamgHOCTH W MHIYKTHBHOCTH DEIIeTKH €, BCeX T-3aMKHYTBIX TOTATbHO W-KOMIO3HITHOHHDIX
dbopmanuit (cm. Bonpoc 5.5(1) u (2) [Tsarev, Vorob’ev, 2018]).

B nmanmoit paboTe Mbl JaeM MOJIOKUTEIBHBIE OTBETHI Ha 3TU BONPOCHL: JOKA3aHO, YTO PEIIeTKa C[,
BCEX T-3aMKHYTBIX TOTAJIBHO w-KOMIIO3UIMOHHbIX hopmanuil anrebpanyna (Teopema 3.1), a Takke ycra-
HOBJIEHA MHJ/LyKTUBHOCTH yKa3aHHOi pemerku (reopema 2.2).

1. IlpeaBapuresbuble cBelleHus. B nanbueiineM w, m 0603HAYAIOT HEKOTOPHIE HEMYCThIE MHOYKE-
CTBa MPOCTHIX YUCEJ, p U ¢—HEKOTOPbIE MPOCThie Yucyia, K XN A—molynpsMoe Tpou3BeieHue rpynmnbl K
C HEKOTOPO# Irpymnmoii oneparopos A 9Toit rpymmbl. [l Kask0ro MHOXKECTBA TMPOCTHIX YNCET T 9epes '
obozragaercs MHOXkecTBO P\ 7, e P—mHOoKecTBO Beex mpocthix guces. Cumon 7(G) obo3Hadaer MHO-
JKECTBO BCEX PA3JIMYHBIX IPOCTBIX jesuresieil nopsgka rpyiubl G, m(X)—obbenunenune muoxecrs m(G)
ans Beex rpymn G w3 X. [l mpomssostsHOTO KiTacca rpymm § O (1) cumson GY obo3mataeT mepecetenie
BCEX TaKNX HOpMaJbHbIX moarpynn N, uro G/N € §, cumpon Gz—NpOon3Be/ieHNe BCEX HOPMATIbHBIX §-
noarpynn rpynnsl G. CuMBosom (1) o6o3Hamaercs K1ace Beex equuudnbX rpynn. Cumsonst 6, &, 9,
S, m M, 0003HAYAIOT KJIACC BCEX TPYII, T-TPYI, p-TPYII, PA3PEIIAMbIX T-TPYIN U HAJIBIOTEHTHBIX
m-rpyiu coorsercrBento. Eciu m = &, 1o, no oupenenennio, B4 = Ny = G5 = (1).

ITonarator

0p(G) = Gm,, Ox(G) =Gs, R,(G)=Gs,, F(G)=Gs, m,.

Cuvpon CP(G) obo3Hauaer nepecevenne MEHTPAIN3aTOPOB BCEX TeX MIABHBIX (bakTOpoB rpymnmsl G,
YbU KOMIIO3UIMOHHBIE (haKTOPBI MMEIOT IPOCTOI MOpsiIoK p (ecau B rpynne G HeT Takux (PaKTOPOB, TO
nosaraior CP(G) = G).

Heepunnunas rpynna G Ha3bIBAETCH MOHOAUMUYECKOT, €CITH B HEHl HMEETC sl JINIIb O[HA MUHUMAJIbHAS
HOpMaJsbHas moarpynna (monosum rpymmbl G). s MpOM3BONBHON COBOKYMHOCTH Tpymnm cuMBoia (X)
obo3Ha"aeT abCTPAKTHOE 3aMbIKaHue X, T. €. KJIACC BCeX rpyii, n3oMopdHbX rpymmaMm 3 X. CuMBoIbI
K(X) u Com(X) 0603Ha4aI0OT KJIACC BCEX TEX IPOCTHIX IPYIII U COOTBETCTBEHHO KJIACC BCEX TEX MPOCTHIX
a6ene6bix TPYII, KOTOPbIE BCTPEUIAIOTCS B Ka9eCTBE KOMIIO3UITMOHHBIX (PAKTOPOB HEKOTOPBIX T'PYII W3
Xx.

Knacc Bcex mpocThIX Tpymn Mbl 0003HaYaeM CHMBOJIOM J. JIjisi TpOM3BOIBHOIO KJIACCA TPOCTHIX TPYIIT
T gepe3 T obosnaueno mMuOxkecTBO J \ T. Jljisi IPOU3BOJBHOIO HEIYCTOrO KJACCA HPOCTHIX rpymi £
gepe3 £ 0603HAMEHa COBOKYIIHOCTD BCeX abeIeBbIX Pyl u3 £, depe3 £ —COBOKYITHOCTD BCEX IIPOCTLIX
neabesnesbix rpyun u3 £ [Ckuba, [emerkos, 2000].
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i1t 1pou3BosIbHOIO Kitacca npocThix rpyii T cumsosn E(¥) o603HadaeT Kaacc BCeX TAKUX IPYIIIL, y
KOTOPBIX BCE KOMIIO3UIIMOHHBIE (pakTopbl npuHasiexar T. Ilo onpeneseHuo, eIMHUYHBIE TPYIIIbL IPU-
Harexar E(T).

IIycts f— npowmsBosbHast DYHKIUS BHIA

frwU{w'} = {popmaiuu rpynu}, (1)

rae f(w') # @ (Popmayuonnan w-Pynryua).
Caenys [Ckuba, Ilemerkos, 2000], conocrasum dyHkuuu f Kiaacc rpymmn

CF,(f) = (G| G/Ru(G) € f(w') m G/CP(G) € f(p) mnz Beex mpoctrix (Com(G)) Nw).

Hos r060it byukiuu f Buna (1) knace CF, (f) aBnserca dopmanueit. Eciu dopmanus § rakosa, 4ro
§ = CF,(f) nis nekoropoii dynkuuu Buga (1), 10 § HA3bIBAETCH W-KOMNOZUYUORHOT UIIU PA3PEUUMO
w-Hachuwernol Popmayuets ¢ w-komnosuyuonnum cnymuurom f [Crubda, Ilemerkos, 2000]. Ecan npu
9TOM BCe 3HaueHus f Jjiexkar B §, TO f HA3BIBAETCA 6HYyMpPerhum (WU NpueedeHHbiM) CILyTHUKOM.

Iycrs {f; | i € I}—npou3sBosibHbIE HAGOP W-KOMIIO3UIIMOHHBIX CIIyTHUKOB. depe3 Z_QI fi obozHauaoT

TaKO# w-KOMLO3UUMOHHBLA cuyTHuk f, uro f(a) = o fi(a) ana Beex a € wU {w'}. Ilycrs f u h—
[4S

W-KOMIIO3UIUOHHBIE criyTHuKEU. Torpa nmonaraor f < h, eciu f(a) C h(a) mns Beex a € w U {w'}.
Coruacuo 3amevanuto 1 [Ckuba, Hlemerkos, 2000] mobast w-komno3uimontas Gopmanus § uMeer
TaKol w-KOMIO3UIMOHHbIA cuyruuk F, uro F(w') = § u F(p) = N,F(p) C § 4 Beex p € w, u,
KpPOME TOTO0, JJisl TPOMU3BOJILHOIO BHYTPEHHETO W-KOMITO3UIIMOHHOTO CITYTHUKA, f (bopmaruu § nmeet Mecto
f < F. Coytauk F HA3bIBAETCH KAHOHUUECKUM W-KOMNO3ULUOHHBIM CIYMHUKOM dopMarun §.
ITycts X— mpom3BosIbHAS COBOKYITHOCTH TPy, p—IpocTtoe ducio. Torga mogaraior (cM.[Ckuba, le-
merkoB, 2000]):

x(CP) = form (G/CP(G) | G € X), ecmm p € m(Com(X)) Nw,
@, eciim p € P\ (Com(X)) Nw.

IIycrs A, B — rpynmsl, ¢ : A — B — stumopdusm, ) u 3 — HeKOTOpbIe CHCTeMbl oArpynn B A u B
coorsercrBento. Torga yepes ¥ obosnauaercs muoxkecrso {HY | H € )}, a yepe3 %9 — MHOXKECTBO
{H“‘f1 | H € ¥} Bcex mosbIx 1poo6pa3os B A Bcex rpymn u3 3.

[Tycrs X — nmpou3BOJIBHBIN HEIyCTON KJace IPYI U Beskoit rpymnmne G € X comocraBiieHa HEKOTOPast
cucrema ee nourpyui 7(G). Tosopsit, yro 7 — nodepynnosoti X-gynxmop B cmbicae A. H. Ckubbr [1997]
(unu, unaue, T-nodepynnosot gynrmop na X), ecau 1 Beakoro snumopdusma ¢ : A — B tne A, B € X,
somonnenst prmouerns (7(A))¢ C 7(B), (7(B))¢ ' C 7(A) u, xkpome Toro, ams moGoii rpymmer G € X
umeer mecto G € 7(G). Ecmm X = & — kjacc Bcex rpymnm, TO CUMBOJ X OIyCKalOT U TOBOPAT IPOCTO
o noarpynnosom ¢yukrope. Yepez S(G) o603HaYAIOT COBOKYNHOCTH BCeX HOArpymi rpyinbl G, depe3
S, (G) — coBokynHOCTb BCEX HOpMaJbHbIX HoArpynu rpymibl G. oarpynnosoit dbyHkTop T Ha3bIBaeTCSH
mpusuasvhoim, ecn 7(G) = {G}, edunuunvim, econ 7(G) = S(G) pna mo6oit rpynuet G. Knace rpynn
T HasbIBaercs T-3amkrymoim, ecin 7(G) C § nas moboit rpynmel G € .

Bynem paccmarpuBaTh TOJBKO TaKWe TOATPYINOBbIE (DYHKTOPHI 7, UTO IJis Ji00oi rpymnmsl G Bee
noarpynnel, xogime B 7(G), cybuopManbibl B G. Hanomuum, 9To pewemnxoti Ha3blBaeTCs 4aCTUIHO
YIIOPSZOIEHHOE MHOXKECTBO L, B KOTOPOM JIOOBIE /IBA 9JEMEHTA MMEIOT TOYHYI0 HUXKHIOK TPaHb, 060-
3HAYAEMYIO0 T A Y, U TOYHYIO BEDXHIOIO I'DaHb, obo3navyaemyio = V y [Bupkrod, 1984, c. 18]. Pewerka L
Ha3bIBAETCA N0AHOU, €CIN JII000e ee TOAMHOKECTBO X WMeeT B L TOUHbIE BEPXHIO W HUYKHIOI T'PAHU.
Iodpewemrkoti pererku L HazbiBaeTCst moaMuOkecTBO ¥ C L Takoe, utoecmua € Y, b€ Y, toaNbe Y
u aVb e Y. llogpemerka pemeTku caMa SBJISETCS PEIMIETKON ¢ TeMH YKe ONepanusiMu O0beIUHEHUS U
HepecedeHns. JJeMeHT q pemrerkn L HazbIBaeTcs xomnaxmuom, ecnn u3 a < V(z; | j € J) cremyer
a < V(zj | j € F) ana HeKoTOporo KoHewdHoro moamuoxkecrsa F' C J. Pemerka L masbiBaeTcs asze6-
pauneckoll, ecau KaxKapli siemeHT a € L saBisiercs 00beJMHEHNEM KOMIIAKTHBIX 3JIEMEHTOB PelleTKu
L.

Hemycryio coBokymHOCTH hopMarnuii © Ha3bIBAIOT noanol pewemkol gopmayud [Crubda, 1997; Cruba,
ITemerkon, 2000], eciu nepecedenue ar0d0ii coBokynHocTu (opManuii u3 O cHoBa npuHaIeKUT © U BO
MHOXKecTBe © mmeercs takas ¢opmanus §, yro ) C § mua aroboit popmanuu §H € ©. Popmanuu u3 O
HazbBaloT O-gopmayusmu. Cuyrauk [ HaspiBaercs O-3HauHbLM, €CJIA BCE €r0 3HAYCHUS [IPUHAITIEZKAT
O. CumBojioM ©“c 0603HATAETCS COBOKYITHOCTH BCeX (POpMAIHii, KOTOPhIE O0IAAI0T W-KOMIIO3UITHOHHBIM
O-3HAYHBIM CITYTHUKOM.

IMonnas pererka dbopmarmit © HaszbIBaeTCH wacmuwhol aszebpoli opmayut (cum. [Ckuba, 1997]), ecaun
JI7s 0000 IPOCTOTO YHCAa P U A7d moboi dbopmammm § € © nmeer mecto N,§ € O©. Ilonmnag pemerka
dbopmanuit © naspBaerca undykmuenot (cm. [Cxuba, 1997]), ecnu mus moboro nabopa {F; | i@ € I}
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dopmanuit §; € O% u pus moboro wabopa {f; | ¢ € I} BHYTPEHHUX W-KOMIIO3UIMOHHBIX ©-3HAUHBIX
cuyTHuKoB, rae §; = CF,(f;), umeer mecro

Vewe (§i | i € I) = CFy(Ve(fi | i € I)).

A. H. Ckuboit BBesierbl KpaTHO JoKajibHble hopmanuu [Ckubda, 1987]. Cieays nanHOl KOHIENIIMY, IO
6as hopmarust canraercs 0-Kpamro w-Komno3uyuorHot, a npu n > 1 dopmanmus § Ha3bIBAETCH N-KPAMHO
w-komnozuyuonnot, eciu § = CF,(f), rue Bce 3nadenus f spisorcs (n—1)-KpaTHo w-KOMIIO3UIMOHHBIM
dbopmanmamu [Ckuba, Illemerkon, 2000]. @opmaryst F HA3BIBAETCS MOMAALHO W-KOMNO3UYUOHHOT, €CITH
OHA N-KPATHO W-KOMITO3WIMOHHA I BCeX n. Ecau mpu 3ToM dopMmanus § ABASETCa T-3aMKHYTOH, TO
$ Ha3BIBAETCS T-3AMKHYMOU N-KPATNHO W-KOMNOZUYUORHOT U COOTBETCTBEHHO T-3AMEHYMOT MOMANbHO
W-KOMNO3UYUOHHOU.

Cumposom ¢, 0003HAYAIOT COBOKYMHOCTH BCEX T-3AMKHYTBIX TOTATHLHO W-KOMIO3UIHOHHBLIX (Hop-
manuil. Ecmn w = P, T0o BMECTO CUMBOIA Cp_ MCHOJB3YIOT CUMBOI €7, O003HAYas COBOKYIHOCTb BCEX
T-3aMKHYTBIX TOTAJIFHO KOMIIO3UITHOHHBIX (DOPMAITHIA.

Ecnu 7-TpuBHATIBHBIN TOAPYHIIOBOH (DYHKTOP, TO BMECTO CUMBOJA Cy, I OOO3HAYEHUS COBOKYII-
HOCTH BCEX TOTAJBHO W-KOMIIO3UIIMOHHBIX (hopMaluil 0OBIYHO UCIONb3YIOT CUMBOJI €.

[Tycrs X— mekoropas cOBOKymHOCTH rpymm. Yepes cf, form X oGozmagaior nepecevenue BCex T-
3aMKHYTBIX TOTAJIbHO W-KOMIIO3UIIMOHHBIX bopmaruii, comepxkamux X. Popmanuio Chos form X ma3biBa-
0T T-3GMKEHYMOT MOMAALHO W-KOMNOZUYUOHHOT Popmarueti, noporciennoti cosokynnocmsio 2pynn X.
Ecmm X = {G}, ro ¢]_formX = c],_form G naspisaior 0dnonoposicdennoti T-3amEnymoti momanbo
W-KOMNO3UYUUOHHOT Popmavued.

Jl71st JTI00BIX T-3aMKHYTHIX TOTAJIHHO W-KOMITO3UIMOHHEIX (hopmanmiit I u § mosararor

MV $H=c,_form (MU H).

[} T w TC

HCpI/I 9TOM /1 0O03HAUEHNU BepXHEHl TPAHU B PEIIETKAX cL, B ¢ Oy/leM UCIOJb30BATh CHMBOJBL V7
u V&, COOTBETCTBEHHO.

Beuay reopembr 1.6.4 [Bopobbes, 2012, ¢. 70] MHOKECTBO BCEX T-3aMKHYTHIX TOTAJIbHO W-KOMIIO3UI[UOH-

o T o T°
HbIX popManmit ¢, , 9aCTHIHO YTIOPATOICHHOE MO BKIIOYEHHIO, OTHOCHTETbHO onepanuit N u V],  aB/is-
ercs MOJTHOM pemreTkoit hpopMarimii.
. . -
w-KoMnosunuonuptii CiiyTHUK,, BCe 3HA9€HIA KOTOPOTO CyThb ¢, _~(hOpMaluu, HA3bIBACTCA C, _-3HAUHOLM.
. c .

IMycrs {f; | @ € I}— nekoropas cucrema c], -3Ha4HbIX cryTHukos. Torza wepes VI, (f; | i € I)

obosnagaerca Taxoil cuyruuk f, uro f(a) = ¢, _form (U fi(a)) mna Beex a € w U {w'}, ecim no kpaiinei
i€l

Mepe ofHa n3 dbopmanmii f;(a) # &. B nporusrom ciydae monaraor f(a) = .
Iycrs {f; | i € I}—mnabop Beex w-KOMTOBUIHOHHBIX ¢, -3Ha9HBIX CIMyTHUKOB hopmanun §. Torma
B cumy aemmbl 2 [Cxuba, [lemerxos, 2000] f = N fi— wW-KOMIOBHIMOHHBIHA C], —3HAYHBINA CIyTHHK
i€l

dopmanuu §, HA3BIBAEMBII MUHUMANDHDLM.

B manbreitem HaM moHag00STCI HEKOTOPBIE U3BECTHBIE (DAKTHI Teopun (popMarnii KOHEIHBIX TPYIIII,
KOTOpBIE MBI CPOPMYTUPYEM B BUJE CIEAYIOIIUX JIEMM.

JIemma 1.1. [Ckuba, Hlemerkos, 2000]. ITycms X— nenycmasn cosokynuocms epynn, § = O¥form (X),
7 = m(Com(F)) Nw, u nycmo f—MuHUMAALHOIE W-KOMNOZUUUOHHULT O —3HauHbil CnYMHUK POPMALUL
§. Tozda cnpasedausv, caedyrowue ymeepHcoeHUR:

1) f(w') = 0Oform (G/R,(G) | G € 3F);

2) f(p) = Oform (X(CP)) dan scex p € 7;

3) f(p) =@ dan ecex p € w\ 7;

4) ecau F = CF,(h) u cnymnux h ©-3nauwen, mo 0aa 6Cex p € T UMEET MECTO

f(p) = ©form (G [ G € h(p) N T, Op(G) =1)

f(W') =6form (G | G € h(W')NF, R,(G) =1);
5) ecau E(KC(X)) € ©¥<, mo K(X) = K(F).

JIemma 1.2. [Ckuba, Hlemerkon, 2000]. ITycmo gopmayus § = M, 2de $H = CF,(h), M = CF,(m)
u cnymuuxu h u m asasomea enympennumu. Tozda ecau Nyony €M, mo §F = CF,(f), ede f(W') =F
u

m(p)$, ecaup € 7(Com(M)) Nw,

flp) = h(p), ecau p € w \ m(Com(9M)).
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JIemma 1.3. [Bopobbes, 2012, c. 66]. ITycmb §—paspewumo w-nacviwernnas gopmayus. Tozda cnpa-
6€0AUBYL CAEOYULUE YMEEPHCICHU:

1) ecau T umeem T-3HAUHOLT W-KOMNOSUYUOHHBIT CRYMHUK, TO §— T-3AMKHYMAL GOPMAYUA;

2) ecau F— T-3amMKEHYMAA HOPMAYUAL, MO €€ KAHOHUBECKUT W-KOMNOZUYUOHHBIT CRYMHUK ABAACTCH
T-3HAYHDLM.

JIemma 1.4. [Ckuba, IITemerkos, 2000]. ITycms ©—makaa noanas pewemsa dopmayut, wmo 0z
410600 Popmayuu $H € © gopmayua NpH € © npu wobom p € w, O¥ C O. Tozda ecau § = CF,(F) €
O, mo cnymnurx F O—3nauen.

JIemma 1.5. [Cadonos, 2007]. ITycmo IM—nenycman nacaedcmseennas Gopmayus, §—Henycmas -
samrrymas gopmayus. Toeda MF— T-3amrHymas Popmayus,.

JIemma 1.6. [Cxuba, 1997, c. 41]. ITycmo A—moHosumuseckas epynna ¢ Heabese6bM MOHOAUMOM,
M— nexomopas T-3amrnymasn nosydopmayua u A € [T form M. Tozda A € M.

JIemma 1.7. [Ckuba, 1997, c. 179]. Pewemxa ], asasemca anzebpauyeckot.

JIemma 1.8. [Ckuba, [Mlemerkos, 2000]. Ecau § = CF,(f) u

G/0p(G) € TN f(p)

a5 wexkomopozo p € w, mo G € §.

JIemma 1.9. [K. Doerk, T. Hawkes, 1992, p. 335]. ITycmo §—popmayus, R/S—mnopmarvraa cex-
yus §-2pynnv. G u K —nopmasvras nodepynna epynnot G, codepocawancs 6 Cq(R/S). Omuocumenvho
caedyrowezo deticmeus epynno G/K na R/S:

(r8)9E = g7rgS, rE€R, g€QG,

cocmasum noaynpamoe npoussedenue H = (R/S) N (G/K). Toeda H € §.

2. UHAyKTUBHOCTD PelIeTKH ¢/, BCeX T-3aMKHYTBIX TOTAJbHO W-KOMIIO3UIIMOHHBIX (op-
manuii. [lesbio JanHOro pasjesna siBjsieTcs: JOKA3aTeIbCTBO WHIYKTHBHOCTH IMIHPOKOrO KJIACCa MOJTHBIX
PEIeTOK YaCTUYHO KOMIOZUIMOHHBIX (DOPMAIM MPU JOCTATOYHO OBIIUX TPEINOIOKEHUAX (TeopeMa
2.1.). B kaJecTBe OCHOBHOTO CIIEICTBUS MBI MOTYYINM WHAYKTHBHOCTH DEmeTKH cl,  (Teopema 2.2.).

st moka3aTeahCTBa TEOPEM YCTAHOBUM HECKOJBKO BCIOMOTATETBLHBIX YTBEPIKICHUIA.

Jlemma 2.1. Pewemsxa ¢, 6CeT T-3aMKEHYMBLT MOMAAOHO W-KOMNOSUUUOHHHLT HOPMAyUT AGAACMCA
wacmuyrotl asrzebpoti Popmayut.

HoxkazareabcTBo. [IpoBepum, 910 71 J1F000T0 TPOCTOTO YUC/IA P U BCAKON T-3aMKHYTON TOTAJIBHO
Pa3pentnMo w-HackIeHnoi gopmannn § dopmanua M = N,$H TakKe gBAAETCA T-3aMKHYTOH TOTATBHO
pa3penmmo w-HACIIEHHON!.

IMockompky dopmanms H— T-3aMKHyTasdg, To 1m0 gemmMe 1.5. dopmanna MM = 91, Takxe Apagerca
T-3aMKHYTO# (bopmarueii.

Hokaxkewm, aro dopmarmsa I ToranbHO paspermuMo w-uackimena. O6o3nadum depe3 h BHYTpPeHHUI
W-KOMIIOBUIMOHHDBIH ¢J, —3Ha4HbIH CiyTHUK dopmanun 5.

ITycTs BHAuasne p € w. Popmanua N, nMeeT TaKoif BHYTPEHHWH W-KOMTIO3WIINOHHBIN CITyTHUK 1M, ITO
m(p) = (1), m(w') = (1) u m(q) = @ ans Beex ¢ € w \ {p}. Beuny memmsr 1.2. dbopmanus M nmeer
cuyTHuK f, yaosierBopstomuit ycaosusm: f(p) = 9, f(w') =M u f(¢) = h(q) maa awoboro ¢ € w \ {p}.
[Tockonbky 9 € ¢, , T0 M ABAAETCS N—KPATHO PA3PEIINMO W-HACBIIIEHHOM /71s JIF0OOr0 HATYPATLHOTO
n. CaenoBaresbHO, JM—TOTATBHO PA3PEINNMO W-HACHIIEHHAs (DOPMAIUS.

IIycts Temeps p ¢ w. B atom caywae dpopManus N, UMeeT Tako#l BHYTPEHHHUN w-KOMIIO3UIMOHHDIH
CIyTHHK M, 9T0 m(q) = & aug Beex ¢ € w 1 m(w') = M,. Torga cormacuo semme 1.2., dopmarms M
umeer cryTHUK f, Takoii, uro f(q) = h(q) mus moboro g € wu f(w') = M. Caenosarensbro, IM—roTaNbHO
paspemumMo w-Hacelennas gopmanus. Takum obpazom, M € ¢/, . A

JIemma 2.2. ITycrs § = CF,(F)— T-3aMKHYyTas TOTAJIRHO Ww-KOMIO3UIHOHHAs hopmarsi. Torga
KaHOHMYECKHil CIyTHUK F' ABJIACTCA [, -3HATHBIM.

HoxkazarenbcrBo. [Ipexxae Beero samernm, uto F(w') = § € c,_. Kpome toro, 3 memmer 1.1
caenyer, o ecim p € w\7(Com(s)), o F(p) = @ € ¢,__. Iloxaxem, uro s moboro p € m(Com(F)) Nw
umeer mecro F(p) € ¢, . Ilockonbky § € ¢, 1o § = CF,(f), rae cuyruux f apigerca ¢ -3Ha4HbIM.
IMosTomy § € (¢, )¥=. Torma, yaurnsiBast oueBuIHOE BKIOUeHue ()% C ¢ u nemmy 2.1, u3 memmsr 1.4
nomy4daeM F(p) € ¢ . VI3 mepBoro ytBep:KaeHus jemMMbl 1.3 cienyer, uro dopmanus F(p) spisercs 7-
samMkHyTOi. Takmm obpasom, bopmarmsa F(a) € ¢, ana Beex a € wU{w'}. Crenosarensbro, cnyTauk F
spigercd ¢, -3naqnbiv. W

HermocpencTBenno n3 onpeseneHuit 1 mepBoro yTBEPKACHUS JeMMbI 1.3 BBITEKAeT CAeAYIONast JeMMa.

JIlemma 2.3. Ilycrs § = CF,(f), rae f— w-KOMIO3UIHOHHBII ¢, ~3HAYHBII CIyTHUK popManun §.
Torna § sABAsIETCS T-3aMKHYTOH TOTATBHO W-KOMIIO3HITHOHHOH ¢bopMaIimer.

Cuteyronuii pe3ysibrar sBIsSeTCs IPsAMbIM CJeJCTBUEM JjieMM 2.2 u 2.3,
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Jlemma 2.4. Cupasenmpo pasencrso (cl,_)“° = ¢

B nasbueiiiem, yunrbisas 3amedanue 3 [Ckuba, Illemerkos, 2000], Mt nosiaraem £ = £ upu srom
(L) = w. YunursiBas TakKe, 4TO st 000 MONHO# pererkn dopmanuit © coBOKymHOCTH O Beex
dopmanmii, KOTOpble MMEIOT W-KOMIIO3UIIUOHHbIN ©O-3HAYHBIN CIyTHUK, — MOJIHAs peIneTka (opMaruii
(cm. oppobree [Ckuba, lemerkos, 2000]), o6o3naunm uepe3 M rakyio dopmanuio uz 0¥, uro H C M
114 BCex §) € OWe,

Jlemma 2.5. ITycrs ©— nosmast pemerka gpopmaiuii, X— rakast HEIycrasi COBOKYIIHOCTb TPYIII, 9TO
(X) C M, § = O%form (X). IIpeamonoknm Tak>ke, 4TO CYIECTBYIOT TaKHe KJIACCHI TIPOCTHIX TPyH ¥ i
L1, 9ro K(X) CT CKMM), TN L =K(X)N Ly, npuuem £ C £4. Torga ecin E(T) € ©¥, 1o

K(X)N e =K(F)N L.

B gacrrOCTH,

7(Com(X)) Nw = m(Com(F)) Nw.

HoxkaszaresbcrBo. Ilockonbky K(X) C T u E(T) € O%, ro, yaursBas pasencro C(E(T)) = %,
nmeeM (X) C E(T). Hosromy § = O%<form (X) C E(¥). U3 mocseHero BKIOYEHNS B CIILYy PABEHCTBA
TN L = K(X)N L noxygaem

KE) NS CTNE =K@X)NEL.

U3 sriouenus X C § caexyer, uro K(X) N Ly C K(F) N L. CrenosareibHo,
KE)NnL =KF) N L.

B wacraocTu, monaras £1 = £ u y9uThIBas, 9TO KJIACC £ COAEPAKUT TOIHKO abeI€BbI IPOCTHIE TPYIIIIbI
(HOps KU KOTOPBIX IPUHAJJIEZKAT W), U3 [OCJIEAHEr0 PABEHCTBA UMEeM

Com(X) N £ = Com(F) N L.

CrenoBareanHO,
7(Com(X)) Nw = 7(Com(F)) Nw,

9TO M 3aBepInaer Joka3areabcTso jeMMbl. ll
JIemma 2.6. ITycrs T-memycroii kiacc npocrbix rpymi, R = E(T), u mycrb r-Takoii w-KOMIIO3HIIHOHHBII
coyrank, 9ro r(w') =R m

(p) = R, ecmp e m(Com(T))Nw,
= @, ecmrp € w\m(Com(%)).

Torna R = CF,(r)— T-3aMKHyTast TOTaJbHO W-KOMIO3HIHOHHAsS (popManusi, a r = R— kaHoHmdYeckuii
¢, ~3HATHDIH CTIyTHUK.

HoxkasarenbcrBo. 3amernm, 4ro K(R) = K(E(T)) = %. Hosromy Com(R) = Com(%). Ilycrs
7 =m(Com(%)) Nw.

IMokaxem, uro R = CF,(r). Bxmouenne R C CF,(r) oueBnnuo. IIpeanonoxum, aro obGpaTHOe
BKJTIOYEHIe HeBepHO 1 G — TpyTma MUHIMATLHOTO mopsaaka u3 CF,(r) \ R ¢ monommrom P = G™*.

Ecan 7(Com(P)) Nw = &, to R, (G) = 1. 3uaunr,

G~ G/1=G/R,(G) erW)="R.

IIporuBopeune.

Crenosarensho, m(Com(P)) Nw # &. Ilycts p € m(Com(P)) Nw. Torga P— abenesa p-rpynna. Eciu
p ¢ 7, To BBULY ycnosuii r(p) = @ u p € w, umeem p ¢ 7(Com(G)) Nw. YaursiBas, 94T0 p € W, NOTYyIAEM
p ¢ 7(Com(Q)). Ilporneopeune. 3uaunt, p € . CiaenoBaTesnbHo,

G € MR = N,E(T) = E(T) = R.

BuoBb nosryuennoe nporuopedne nokasbiBaer, uro CF,(r) C PR. Takum obpazom, R = CF,(r).
B rmakom ciyuae dopmammsa R sABIseTcs n-KPaTHO w-KOMIIO3UITMOHHOW 11 JII0OOT0 HATYPAIBHOTO 1.
CrenoBarebHO, SR— TOTATIBHO W-KOMITO3UITHOHHA.

Kpowme roro, necioxkuo sujers, 4ro R = E(T) apugercsa S,-3aMmxuyroil popmanueit. Ilosromy, BBumy
OrpaHWYeHNst Ha MOArPYNMoBo# dbyHKTOD T (17151 11060# rpymbl G Bee MOArpy kI, BXosmme B 7(G), cy6-
HOPMaJIbHBI B (), OKOHYATENIBHO 3aK/II09aeM, 9T0 R ABJIIeTCA T-3aMKHYTOH TOTAIbHO W-KOMIIO3UIIUOHHON
dopmarnmei.

IMockombky auis moboro p € m umeer Mecto N,R = N, E(T) = E(T) = R, 3axmoqaeM, ITO I ABIIETCS
KAHOHMYECKHM €[, -3Ha4HbIM CIyTHUKOM dopmanuu R (cM. Taxxe jemma 2.2). W
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Jlemma 2.7. Ilycts X—npon3posibHasA HemycTas COBOKynHOCTb rpymr i § = ¢, _form X. Toraa umeer
MeCTO PABEHCTBO

Com(X) = Com(g).

B gacrrOCTH,

7(Com(X)) Nw = 7(Com(F)) Nw.

HokazarenbcTBo. O603HauNM depe3 JT Kaace BceX MPOCTHIX abeIeBLIX TPYI, a uepe3 J~ — KJIace
BCeX MpocThiX Heabesesbix Tpynn (J= = J = J\ JF). Ionowum T = Com(X)UT~, £, =TT, M= &
(— kmacc Becex rpymm). [TokaxkeM, 910 Jyist perierkn © = ¢],  BBIIOJHEHBI YCIOBUS JIEMMBI 2. 5

3amernm cHadasa, 9To COracHo reopeme 1.6.4 [Bopo6beB 2012 c. 70] M = & aBisercs HAaUOOIBIIIM
9JIEMEHTOM perierku O = . Hasee, necinoHO BH/ETh, 9YTO BBU/Y BbIOOpa KiaccoB T u £ uMeT
mecro Bkioverns K(X) C ‘I c IC( ) =7, £ C £;. Kpome Toro, Tak kax £; = J+— KIacc Bcex mpoCThIX
abeJieBbIX T'PYII, TO UMEIOT MECTO PABEHCTBA

TN L = Com(¥) = Com(X) = K(X)N L.

-
Haxowner, u3 memmer 2.6 cienyer, aro E(T) € ¢],

Taxum o6pa3oM, BCe YCA0BHA JIeMMbI 2.5 BLINOJIHEHbI. IIpuMeHsas ee ¢ yuerom pasencTsa £1 = JT,
[IOJIy 92eM

Com(X) = K(X)N £ = K(F) N L1 = Com(F).

IMocnennee yrBepK/ieHue JIeMMbl HELIOCPEACTBEHHO ciedyer u3 yxe jokaszansoro. ll

Beugy nemm 2.4 u 2.7 u3 meMMbI 1.1 BBITEKAET CIAEAYIONINH PE3YIHTAT.

Jlemma 2.8. Ilycts X—Hermycras cOBOKynmHOCTD rpyni, § = ¢, form X, f— munanMasbHbIil w-KOMIO3H-
OHOHHBI ¢, -3Ha9HbI ciyTHAK opmannn §, n mycts m = 7(Com (X)) Nw. Toraa cripaBeHBEI C1e1y-
IOLIHE YTBEPK ICHHSI:

1) f(w') =cl_form (G/R,(G) | G € X);

2) f(p) = ¢, _form (G/CP(G) | G € X) ama Bcex p € ;

3) f(p) =& mnsg Beex p € w\ 7;

4) ecmn § = CF,(h) n cnyTanK h c, _-3Had9eH, To JId BeeX p € T HMeeT MeCTO

f(p) = ¢ form (G| G € h(p)NT, Op(G) =1)

fW) =c,_form(G|G e h(Ww)NF, R,(G)=1);
5) m(Com(X)) Nw = 7(Com(F)) Nw.

Jlemma 2.9. Ilycrs ©—rakast mosiHast penierka (popMaruii, 9To /Il 000 HEmyCTOH COBOKYITHOCTH
rpynn X, takoit, aro (X) C M, mmeer mecro m(Com(X)) Nw = m(Com(F)) Nw, rae § = O¥form (X). K
mycTh f; — MHEHAMAJIbHBIH W-KOMITO3HITHOHHBIH ©-3HAYHBII CIIy THHK popMmarnn §; € ©%¢, raeq € I. Torga
Ve (fi | i € I)— MuAIMATBHBI W-KOMIO3UIUOHHBIT ©-3Ha9HbIIT cIyTHUK hopmarmun § = Veow (§; |1 € I).

HokaszaresberBo. Ilyers f = Vo(f; | 4 € I) n h— MUHUMAITBHBIN w-KOMITO3UIMOHHBIN O-3HATHBIH
cuyTtauk (opmanuu §. Tak kak §; C 9N gs modoro i € I, 1o igj&- C M. CaenoBaTebHO, BBULY YCJIOBHUS

JIEMMBI, IMEEM ﬂ(Com(_gl&)) Nw = W(Com(g)) Nw. Iyers 7 = W(Com('gl&-)) Nw

IMokazewm, uro h = f. Ecau p € w\ 7, 10 cornacuo semme 1.1 miis aroboro @ € I umeer mecro f;(p) = 2.
Buauur, f(p) = &. Housirno raxkxke, uro h(p) = 2.

ITycrs remeps p € mNw. Torpa Hajigercs Takoe i € I, uro f;(p) # &. Beuay aemmsr 1.1 nmeror mMecto
DPABEHCTBA

h(p) = Oform (G/CP(G) | G € U §:) = Oform (U Oform (G/C7(G) | G € §2) =
= Oform (U fi(p)) = (Ve(fi | i € I))(p) = f(p).
Kpone Toro, us sesmbi 1.1 ceyer, 410
h(w') = ©form (G/R.,(G) | G € UF:) = Oform (U Oform (G/Ru(C) | G € 1)) =
= Oform (U /i) = (Ve(fi | i € D)) = /().

Takum obpazom, h = f.
[Tonaras B temme 2.9 © = ¢, u yuuTbiBag geMmy 2.7, TIOTydaeM CIEIyONIy0 JeMMy.
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Jlemma 2.10. Ilycrp f;—MHHHMAJIBHBIH W-KOMIO3HIHOHHBII ¢l,. —3HAYHBIN COyTHHK T-3aMKHYTOI
TOTAJIBHO W-KOMIIO3HITHOHHOH popmaruu §;, rae i € I. Torga \/L;( fi | © € I) —mMunumasbubli w-
KOMITO3HIIHOHHBII C[, -3HAYHBII CITyTHUK dopmanun § = \/L; (Filiel).

Tenepb MbI FOTOBBI JIOKA3aTh OCHOBHON PE3YIbTAT JAHHOTO PA3JIesia.

Teopema 2.1. Ilycrs © — rakas nosiHas pewerka popManuii, 4o jiJjis JIOOOH HEILyCTOH COBOKYIIHOCTH
rpymm X, takoit, aro (X) C M, mueer mecro 7(Com(X)) Nw = 7(Com(F)) Nw, rae § = O“form (X).
N nycre ama moboit popmanmn §) € © popmarnma Ny$H € © 11a Beex p € w, OY C O. Torga penrerka
¢dopmanuii © nHIYKTHBHA.

HoxkazarenberBo. [Iycrs {§; = CF,(f;) | ¢ € I} —npoussosbhblii Habop dopmanuit uz %<, rue
fi— HEKOTODbIN BHYTPEHHUN W-KOMIIO3UITMOHHBIH O-3Ha4nblil ciyTHUK. Obo3HadnM depes § GopMaruro
Veowe (§; | ¢ € I). Ilokaxkewm, uro § = CF,(Vo(f; |i €I)).

Beenem caenyromme obo3HaueHus: h;— MHUHUMAJIBHBIN W-KOMIIO3UIIMOHHBIH ©O—3HAYHBINA CIyTHUK
dopmanuu §; = CF,(F;), i € I, § = CF,(F), h—MuHUMAa/IbHBIN W-KOMIIO3UIMOHHDI O-3HAYHbIH CIIyT-
nuk ¢dopmaruu §. Kpome toro, cuuraem, uro p € w. Torga cornacuo semme 2.9 h = Vo(h; | @ € I).
Beuay zameuanus 1 [Cxuba, Illemerkos, 2000] u jemmbl 1.4 uMerOT MECTO BKJIIOYEHUSs

hi(p) C fi(p) € Myhi(p) = Fi(p) € ©.

Bsumy toro, aro
MNphi(p) SNy (Vel(hi(p) i€ 1)) m Ny(Velhi(p) | i€ 1)) €O,

nMeeEM

Oform (U 9, hi(p)) € Oform (R, (Ve(hi(p) |i € 1)) = My (Vo halp) | i € 1))
Cutes10BaTeNIbHO,
h(p) = Oform (U hi(p)) € Oform (U fi(p)) = f(p) € Oform (U Myhi(p)) <
C Np(Ve(hi(p) | i € 1)) = Mh(p) = F(p).

Uraxk, h(p) C f(p) C F(p) mnst Bcex p € w.
Kpowme Toro, mockombsKy

hi(w') - fi(w’) C Fi(w') =3, €0 u O C O,
CHpaBeIl;.HI/IBbI BKJIIOYEHU A

U Fz(w’)) =

iel

h(w") = ©form (iglhi(w’)) C Oform (iglfi(w’)) = f(w") C Oform (
= Oform (g.r%z) C 6“<form (g}&) =F=F).

Buauut, h(w') C f(w') C F(w'). Takum obpasom, h < f < F, u nosromy § = CF,(f). R

OrmMernM, YTO JOKA3aHHASI TEOPEMa sIBJIsIeTCs 0DODIIEHNEM COOTBETCTBYIOIIETO YTBEPIK/IEHHS T€Ope-
mbl paborsl H. H. Bopo6besa [2000] Ha cirydaii pemnerok 4acTUYHO KOMIO3UIMOHHBIX (opMaliuii.

U3 reopemsbr 2.1 BBuy nokasarenbcrsa jgemmbl 4.6.1 [Bopobbes, 2012, c. 213], a rakxe semm 4.6.3 u
4.6.4 [Bopobbes, 2012, c. 216], Bbirekaer

CuencrBue 2.1. [BopobGnen, Iapes, 2010; ZKusuesckwuit, 2010]. Perrerrxa cl, BCEX T-3aMKHYTBIX
N-KPATHO W-KOMIIO3UI[HOHHBIX (hOpMAIUI HHIYKTHBHA.

YaureiBas gemmbt 2.1, 2.4 u 2.7, u3 Teopembr 2.1 TOIy9aeM CaeAyOMUNA PE3YABTAT, KOTOPBI sBISAETCS
HOJIOKUTENBHBIM 0TBeTOM Ha Bompoc 5.5(2) [Tsarev, Vorob’ev, 2018].

Teopema 2.2. Peuierka ¢/,  BCex T-3aMKHYTbIX TOTaJIbHO W-KOMIO3UIIHOHHbIX (POPMALMIl HH/IyKTHB-
Ha.

IMockobKy KazKaas MoJIHAs TOAPeIeTKa MHYKTHBHON PENIETKY TakKe ABJISeTCsd UHIYKTUBHON (CM.
[Cxuba, 1997, c. 155]), u3 reopembr 2.2 noxygaem

.

Caencrsue 2.2 Karjas no/Has 1ojpeinerka pemerkn ¢,  HHJAyKTHBHA.

OrMeruM TakzKe CJIeLyTOIIue BAXKHbIE CJIECTBUS.

Eciu 7-TpuBMaIbHbIN TOArPYNNOBOil (DYHKTOD, TO U3 TEOPEMBI 2.2 BHITEKAET

CanepncrBue 2.3. Pemrerka ¢, Bcex TOTaIbHO w-KOMIO3HIIHOHHBIX (hopMaIii HHTYKTHBHA.

B cayuaae, xorga 7(G) = S,,(G) ans n060ii rpynubt G, u3 TeopeMbl 2.2 MoJIydaeM

CaencrBue 2.4. Pemerka Bcex HOpMAaJIbHO HACAEJCTBEHHBIX TOTAIBHO W-KOMIIO3UIIHOHHBIX (pOpMa-
[uil HHTYKTHBHA.
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Ecnu w = {p}, To u3 reopemsl 2.2 umeem

Caencreue 2.5. Pewerka ¢, BCeX T-3aMKHYTbIX TOTaJIbHO P-KOMIO3UIIHOHHBIX hopManuii HH1yK-
THBHA.

Eciu w = P—MHOX)eCTBO BCEX MPOCTHIX YUCEJI, U3 TEOPEMbI 2.2 MOJIydaeM

CuaencrBue 2.6. [Tsarev, 2018]. Pemerka ¢, Bcex T-3aMKHYTBIX TOTaJIbHO KOMIO3HIIHOHHBIX POp-
Manuid HHAYKTUBHA.

3. Asire6panvHOCTD PEIeTKH c;, BCeX T-3aMKHYTBIX TOTAJIbHO W-KOMIIO3UITMOHHBIX (op-
Manmii. /[ J0Ka3aTenbeTBa anredpavHOCTH PEIIeTKH ¢, HAM TOHAI00ATCSA CIEMYIONHue BCIOMOTa-
TeJIbHBIE YTBEePIKICHUSI.

Jlemma 3.1. Ilyctp §—Hemycras T-3aMKHyTast (DOPMAIIHST, T— TaKOe MHOYKECTBO MPOCTHIX JHCEJI, ITO
W(Com(S)) Nw C 7. Torma popmarusa G, § ABAIETCS T-3aMKHYTOIH TOTATBHO W-KOMIIO3HIIHOHHOH pop-
marmuei.

HoxkaszarenbcrBo. Eciiu m = &, 1o BBuny upumepa 1 [Ckuba, Hlemerkos, 2000] SxF = (1)§ =
§—TOTaIbHO W-KOMITO3UIMOHHA, U YTBEPKIEHNE JIEMMbI BEPHO.

IMpennonoxum, uro © # . Ilokaxkem, uro dopmanus S § gBIIETCS TOTAJIBHO PA3PEIIAMO W-
Hacsimennoit. Ilycrs € = (Z, | p € w), rme Z, —rpynmna mpocroro mopsaka p. Toraa, ogesugno, &, =
E(%T). 3amerum Takxe, uro 7(Com(T)) = 7(Com(S,)) = 7. Torga seuay semmst 2.6 &, = CF,(K),
rne K(w') = &,, K(p) =&, npu mobom p € TNw u K(p) = @ npu p € w \ 7. U3 ycnosusa caenyer, 9to

W(Com(ﬁ)) NwCm= ﬂ'(Com(Gﬂ)).

VuuThIBas MOC/IEIHEE BKIIOUEHNE, 3 TakxKe jJemMMmy 1.2, 3axiodaem, uro dopmanusa S, § nmeet Takoit
W-KOMTIO3MIMOHHBI CIyTHUK t, 9T0 t(w') = 6,5, t(p) = K(p)F = &,F npu nobom p € T Nw u t(p) = &
opu p € w \ 7 (cMm. Takke memma 4.5 [Guo et al., 2007] u aemma 3.3.8 [Cenbkun, 2011]). ITosTomy
&, F dBisgercs n—KpaTHO Pas3pellrMO w-HACBIEHHON Ay aoboro HarypaibHoro n. CremoBaTenbHO,
&, §—TOTaJIbHO Pa3pemnMo wW-HAChIIeHHAs (hopMarus.

IMockonwbky dhopmarust S, HACTEICTBEHHA, TO BBUILY JileMMbI 1.5 dhopmanus &, F ABIIETCST T-3aMKHYTOMN.
Takum obpazom, &,F — T-3aMKHyTasi TOTAJBHO w-KoMTo3uImonnas dpopmarus. Hl

Jlemma 3.1. Ilyctp §) = ¢, form (Z_Léll&), e §;— T-3aMKHyTasi TOTaJIbHO W-KOMIIO3UIIHOHHAS (POop-

mvanus (i € I), A € H—moronurnaeckas rpynna. Torna ecom Soc(A)—neabenepa rpynna, To A € UI%Z-.
i€

Hoka3saresbcTBo. Ilycrs A—rpyiina u3 ycjaoBus JeMMbl, T = 7T<COH1( UI&D Nw. Beuay nemwmbr 2.7
i€

W(Com(igl&')) Nw = m(Com(H)) Nw.

Buaunt, = 7(Com($)) Nw. Cormacro memme 3.1
Sprform (U F;) € ¢/,
i€l o

ITosTromy
cl,_form (U F;) C Srrform (U F;).
o el i€l

Buaunt, A € &, 7form (_UI&-). [lockombKy Soc(A)—HeabeneBa rpymma, TO
1€
A fi ;).
€ tform (iLEJI&)

Torna Beaencrsue jgemmbl 1.6 3aksodaem, uro A € U F;. B
i€l

OCHOBHBIM pe3yJIbTaToOM PabOThI ABJIAETCS CJIELYIOIIas TEOPEMA, KOTOPas JAET II0JI0KATE/IbHbIA OTBET
Ha Boupoc 5.5(1) [Tsarev, Vorob’ev, 2018].

Teopema 3.1. Pemerka ¢, Bcex T-3aMKHYTBHIX TOTaJbHO W-KOMIOZHITHOHHBIX (popMalmii SBISeTC
aJrebpamIecKori.

oka3zaresabcrBo. [lokazkeMm BHaUaje, 910 JJjist 000N rpynmbl A OTHOMOPOXKIEHHAS T-3aMKHYTAsT
TOTATBHO W-Kommosunuonnas Qopmamusa § = ¢/, form A aBigercs KOMIAKTHBIM 3JE€MEHTOM DeIeTKH
e -

[Ipeanonozxum nporusnoe. Torpa cymecrsytor rpynna A u gopmanuu §; € ¢, rae i € I, Takue,
970

§=c, formAC $ =¢] form (_U Sz)
i > i€l

1, KpOMe TOTO,
F=c formA ¢ ¢/, form ( UJ%’j)
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Jtst io6oro KoredHoro noamuoxkectsa J C I. Ilycrb A—rpynna MEUHUMAJIBHOTO TOPSIIKA CPEIU IPYIIT

¢ rakuM cBoiicreom. ITokazkem, yro rpyuna A monosurudda. Jonycrum, uro N1 u No— jBe pasjiddHble

MUHIMATbHBIE HOpMaIbHble moarpymmel Tpymmer A. Tlyers £ = ¢, _form (A/Ny), M = ¢, _form (A/Ns).
Iockombky |A/Ny| < |A] m |A/N3| < |A|, To BBULY BBIOOpA IPYMITEl A U3 BKIIOYEHMIT

£=c _formA/N; C $ = ¢, form (iLeJI%i)’

M =c], _formA/N; C §H = ¢/, _form (.UI&-)
1€

CJIeIyeT, ITO HANIYTCA Takue HADODPBI UWHIAEKCOB i1, . ..,ix € I U ji,...,5 € I, aT0

£ C ¢, _form (F;, U...UTF;,),
M C e, _form (T, U...UTF;,).

CrenoBareanHO,
F=LV, MCc, form(F; U...UFs UF;, U...UT;).

Monyuumu mporuBopedne. 3HAYUT, A—MOHOJUTHYIECKAS] TPYTIA.
ITycts P = Soc(A). Ilpexnonoxkum, yro P —neabenesa rpymnna. Torma, yuurbiBas ycioBue A €

7 form ( UISZ-) u nemmy 3.2, umeem A € UI{L-. ITosromy cymecTByer Takoil uumekc ig € I, aro A € §i,.
et i€ i€

CUJ
YuureiBasd, 9T0 §, — ¢, _-popmanusa, umeem § = ¢, _form A C §;,. [Iporusopeune.

CuteioBaresnibHo, P—abesieBa p-rpyiiiia Jjis HEKOTOPOro mpocroro yucia p. Ilycro
7 =7(Com( UF; ) Nw.
( (iel&)

oy SHAYWT,

ITpemonoxum, uro p ¢ w. Torma p ¢ w. Beuay nemmbr 3.1 GﬂTform(_UI&') €c’
1€
$ =c;_form (lgl&) C &, rform (ZLGJI&)

Tak kax
AeH=c] form(u&»)7
> i€l

TO UMEET MECTO

A € &, rform (lgl&)

IMockosbKy p € 7, TO
A € tform ( U Sz)
i€l

Torga, cormacuo gemme 1.7, HAWAYTCS TAKUE WHAEKCHI i1, ..., 1, € I, 9T0
rform A C rform (F;, U...UF;,. ).

13 BrmrouenHuns
rform (§;, U...US;,,) C ¢, _form (§;, U...UT;,,),

CJIEIYeT, uTo
rform A C ¢, form (§;; U...UF;,,).

CrenoBaTeIbHO,
c, form A C ¢, form (F;, U...UF;,).

IIporusopeune. Iosromy p € w. Tak kak A/P € $ u |A/P| < |A|, To B cmry BbiGOpa rpymmsr A
CYIIECTBYET TaKOi HAOOp WHIEKCOB i1,...,1s € I, 9TO

A/P € ¢, _form (§;; U...UF;,).

IIycte T = P N (A/CA(P)). Hockonbky A € §, To cornacuo jgemme 1.9 T € §. Bnaunt, T € ).
IMpeanonoxum, uro |T| < |A|. Torma BBUmy BBIGOpA rpymnnbl A HalAyTCsd TaKue WHIEKCHI
jl,...,jt GI, qTO
T ec, _form(F; U...UZFj,).

IMycts U = ¢, _ form (§;, U ... UF;, UF;, U...USFj,), v — HEKOTODBIt W-KOMIIO3UIIMOHHBIN CITyTHHK
dopmanun Y.

ITokazkem, uro B Takom ciaydae A € Y. dcuo, uro T € U u A/P € U. U3 onpenenenus rpymnbt T'
TaK>Ke CJIEeIYeT, YTO

AJCA(P) = T/P =T/Cr(P) = T/CP(T) € v(p).
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Iycrs CP(A/P) = C/P. Hockonsky A/P € 90, 10 nmeer MecTo
4/€ = (A4/P)/(C/P) = (A]P)/C?(A[P) € u(p).
Yuurssas, uto CP(A) = C N C4(P), nonydaem
A/CP(A) = A/(C N Ca(P)) € v(p).
Kpowme Toro, nockombky P C R, (A) u P C C%(A) mjst Bcex TPOCTHIX g # P, TO
R,(A/P)=R,(A)/P u CYA/P)=CIA)/P.
CuoBa mpuHMMas Bo BHUManue, ut0 A/P € U, numeem

A/Ry,(A) = (A/P)/(Ru(A)/P) = (A/P)/Ry(A/P) € v(w')

A/C1(A) = (A/P)/(CU(A)/P) = (A/P)/CUA/P) € v(q)
s gnoboro g € (m(Com(A)) Nw) \ {p}. Takum obpazom,

A/C"(A) € v(r)
s Beex m(Com(A)) Nw. Crenosarensho, A € U. B rakom ciydae
§=c, formACY=c] form(F; U...UF;, UF;, U...UZFj,).

IIporuBopeune.
Iostomy |T'| = |A|. Cnemoarensuo, P = C4(P), uro Beder

P =C4(P) = C?(G) = F,(A) = F(A) = 0,(A).

[ycrs f; 1 h— MUHUMATBHBIE W-KOMTIO3UIIMOHHBIE ¢, —3Ha9IHBIe CyTHUKH (opManuit §; u §) cooT-
BercreenHo (i € I). Torma BBy Jemmbr 2.10

h=V_(fili€l)
IMockomeky P = CP(A) n A € $, 10
AJP = AJCP(A) € hp) = (VI (fi | i € I)(0) = VI, (filw) | € 1.

Tax kaxk |A/P| < [A], To B cmmy BeiGopa rpymmbr A cymecTByer Tako#i Habop WHIEKCOB
J={j1,..-,Jn}, 9r0 . X
A/Pevg (fip)je ).

Benencrsue memmer 2.10 w = \/Z,; (filje J ) —MUHIMAJIHHBIN W-KOMITO3UITHOHHEIH €], —3HAMHBIH CITyT-
HUK opMaIn
W = \/:,oo(%j |7 €J).

CrenoBareabHO,

AJO,(A) = AJP eV _(fip) | i€ )= (VD_(fi 7€ )p)=wp).

ITockoBKY CIyTHUK w—BHYTPEHHWI, TO, TpuMeHsis jemMy 1.8, 3akaouaem, uro rpynmna A € J. Caemno-
BaTeJbHO,

§=c, formACW= \/L;(Sj WES j)

[Tomyuennoe MPOTHBOpEYNE MOKA3LIBAET, YTO §— KOMIAKTHBIN 3/IeMeHT pemeTku ¢, . ITockombky
J00asi T-3aMKHYyTas TOTAJIbHO W-KOMITO3WIMOHHASA (hOopMalns SBASETCS 00bEINHEHUEM CBOWX OIHOIIO-
POZKJIEHHBIX T-3aMKHYTBIX TOTATHHO W-KOMTO3HIMOHHBIX MozdOpMaIuii B permerke ¢, , TO pelerka
¢, anrebpanvHa.

Bamerum, uro Buy jemmbl 4.8.1 [Bopobbes, 2012, c. 247] (cm. rakexke semma 4.1(a) [Skiba, Vorob’ev,
2013]) KOMIAKTHBIMU 3JIEMEHTAMH DETTeTKN ¢}, ABISAIOTCA B TOYHOCTH OJJHONODPOKIEHHbIE dopmanun u3
c,.. -1

ITockonbKy Kask/aast MOJIHAs MOIPEINeTKa aJIredpanvieckoil pemerku (GpopMaluii TaKKe siBJISETCS all-
rebpaunueckoii perrerkoit (cm. [[Ilepbuna, Cadounos, 20196]), To u3 Teopembr 3.1 nouayyaem

Caencrsue 3.1. Kazxjias mosiHast HoApenieTka PEMIETKH €, SABJIAETCs aaredpanecKoil.
o
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OrMeruM TakKe JIPyTHe CAeJCTBUS JOKAa3aHHOH TeopeMbl. Creyrolee CIeCTBIe IBISIeTCS PelieHneM
upobusiemblt 1 [Cxuba, Hlemerkos, 2000]. Eciu 7-rpuBuasibhblii 10ArpyuioBoit GpyHKTOpP, TO U3 TEOPEMbI
3.1 nmonydaeM

CunepncrBue 3.2. Pemerka ¢, BceX TOTaJIbHO W-KOMIIO3UIIHOHHBIX (popMaIiil ABgeTcs ajredpamde-
CKOH.

B cayuae, xorga 7(G) = S,,(G) ans awoboii rpynubt G, u3 reopembl 3.1 umeem

CaencrBue 3.3. Permrerka Bcex HOpMAaJIbHO HACAECTBEHHBIX TOTAIBHO W-KOMIIO3UIIHOHHBIX (pOpMa-
Uil SIBJISIETCST AJITEOPAITIECKOL.

Ecin w = {p}, T0 u3 reopemsr 3.1 moayvaem

Cuencrsue 3.4. Pemerka ¢, BCexX T-3aMKHYTBIX TOTAJBHO P-KOMIIO3HIHOHHBIX (hOpMAIii ABJIACTCS
arebpamIecKort.

Eciin w = P—MHOXKeCTBO BCEX MPOCTHIX YUCEN, TO U3 TeopeMbl 3.1 BbITeKaer

Caencrue 3.5. [Tsarev, 2019b]. Pemnrerka ¢l Bcex T-3aMKHYTHIX TOTAIBHO KOMIO3HIHOHHBIX (hOD-
MaIuii SIBJISIETCS aJIredpanmdecKoi.

B ciyuae w = P gj1a TpuBHAIBHOrO MOArPYIIIOBOrO (GpyHKTOpA T u3 TeopeMbr 3.1 BhITEKAET

CaencrBue 3.6. [Tsarev, 2019a]. Penrerka ¢, Bcex TOTAJIBHO KOMIIO3HIIHOHHBIX (DOPMALIHIT SBJIS€TCS
aJIrebpamdecKoit.

3akaouenune. B pabore mOIydeHbl MOJOKUTEIbHBIE OTBETHI IBYX OTKPBITHIX MPOOJIEM TEOPUHU pe-
METOK YaCTUIHO KOMMo3umoHubix dopmanuit: A. H. Ckubbr u JI. A. IllemerkoBa 00 anreOpandaHOCTH
pemierku Beex ((DYHKTOPHO 3aMKHYTBIX) YaCTUYHO TOTAJIHHO KOMIIO3UIIMOHHBIX (DOpMalmii, a Takxke A.
A. ITapesa u H. H. Bopobbepa 006 uH/1yKTHBHOCTH YKA3aHHOI pelnerku. B kadecTse cieacTBusg OCHOBHOIO
pe3yJIbTaTa yCTaHOBJIEHbI aareOpanTHOCTh W WHIYKTUBHOCTD PEIMIeTKH ¢, BCEeX T-3aMKHYTHIX TOTATHHO
P—KOMIIO3UITHOHHLIX bopManuii, a Tak¥Ke PelIeTKu ¢l BCEeX T-3aMKHYTBIX TOTAJbHO KOMIIO3UITMOHHBIX
dopmaruii. AHAJOTHYHBIE PE3YAbTATHI TMOJYYEHBI JJIs PEIeTOK (BYHKTOPHO 3aMKHYTBIX YACTUIHO TO-
TATBHO KOMITO3UITMOHHBIX (POPMAITUil, COOTBETCTBYOIIAX HEKOTOPBIM HOATPYIIOBbIM (byHKTOpaMm 7. Tem
CaMbIM HAMJIEHbI HOBbIE KJIACCHI aJIredpanvecKuX W WHIYKTUBHBIX perieTok (opmanuit. [lonydenubie pe-
3YJIBTATHL MOI'YT ObITH MCIIOJIb30BAHBI B UCCIEIOBAHUAX 110 TEOPUH PEILIETOK YaCTHYHO KOMIIO3UIIMOHHBIX
dopmanmit KOHEIHBIX TPYIII.

BaarogapHocTb. Asmop evipastcaem uckpenuioro npusnamensvrocms B. I. Cagonosy 3a nosezmnovie
obcyorcoerus, pabomot.
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