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ýíåðãåòè÷åñêèõ íåðàâåíñòâ àïðèîðíûõ îöåíîê â äèôôåðåíöèàëüíîé è ðàçíîñòíîé òðàêòîâ-

êàõ äëÿ ðåøåíèÿ ðàññìàòðèâàåìûõ çàäà÷. Èç ïîëó÷åííûõ îöåíîê ñëåäóþò åäèíñòâåííîñòü è

óñòîé÷èâîñòü ðåøåíèÿ îòíîñèòåëüíî íà÷àëüíûõ äàííûõ è ïðàâîé ÷àñòè, à òàêæå ñõîäèìîñòü

ïðèáëèæåííîãî ðåøåíèÿ ê òî÷íîìó ðåøåíèþ ðàññìàòðèâàåìîé äèôôåðåíöèàëüíîé çàäà÷è.

Abstract

In this paper we study nonlocal boundary value problems for the convection-di�usion equation of

fractional order with degeneration. The main result of the work is to obtain by the method of energy

inequalities a priori estimates in di�erential and di�erence interpretations for solving the problems

under consideration. From the obtained estimates, the uniqueness and stability of the solution with

respect to the initial data and the right part, as well as the convergence of the approximate solution

to the exact solution of the di�erential problem under consideration, follow.

Êëþ÷åâûå ñëîâà: íåëîêàëüíûå êðàåâûå çàäà÷è, àïðèîðíàÿ îöåíêà, ðàçíîñòíàÿ ñõåìà, óðàâ-

íåíèå êîíâåêöèè-äèôôóçèè, äèôôåðåíöèàëüíîå óðàâíåíèå äðîáíîãî ïîðÿäêà, äðîáíàÿ ïðîèç-

âîäíàÿ Êàïóòî.
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Key words: nonlocal boundary-value problem, a priori estimate, di�erence scheme, the equation

of convection-di�usion di�erential equation of fractional order, Caputo fractional derivative.

Ââåäåíèå

Íåëîêàëüíûìè çàäà÷àìè ïðèíÿòî íàçûâàòü òàêèå çàäà÷è, â êîòîðûõ âìåñòî îáû÷-
íûõ òî÷å÷íûõ (¾ëîêàëüíûõ¿) ãðàíè÷íûõ óñëîâèé çàäàþòñÿ óñëîâèÿ, ñâÿçûâàþùèå çíà-
÷åíèÿ èñêîìîãî ðåøåíèÿ è (èëè) åãî ïðîèçâîäíûõ â ðàçëè÷íûõ òî÷êàõ ãðàíèöû, ëèáî
æå â òî÷êàõ ãðàíèöû è â êàêèõ-ëèáî âíóòðåííèõ òî÷êàõ. Ê ïåðâûì ðàáîòàì ñ íåêëàñ-
ñè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè îòíîñÿòñÿ, ïî-âèäèìîìó, ðàáîòû [Canon J.R. 1963],
[Êàìûíèí Ë.À. 1964] è [×óäíîâñêèé À.Ô. 1969], [×óäíîâñêèé À.Ô. 1976]. Ñîâðåìåííîå
åñòåñòâîçíàíèå, â îñíîâíîì ôèçè÷åñêèå ïðèëîæåíèÿ, òðåáîâàëè äàëüíåéøåãî ðàçâèòèÿ
íåêëàññè÷åñêèõ êðàåâûõ çàäà÷ è, â ïåðâóþ î÷åðåäü, çàäà÷ ñ íåëîêàëüíûìè óñëîâèÿìè.
Ðàçëè÷íûå êëàññû íåëîêàëüíûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè èçó÷àëèñü â ðàáîòàõ [Áèöàäçå À.Â. 1984], [Âîäàõîâà Â.À. 1983], [Âîäàõîâà
Â.À. 2008], [Ãóëèí À.Â. è äð. 2001], [Èîíêèí Í.È. 1977], [Íàõóøåâ À.Ì. 1978].

Îñîáûé èíòåðåñ â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ïðåäñòàâëÿþò êðàåâûå çà-
äà÷è ñ èíòåãðàëüíûìè óñëîâèÿìè, êîòîðûì è ïîñâÿùåíà äàííàÿ ñòàòüÿ. Â ðàáîòå [Êî-
æàíîâ À.È. 2004] ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ

Lν(u) ≡ ut − uxx − νuxxt + c(x, t)u = q(x, t)

ñ êðàåâûìè óñëîâèÿìè

u(0, t) = α(t)u(1, t) +

∫ t

0

h(t, τ)u(1, τ)dτ, 0 < t < T, (∗)

ux(1, t) = 0, 0 < t < T,

u(x, 0) = u0(x), 0 < x < 1.

Çàìåòèì, ÷òî â îäíîé èç ðàññìàòðèâàåìûõ íàìè â äàííîé ðàáîòå íåëîêàëüíîé çàäà÷å
ñîäåðæèòñÿ íåëîêàëüíîå ãðàíè÷íîå óñëîâèå èíòåãðàëüíîãî âèäà (*).

Â íàñòîÿùåå âðåìÿ ñòàëî î÷åâèäíûì, ÷òî ïðè ðåøåíèè ìíîãèõ çàäà÷ â ôèçèêå, áèî-
ëîãèè ÷àñòî âñòðå÷àþòñÿ ñðåäû è ñèñòåìû, êîòîðûå õîðîøî èíòåðïðåòèðóþòñÿ êàê
ôðàêòàëû, ïðèìåðàìè êîòîðûõ ìîãóò ñëóæèòü ïîëèìåðíûå ìàòåðèàëû [Áýãëè Ð.Ë.,
Òîâèê Ï. Äæ. 1984], ñèëüíî ïîðèñòûå ñðåäû [Äèíàðèåâ Î.Þ. 1990]. Ê ïåðâûì ðàáîòàì
ïî òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé äðîáíîãî ïîðÿäêà ñëåäóåò îòíåñòè ðàáîòû
L. O'Shaughnessy, S. Mandelbrojt [O'Shaughnessy L. 1918], [Mandelbrojt S. 1925]. Ïðè
ðåøåíèè òàêèõ çàäà÷ âîçíèêëà íåîáõîäèìîñòü èçó÷åíèÿ êðàåâûõ çàäà÷ äëÿ äèôôåðåí-
öèàëüíûõ óðàâíåíèé ñ äðîáíîé ïðîèçâîäíîé [Ìàëüøàêîâ A.B. 1992], [Øåôåð Ä., Êåôåð
Ê. 1988]. Â ìîíîãðàôèÿõ [Ñàìêî Ñ.Ã. è äð. 1987], [Íàõóøåâ À.Ì. 2000] äàí äîñòàòî÷íî
ïîëíûé îáçîð ðàáîò, ïîñâÿùåííûõ äèôôåðåíöèàëüíûì óðàâíåíèÿì äðîáíîãî ïîðÿäêà.
Óðàâíåíèÿì ïåðåíîñà â ñðåäàõ ñ ôðàêòàëüíîé ãåîìåòðèåé ïîñâÿùåíû ðÿä èíòåðåñíûõ
ðàáîò [×óêáàð Ê.Â. 1995], [Êî÷óáåé À.Í. 1990], [Íèãìàòóëëèí Ð.Ð. 1992].

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ÷èñëåííûì ìåòîäàì ðåøåíèÿ íåëîêàëüíûõ êðàåâûõ
çàäà÷ äëÿ óðàâíåíèÿ êîíâåêöèè-äèôôóçèè äðîáíîãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôè-
öèåíòàìè ñ âûðîæäåíèåì. Ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ ïîëó÷åíû àïðèîðíûå
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îöåíêè â äèôôåðåíöèàëüíîé è ðàçíîñòíîé òðàêòîâêàõ äëÿ ðåøåíèÿ ðàññìàòðèâàåìûõ
çàäà÷. Èç ïîëó÷åííûõ îöåíîê ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ îòíîñè-
òåëüíî íà÷àëüíûõ äàííûõ è ïðàâîé ÷àñòè. Â ñèëó ëèíåéíîñòè ðàññìàòðèâàåìûõ çàäà÷
ýòè íåðàâåíñòâà ïîçâîëÿþò óòâåðæäàòü, ÷òî ïðèáëèæåííîå ðåøåíèå ñõîäèòñÿ ê òî÷íîìó
ðåøåíèþ ðàññìàòðèâàåìîé äèôôåðåíöèàëüíîé çàäà÷è.

×èñëåííûì ìåòîäàì ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ äèôôóçèè äðîáíîãî
ïîðÿäêà ïîñâÿùåíû ðàáîòû [Àëèõàíîâ À.À. 2010], [Alikhanov A. A. 2015], [Òàóêåíî-
âà Ô. È., Øõàíóêîâ-Ëàôèøåâ Ì. Õ. 2006], [Áåøòîêîâ Ì.Õ. 2018 à], [Áåøòîêîâ Ì.Õ.
2019], [Áåøòîêîâ Ì.Õ. 2018 á]. Â ðàáîòå [Àëèõàíîâ À.À. 2010] ïîëó÷åíû ðåçóëüòàòû,
ïîçâîëÿþùèå ïðèìåíÿòü ìåòîä ýíåðãåòè÷åñêèõ íåðàâåíñòâ äëÿ ïîëó÷åíèÿ àïðèîðíûõ
îöåíîê êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ äðîáíîãî ïîðÿäêà â äèôôåðåíöèàëüíîé è ðàç-
íîñòíîé òðàêòîâêàõ, êàê è â êëàññè÷åñêîì ñëó÷àå (α = 1). Â ðàáîòå [Alikhanov A. A.
2015] ïðåäëîæåí íîâûé ðàçíîñòíûé àíàëîã äðîáíîé ïðîèçâîäíîé Êàïóòî, àïïðîêñèìè-
ðóþùèé äðîáíóþ ïðîèçâîäíóþ Êàïóòî ñ ïîðÿäêîì O(τ 3−α). Ðàáîòû [Áåøòîêîâ Ì.Õ.
2018 à], [Áåøòîêîâ Ì.Õ. 2019], [Áåøòîêîâ Ì.Õ. 2018 á] ïîñâÿùåíû ÷èñëåííûì ìåòîäàì
ðåøåíèÿ ðàçëè÷íûõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ âëàãîïåðåíîñà äðîáíîãî ïîðÿäêà.
Ïîëó÷åíû àïðèîðíûå îöåíêè ðåøåíèé ðàññìàòðèâàåìûõ çàäà÷ â äèôôåðåíöèàëüíîé è
ðàçíîñòíîé òðàêòîâêàõ.

1. Ïîñòàíîâêà íåëîêàëüíîé êðàåâîé çàäà÷è À

Â öèëèíäðå QT = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T} ðàññìîòðèì ñëåäóþùóþ íåëîêàëü-
íóþ êðàåâóþ çàäà÷ó

∂α0tu =
1

xm
∂

∂x

(
xmk(x, t)

∂u

∂x

)
+ r(x, t)

∂u

∂x
− q(x, t)u+ f(x, t) , 0 < x < l , 0 < t ≤ T , (1)

lim
x→0

xmk(x, t)ux(x, t) = 0 , 0 ≤ t ≤ T , (2)

−k(l, t)ux(l, t) = β(t)

∫ l

0

xmu(x, t)dx− µ(t) , 0 ≤ t ≤ T , (3)

u(x, 0) = u0(x) , 0 ≤ x ≤ l , (4)

ãäå

0 < c0 ≤ k(x, t) ≤ c1 , |r(x, t), rx(x, t), kx(x, t), q(x, t) , β(t)| ≤ c2, 0 ≤ m ≤ 2 , (5)

∂α0tu =
1

Γ(1− α)

t∫
0

uτ (x, τ)

(t− τ)α
dτ , � äðîáíàÿ ïðîèçâîäíàÿ â ñìûñëå Êàïóòî ïîðÿäêà α,

ãäå 0 < α < 1 [Ñàìêî Ñ.Ã. è äð. 1987], ci, i = 0, 1, 2 � ïîëîæèòåëüíûå ÷èñëà.
Ïðè x = 0 ñòàâèòñÿ óñëîâèå îãðàíè÷åííîñòè ðåøåíèÿ |u(0, t)| < ∞, êîòîðîå ýê-

âèâàëåíòíî óñëîâèþ (2), ðàâíîñèëüíîìó â ñâîþ î÷åðåäü òîæäåñòâó k(x, t)ux(0, t) = 0
[Ñàìàðñêèé À.À. 1983, ñòð. 173], åñëè ôóíêöèè r(0, t), q(0, t), f(0, t) êîíå÷íû.

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî çàäà÷à (1) − (4) èìååò åäèíñòâåííîå ðå-
øåíèå, îáëàäàþùåå íóæíûìè ïî õîäó èçëîæåíèÿ ïðîèçâîäíûìè. Áóäåì òàêæå ñ÷èòàòü,
÷òî êîýôôèöèåíòû óðàâíåíèÿ è ãðàíè÷íûõ óñëîâèé óäîâëåòâîðÿþò íåîáõîäèìûì ïî õî-
äó èçëîæåíèÿ óñëîâèÿì ãëàäêîñòè, îáåñïå÷èâàþùèì íóæíûé ïîðÿäîê àïïðîêñèìàöèè
ðàçíîñòíîé ñõåìû.
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Ïî õîäó èçëîæåíèÿ áóäåì òàêæå èñïîëüçîâàòü ïîëîæèòåëüíûå ïîñòîÿííûå ÷èñëà
Mi, i = 1, 2, ..., çàâèñÿùèå òîëüêî îò âõîäíûõ äàííûõ ðàññìàòðèâàåìîé çàäà÷è. Ñïðà-
âåäëèâû ñëåäóþùèå [Àëèõàíîâ À.À. 2010] óòâåðæäåíèÿ.

Ëåììà 1. Äëÿ ëþáîé àáñîëþòíî íåïðåðûâíîé íà [0, T ] ôóíêöèè υ(t) ñïðàâåäëèâî
íåðàâåíñòâî

υ(t)∂α0tυ(t) ≥
1

2
∂α0tυ

2(t), 0 < α < 1 .

Ëåììà 2. Ïóñòü íåîòðèöàòåëüíàÿ àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ y(t) óäîâëåòâî-
ðÿåò äëÿ ïî÷òè âñåõ t èç [0,T] íåðàâåíñòâó

∂α0ty(t) ≤ c1y(t) + c2(t), 0 ≤ α ≤ 1 ,

ãäå c1 > 0, c2(t)−ñóììèðóåìàÿ íà [0, T ] íåîòðèöàòåëüíàÿ ôóíêöèÿ. Òîãäà

y(t) ≤ y(0)Eα(c1t
α) + Γ(α)Eα,α(c1t

α)D−α
0t c2(t) ,

ãäå Eα(z) =
∞∑
n=0

zn

Γ(αn+ 1)
, Eα,µ(z) =

∞∑
n=0

zn

Γ(αn+ µ)
− ôóíêöèè Ìèòòàã-Ëåôôëåðà.

2. Àïðèîðíàÿ îöåíêà â äèôôåðåíöèàëüíîé ôîðìå

Äëÿ ïîëó÷åíèÿ àïðèîðíîé îöåíêè ðåøåíèÿ çàäà÷è (1)-(4) â äèôôåðåíöèàëüíîé ôîð-
ìå óìíîæèì óðàâíåíèå (1) ñêàëÿðíî íà xmu:(

∂α0tu, x
mu
)
=
((
xmkux

)
x
, u
)
+
(
rux, x

mu
)
−
(
qu, xmu

)
+
(
f, xmu

)
, (6)

ãäå
(
u, v
)
=
∫ l

0
uvdx,

(
u, u
)
= ∥u∥20, ãäå u, v − çàäàííûå íà [0, l] ôóíêöèè.

Ïðåîáðàçóåì èíòåãðàëû, âõîäÿùèå â òîæäåñòâî (6), ïîëüçóÿñü íåðàâåíñòâîì Êîøè
ñ ε [Ñàìàðñêèé À.À. 1983, ñòð. 100] è Ëåììîé 1:(

∂α0tu, x
mu
)
≥ 1

2

(
xm, ∂α0tu

2
)
≥ 1

2
∂α0t∥x

m
2 u∥20 , (7)

((
xmkux

)
x
, u
)
=

∫ l

0

u
(
xmkux

)
x
dx = xmukux|l0 −

∫ l

0

xmku2xdx, (8)

(
rux, x

mu
)
≤ c22

4ε

∫ l

0

(x
m
2 u)2dx+ ε

∫ l

0

(x
m
2 ux)

2dx ≤ ε∥x
m
2 ux∥20 +

c22
4ε

∥x
m
2 u∥20 . (9)

−
(
qu, xmu

)
= −

∫ l

0

xmqu2dx ≤ c2∥x
m
2 u∥20 , (10)(

f, xmu
)
≤ ε∥x

m
2 u∥20 +

1

4ε
∥x

m
2 f∥20 ≤

1

2
∥x

m
2 u∥20 +

1

2
∥x

m
2 f∥20. (11)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (7)-(11), èç (6) íàõîäèì

1

2
∂α0t∥x

m
2 u∥20 + c0∥x

m
2 ux∥20 ≤ xmukux|l0 + ε∥x

m
2 ux∥20 +M ε

1∥x
m
2 u∥20 +

1

2
∥x

m
2 f∥20 . (12)
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Ïðåîáðàçóåì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (12) ñ ó÷åòîì (2),(3)

xmukux|l0 = lmu(l, t)
(
µ(t)− β(t)

∫ l

0

xmu(x, t)dx
)
=

= lmµ(t)u(l, t)− lmβ(t)u(l, t)

∫ l

0

xmu(x, t)dx ≤M2u
2(l, t) +

1

2
µ2(t)+

+
1

2

(∫ l

0

xmu(x, t)dx
)2

≤ ε∥x
m
2 ux∥20 +M ε

3∥x
m
2 u∥20 +

1

2
µ2(t) . (13)

Ñ ó÷åòîì (13), èç (12) ïîëó÷àåì

1

2
∂α0t∥x

m
2 u∥20 + c0∥x

m
2 ux∥20 ≤ ε∥x

m
2 ux∥20 +M ε

4∥x
m
2 u∥20 +M5

(
∥x

m
2 f∥20 + µ2(t)

)
. (14)

Ïðè ε =
c0
2
èç (14) íàõîäèì

∂α0t∥x
m
2 u∥20 + ∥x

m
2 ux∥20 ≤M6∥x

m
2 u∥20 +M7

(
∥x

m
2 f∥20 + µ2(t)

)
. (15)

Òîãäà, ïðèìåíÿÿ ê îáåèì ÷àñòÿì (15) îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ D−α
0t , ïîëó÷èì

∥x
m
2 u∥20+D−α

0t ∥x
m
2 ux∥20 ≤M8D

−α
0t ∥x

m
2 u∥20+M9

(
D−α

0t

(
∥x

m
2 f∥20+µ2(t)

)
+∥x

m
2 u0(x)∥20

)
. (16)

Ñ ïîìîùüþ Ëåììû 2 èç (16) ïîëó÷èì àïðèîðíóþ îöåíêó

∥x
m
2 u∥20 +D−α

0t ∥x
m
2 ux∥20 ≤M

(
D−α

0t

(
∥x

m
2 f∥20 + µ2(t)

)
+ ∥x

m
2 u0(x)∥20

)
, (17)

ãäå M− ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1)-

(4), D−α
0t u = 1

Γ(α)

t∫
0

udτ
(t−τ)1−α− äðîáíûé èíòåãðàë Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà α, 0 < α < 1.

Òåîðåìà 1. Åñëè k(x, t) ∈ C1,0(QT ), r(x, t), q(x, t), f(x, t) ∈ C(QT ), u(x, t) ∈ C2,0
(
QT

)
∩C1,0

(
QT

)
, ∂α0tu(x, t) ∈ C(QT ) è âûïîëíåíû óñëîâèÿ (5), òîãäà äëÿ ðåøåíèÿ u(x, t) çàäà-

÷è (1)-(4) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà (17), îòêóäà ñëåäóþò åäèíñòâåííîñòü è óñòîé-
÷èâîñòü ðåøåíèÿ ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè â ñìûñëå íîðìû ∥xm

2 u∥21 =
∥xm

2 u∥20 +D−α
0t ∥xm

2 ux∥20.

3. Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû

Äëÿ ðåøåíèÿ çàäà÷è (1)-(4) ïðèìåíèì ìåòîä êîíå÷íûõ ðàçíîñòåé. Ïîñòðîèì ìî-
íîòîííóþ ñõåìó âòîðîãî ïîðÿäêà òî÷íîñòè, ñîäåðæàùèå îäíîñòîðîííèå ïðîèçâîäíûå,
ó÷èòûâàþùèå çíàê r(x, t). Äëÿ ýòîãî ðàññìîòðèì âìåñòî óðàâíåíèÿ (1) ñëåäóþùåå óðàâ-
íåíèå ñ âîçìóùåííûìè êîýôôèöèåíòàìè

∂α0tu =
κ
xm

(
xmk(x, t)ux

)
x
+ r(x, t)ux − qu+ f(x, t), (18)

ãäå κ =
1

1 +R
, R =

0.5h|r|
k

− ðàçíîñòíîå ÷èñëî Ðåéíîëüäñà.
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Íà ðàâíîìåðíîé ñåòêå ωhτ äèôôåðåíöèàëüíîé çàäà÷å (1)-(4) ïîñòàâèì â ñîîòâåòñòâèå

ðàçíîñòíóþ ñõåìó ïîðÿäêà àïïðîêñèìàöèè O
(
(h2 + τ 2)/x

)
:

κ∆α
0tj+σ

yi =
κ
xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
x
+
b−j

xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
+
b+j

xmi

(
xmi+0.5a

j
i+1y

(σ)
x,i

)
−djiy

(σ)
i +φj

i , (19)

κ0a1y
(σ)
(x,0) =

0.5h

m+ 1

(
∆α

0tj+σ
y0 + d0y

(σ)
0

)
− µ1, t ∈ ωτ , x = 0, (20)

−κNaNy
(σ)
x̄,N = β̃

N∑
i=0

xmi y
(σ)
i ~+ 0.5hdNy

(σ)
N + 0.5h∆α

0tj+σ
yN − µ2 , x = N , (21)

y(x, 0) = u0(x), x ∈ ωh , t = 0 , (22)

ãäå ∆α
0tj+σ

y =
τ 1−α

Γ(2− α)

j∑
s=0

c
(α,σ)
j−s y

s
t−äèñêðåòíûé àíàëîã äðîáíîé ïðîèçâîäíîé Êàïóòî

ïîðÿäêà α, 0 < α < 1 [Alikhanov A. A. 2015]

a
(α,σ)
0 = σ1−α, a

(α,σ)
l =

(
l + σ

)1−α

−
(
l − 1 + σ

)1−α

, l ≥ 1, σ = 1− α

2
,

b
(α,σ)
l =

1

2− α

[
(l + σ)2−α − (l − 1 + σ)2−α

]
− 1

2

[
(l + σ)1−α + (l − 1 + σ)1−α

]
, l ≥ 1 ,

ïðè j = 0, c
(α,σ)
0 = a

(α,σ)
0 ;

ïðè j > 0, c(α,σ)s =


a
(α,σ)
0 + b

(α,σ)
1 , s = 0 ,

a
(α,σ)
s + b

(α,σ)
s+1 − b

(α,σ)
s , 1 ≤ s ≤ j − 1 ,

a
(α,σ)
j − b

(α,σ)
j , s = j ,

c(α,σ)s >
1− α

2
(s+ σ)−α > 0, aji = k(xi−0.5, t

j+σ), b±j
i =

κir
±j+σ
i

kj+σ
i

,

β̃ = κ̃βj+σ, µ1 =
0.5h

m+ 1
φj
0, µ2 = κ̃µj+σ + 0.5hφj

N ,

y(σ) = σyj+1 + (1− σ)yj, rN = r(l, t) = rj+σ
N ≥ 0, r = r+ + r−, r0 = r(0, t) = rj+σ

0 ≤ 0,

κi = 1 +
m(m− 1)h2

24x2i
, i = 1, N − 1, r+ = 0.5(r + |r|) ≥ 0, r− = 0.5(r − |r|) ≤ 0,

dji =

{
κiq

j+σ
i , i ̸= 0, N,

qj+σ
i , i = 0, N.

φj
i =

{
κif

j+σ
i , i ̸= 0, N,

f j+σ
i , i = 0, N.

~ =

{
0.5h, i = 0,

h, i ̸= 0, N,

κi =
1

1 +Ri

, Ri =
0.5h|ri|κi

ki−0.5

, κ0 =
1

1 + 0.5h|r0|
(m+1)a1

, r0 ≤ 0, |r| = r+ − r−,

Y = ŷ + y, ŷ = yj+1, yt =
ŷ − y

τ
, y = yji = y(xi, tj), t

∗ = tj+σ.

κ̃ = 1 +
0.5hm

l
=

1

1− 0.5hm
l

, κN =
1

1 + 0.5h
|rj+σ

N |
kN−0.5

, åñëè rj+σ
N ≥ 0.
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Ïåðåïèøåì çàäà÷ó (19)-(22) â îïåðàòîðíîé ôîðìå{
κ∆α

0tj+σ
y = Λ(tj+σ)y(σ) + Φ,

y(x, 0) = u0(x),
(23)

ãäå

κ =

{
κi, x ∈ ωh,

1, x = 0, l;
κi = 1 +

m(m− 1)h2

24x2i
, Φ =


φ = φi, (x, t) ∈ ωhτ ,

φ− = (m+1)
0.5h

µ1, x = 0,

φ+ = 1
0.5h

µ2, x = l ;

t∗ = tj+1/2,

Λ(tj+σ)y(σ) =



Λ̃(tj+σ)y
(σ)
i =

κi

xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
x
+
b−j

xim

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
+

+
b+j

xmi

(
xmi+0.5a

j
i+1y

(σ)
x,i

)
− djiy

(σ)
i ,

Λ−y
(σ)
0 =

(m+ 1)
(
κ0a1y

(σ)
x,0 − 0.5h

m+1
d0y

(σ)
N

)
0.5h

, x = 0 ,

Λ+y
(σ)
N = −

κNaNy
(σ)
x̄,N + β̃

N∑
i=0

y
(σ)
i ~+ 0.5hdNy

(σ)
N

0.5h
, x = l .

Ñïðàâåäëèâû ñëåäóþùèå ëåììû.
Ëåììà 3 [Alikhanov A. A. 2015]. Äëÿ ëþáîé ôóíêöèè y(t), îïðåäåëåííîé íà ñåòêå

ω̄τ , ñïðàâåäëèâî íåðàâåíñòâî

y(σ)∆α
0tj+σ

y ≥ 1

2
∆α

0tj+σ
(y2) .

Ëåììà 4 [Áåøòîêîâ Ì.Õ. 2019]. Ïðåäïîëîæèì, ÷òî íåîòðèöàòåëüíûå ïîñëåäîâà-
òåëüíîñòè yj, φj, j = 0, 1, 2, ... óäîâëåòâîðÿþò íåðàâåíñòâó

∆α
0tj+σ

yj ≤ λ1y
j+1 + λ2y

j + φj, j ≥ 1,

ãäå λ1 ≥ 0, λ2 ≥ 0− êîíñòàíòû, òîãäà ñóùåñòâóåò òàêîå τ0, ÷òî åñëè τ ≤ τ0, òî

yj+1 ≤ 2

(
y0 +

tαj
Γ(1 + α)

max
0≤j′≤j

φj ′
)
Eα(2λt

α
j ), 1 ≤ j ≤ j0,

ãäå Eα(z) =
∞∑
k=0

zk

Γ(1 + kα)
− ôóíêöèÿ Ìèòòàã-Ëåôôëåðà, λ = λ1 +

λ2
2 + 21−α

.

Ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â ñëåäóþùåì âèäå:

(
u, v
)
=

N−1∑
i=1

uivih,
(
u, u
)
=
(
1, u2

)
= ∥u∥20,

(
u, v
]
=

N∑
i=1

uivi~, ∥u]|20 =
N∑
i=1

u2i~ .
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Íàéäåì òåïåðü àïðèîðíóþ îöåíêó, äëÿ ýòîãî óìíîæèì (23) ñêàëÿðíî íà xmy(σ), òîãäà
ïîëó÷èì (

κ∆α
0tj+σ

y, xmy(σ)
]
=
(
Λ(tj+σ)y

(σ), xmy(σ)
]
+
(
Φ, xmy(σ)

]
. (24)

Îöåíèì ñóììû, âõîäÿùèå â (24), ñ ó÷åòîì Ëåììû 3:(
κ∆α

0tj+σ
y, xmy(σ)

]
≥
(κ
2
,∆α

0t

(
x

m
2 y
)2]

, (25)

(
Λ(tj+σ)y

(σ), xmy(σ)
]
=
(
Λ̃y(σ), xmy(σ)

)
+ 0.5hΛ+y

(σ)
N xmNy

(σ)
N =

(
κ
(
xmi−0.5a

j
iy

(σ)
x̄

)
x
, y(σ)

)
+

+
(
b−j
(
xmi−0.5a

j
iy

(σ)
x̄

)
, y(σ)

)
+
(
b+j
(
xmi+0.5a

j
i+1y

(σ)
x,i

)
, y(σ)

)
−
(
dji , x

m
i (y

(σ))2
)
−

−xmn y
(σ)
N

(
κNaNy

(σ)
x̄,N + β̃

N∑
i=0

y
(σ)
i ~+ 0.5hdNy

(σ)
N

)
= −

(
xmaiy

(σ)
x̄ , (κy(σ))x̄

]
+

+κNaNy
(σ)
N y

(σ)
x̄,N

(
xmN − xmN

)
− κ0x

m
0.5a1y

(σ)
x,0y

(σ)
0 − xmn β̃y

(σ)
N

N∑
i=0

xmi y
(σ)
i ~− 0.5hxmNdN

(
y
(σ)
N

)2
+

+
(
b−jx̄mai, y

(σ)
x̄ y(σ)

)
+
(
b+jxmi+0.5a

j
i+1, y

(σ)
x y(σ)

)
−
(
d, xmi (y

(σ))2
)
. (26)

Ïðåîáðàçóåì ñëàãàåìûå â ïðàâîé ÷àñòè (26)(
xmaiy

(σ)
x̄ , (κy(σ))x̄

]
=
(
xmaiy

(σ)
x̄ ,κx̄y

(σ)
]
+
(
xmaiκ(−1), (y

(σ)
x̄ )2

]
≥

≥
(
xmaiy

(σ)
x̄ ,κx̄y

(σ)
]
+

1

1 + hM1

(
x̄maiκ, (y(σ)x̄ )2

]
. (27)

−
(
xmay

(σ)
x̄ ,κx̄y

(σ)
]
+
(
b−jxmai, y

(σ)y
(σ)
x̄

)
+
(
b+jxmi+0.5a

j
i+1, y

(σ)
x y(σ)

)
≤

≤ ε∥x̄
m
2 y

(σ)
x̄ ]|20 +M ε

2∥x
m
2 y(σ)]|20. (28)

Ó÷èòûâàÿ (27),(28), èç(26) íàõîäèì(
Λ(tj+σ)y

(σ), xmy(σ)
]
≤ − 1

1 + hM1

(
xmaiκ, (y(σ)x̄ )2

]
−
(
d, (x

m
2 y(σ))2

)
+

+ε∥x̄
m
2 y

(σ)
x̄ ]|20 +M ε

2∥x
m
2 y(σ)]|20 + (x̄mN − xmN)κNaNy

(σ)
N y

(σ)
x̄,N − κ0x

m
0.5a1y

(σ)
0 y

(σ)
x,0−

−xmn β̃y
(σ)
N

N∑
i=0

xmi y
(σ)
i ~− 0.5hxmNdN

(
y
(σ)
N

)2
. (29)

(
Φ, xmy(σ)

]
=
(
φ, xmy(σ)

)
+ 0.5hφ+xmNy

(σ)
N =

(
φ, xmy(σ)

)
+ xmNµ2y

(σ)
N . (30)

Ó÷èòûâàÿ ïðåîáðàçîâàíèÿ (25)-(30), èç(24) ïîëó÷èì(κ
2
,∆α

0tj+σ
(x

m
2 y)2

]
+

1

1 + hM1

(
x̄maiκ, (y(σ)x̄ )2

]
≤
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≤ ε∥x̄
m
2 y

(σ)
x̄ ]|20 +M ε

2∥x
m
2 y(σ)]|20 −

(
d, xm(y(σ))2

)
+
(
x̄mN − xmN

)
y
(σ)
N κNaNy

(σ)
x̄,N−

−xm0.5y
(σ)
0 κ0a1y

(σ)
x,0 +

(
φ, xmy(σ)

)
+ y

(σ)
N xmN

(
µ2 − β̃

N∑
i=0

xmi y
(σ)
i ~− 0.5hdNy

(σ)
N

)
. (31)

Ïðåîáðàçóåì ÷åòâåðòîå, ïÿòîå è ñåäüìîå ñëàãàåìûå â ïðàâîé ÷àñòè (31) ñ ó÷åòîì (20),(21):(
x̄mN − xmN

)
y
(σ)
N κNaNy

(σ)
x̄N − xm0.5y

(σ)
0 κ0a1y

(σ)
x,0+

+xmNy
(σ)
N

(
µ2−β̃

N∑
i=0

xmi y
(σ)
i ~−0.5hdNy

(σ)
N

)
=
(
x̄mN−xmN

)
y
(σ)
N

[
µ2−β̃

N∑
i=0

xmi y
(σ)
i ~−0.5hdNy

(σ)
N −

−0.5h∆α
0tj+σ

yN

]
+ xmNy

(σ)
N

[
µ2 − β̃

N∑
i=0

xmi y
(σ)
i ~− 0.5hdNy

(σ)
N

]
− xm0.5y

(σ)
0

[ 0.5h

m+ 1
d0y

(σ)
0 +

+
0.5h

m+ 1
∆α

0tj+σ
y0−µ1

]
= y

(σ)
N x̄mN

[
µ2−β̃

N∑
i=0

xmi y
(σ)
i ~−0.5hdNy

(σ)
N

]
−0.5hy

(σ)
N (x̄mN−xmN)∆0tj+σ

yN−

−xm0.5y
(σ)
0

[ 0.5h

m+ 1
d0y

(σ)
0 − µ1

]
− 0.5h

m+ 1
xm0.5y

(σ)
0 ∆α

0tj+σ
y0 ≤ x̄mNµ2y

(σ)
N − x̄mN β̃y

(σ)
N

N∑
i=0

xmi y
(σ)
i ~−

−0.5hdN x̄
m
N

(
y
(σ)
N

)2 − xm0.5
0.5h

m+ 1
d0(y

(σ)
0 )2 + xm0.5µ1y

(σ)
0 −

−h
4

(
x̄mN − xmN

)
∆α

0tj+σ
y2N − h

4(m+ 1)
xm0.5∆

α
0tj+σ

y20 . (32)

Ó÷èòûâàÿ (32), ïåðåïèøåì (31):(κ
2
,∆α

0tj+σ
(x

m
2 y)2

]
+

1

1 + hM1

(
x̄maiκ, (y(σ)x̄ )2

]
+

+
h

4(m+ 1)
xm0.5∆

α
0tj+σ

y20 +
h

4

(
x̄mN − xmN

)
∆α

0tj+σ
y2N ≤ ε∥x̄

m
2 y

(σ)
x̄ ]|20 +M ε

2∥x
m
2 y(σ)]|20−

−
(
d, (x

m
2 y(σ))2

)
− x̄mN β̃y

(σ)
N

N∑
i=0

xmi y
(σ)
i ~− 0.5hdN x̄

m
N

(
y
(σ)
N

)2 − xm0.5
0.5h

m+ 1
d0(y

(σ)
0 )2+

+
(
φ, xmy(σ)

)
+ x̄mNµ2y

(σ)
N + xm0.5µ1y

(σ)
0 . (33)

Ó÷èòûâàÿ,÷òî xmN−0.5 ≥ 1
6
xmN , ïðåîáðàçóåì íåêîòîðûå ñëàãàåìûå â (33):(κ

2
,∆α

0tj+σ
(x

m
2 y)2

]
+
h

4

(
x̄mN − xmN

)
∆α

0tj+σ
y2N ≥

(κ
2
,∆α

0tj+σ
(x

m
2 y)2

)
+
h

4
xmN−0.5∆

α
0tj+σ

y2N ≥

≥ M3

2

(
1,∆α

0tj+σ
(x

m
2 y)2

)
+

0.5h

12
∆α

0tj+σ

(
x

m
2
N yN

)2
≥ 1

12

(
1,∆α

0tj+σ
(x

m
2 y)2

)
+

+
0.5h

12
∆α

0tj+σ

(
x

m
2 yN

)2
≥ 1

12

(
1,∆α

0tj+σ
(x

m
2 y)2

]
≥ 1

12
∆α

0tj+σ
∥x

m
2 y]|20 , (34)
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ãäå

M3 =

{
1, åñëè m = 0,m ≥ 1 ,

1/2, åñëè m ∈ (0, 1), h ≤ h0 =
√

12x2

m(1−m)
,

−
(
d, (x

m
2 y(σ))2

)
− x̄mN β̃y

(σ)
N

N∑
i=0

xmi y
(σ)
i ~− 0.5hdN x̄

m
N

(
y
(σ)
N

)2 − xm0.5
0.5h

m+ 1
d0(y

(σ)
0 )2+

+
(
φ, xmy(σ)

)
+ x̄mNµ2y

(σ)
N + xm0.5µ1y

(σ)
0 ≤

≤ ε∥x̄
m
2 y

(σ)
x̄ ]|20 +M ε

4

(
∥x

m
2 y(σ)]|20 + (x

m
2
0.5y

(σ)
0 )2

)
+M5

(
∥x

m
2 φ∥20 + µ2

1 + µ2
2

)
. (35)

Ïåðåïèøåì (33) ñ ó÷åòîì (34),(35):

∆α
0tj+σ

∥x
m
2 y]|21+∥x̄

m
2 y

(σ)
x̄ ]|20 ≤ εM6∥x̄

m
2 y

(σ)
x̄ ]|20+M ε

7∥x
m
2 y(σ)]|21+M8

(
∥x

m
2 φ∥20+µ2

1+µ
2
2

)
, (36)

ãäå ∥xm
2 y]|21 = ∥xm

2 y]|20 +
(
x

m
2
0.5y0

)2
.

Âûáèðàÿ ε =
1

2M6

, èç (36) ïîëó÷àåì:

∆α
0tj+σ

∥x
m
2 y]|21 + ∥x̄

m
2 y

(σ)
x̄ ]|20 ≤M9∥x

m
2 y(σ)]|21 +M10

(
∥x

m
2 φ∥20 + µ2

1 + µ2
2

)
. (37)

Ïåðåïèøåì (37) â äðóãîé ôîðìå:

∆α
0tj+σ

∥x
m
2 y]|21 ≤Mσ

11∥x
m
2 yj+1]|21 +Mσ

12∥x
m
2 yj]|21 +M13

(
∥x

m
2 φ∥20 + µ2

1 + µ2
2

)
. (38)

Íà îñíîâàíèè Ëåììû 4 èç (38), ïîëó÷àåì:

∥x
m
2 yj+1]|21 ≤M

(
∥x

m
2 y0]|21 +

tαj
Γ(1 + α)

max
0≤j′≤j

(
∥x

m
2 φ∥20 + µ2

1 + µ2
2

))
, (39)

ãäå M - ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò h è τ .
Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (5). Òîãäà ñóùåñòâóþò òàêèå h0, τ0, ÷òî åñëè

h ≤ h0, τ ≤ τ0, òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (19)-(22) ñïðàâåäëèâà àïðèîðíàÿ
îöåíêà (39), èç ÷åãî ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ ðàçíîñòíîé ñõåìû
(19)-(22) ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

Ïóñòü u(x, t) � ðåøåíèå çàäà÷è (1)-(4), y(xi, tj) = yji � ðåøåíèå ðàçíîñòíîé çàäà÷è
(19)-(22). Äëÿ îöåíêè òî÷íîñòè ðàçíîñòíîé ñõåìû (19)-(22) ðàññìîòðèì ðàçíîñòü zji =
yji −u

j
i , ãäå u

j
i = u(xi, tj). Òîãäà, ïîäñòàâëÿÿ y = z+u â ñîîòíîøåíèÿ (19)-(22), ïîëó÷àåì

çàäà÷ó äëÿ ôóíêöèè z:

κ∆α
0tj+σ

zi =
κ
xmi

(
xmi−0.5a

j
iz

(σ)
x̄i

)
x
+
b−j

xmi

(
xmi−0.5a

j
iz

(σ)
x̄,i

)
+
b+j

xmi

(
xmi+0.5a

j
i+1z

(σ)
x,i

)
−djiz

(σ)
i +Ψj

i , (40)

κ0a1z
(σ)
(x,0) =

0.5h

m+ 1

(
∆α

0tj+σ
z0 + d0z

(σ)
0

)
− ν1, t ∈ ωτ , x = 0 , (41)
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−κNaNz
(σ)
x̄,N = β̃

N∑
i=0

xmi z
(σ)
i ~+ 0.5hdNz

(σ)
N + 0.5h∆α

0tj+σ
zN − ν2 , x = N, (42)

z(x, 0) = 0, x ∈ ωh, t = 0 , (43)

ãäå Ψ = O
(

h2+τ2

x

)
, ν1 = O

(
h2 + τ 2

)
, ν2 = O

(
h2 + τ 2

)
� ïîãðåøíîñòè àïïðîêñèìàöèè

äèôôåðåíöèàëüíîé çàäà÷è (1)-(4) ðàçíîñòíîé ñõåìîé (19)-(22) â êëàññå ðåøåíèé u =
u(x, t) çàäà÷è (1)-(4).

Ïðèìåíÿÿ àïðèîðíóþ îöåíêó (39) ê ðåøåíèþ çàäà÷è (40)-(43), ïîëó÷àåì íåðàâåíñòâî

∥x
m
2 zj+1]|21 ≤M max

0≤j′≤j

(
∥x

m
2 Ψj ′∥20 + ν21 + ν22

)
, (44)

ãäå M � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò h è τ .
Îòñþäà âûòåêàåò àïðèîðíàÿ îöåíêà

∥xzj+1]|21 ≤M max
0≤j′≤j

(
∥xΨj ′∥20 + ν21 + ν22

)
, (45)

ãäå M � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò h è τ .
Èç àïðèîðíîé îöåíêè (45) ñëåäóåò ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çàäà÷è (19)-(22)

ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è (1)-(4) â ñìûñëå íîðìû ∥xzj+1]|21 íà êàæäîì ñëîå
òàê, ÷òî åñëè ñóùåñòâóþò òàêèå h0, τ0, òî ïðè h ≤ h0, τ ≤ τ0 ñïðàâåäëèâà àïðèîðíàÿ
îöåíêà

∥x
(
yj+1 − uj+1

)
]|1 ≤M

(
h2 + τ 2

)
.

4. Ïîñòàíîâêà íåëîêàëüíîé êðàåâîé çàäà÷è Á
è àïðèîðíàÿ îöåíêà â äèôôåðåíöèàëüíîé ôîðìå

Ðàññìîòðèì ñëåäóþùóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ (1). Çàìåíèì
óñëîâèå (3) óñëîâèåì âèäà

−k(l, t)ux(l, t) = β(t)u(0, t) +

t∫
0

ρ(t, τ)u(0, τ)dτ − µ(t), |β| ≤ c2. (46)

Äëÿ ïîëó÷åíèÿ àïðèîðíîé îöåíêè ðåøåíèÿ óìíîæèì (1) ñêàëÿðíî íà xmu. Òîãäà,
ó÷èòûâàÿ ïðåîáðàçîâàíèÿ (7)-(12), èç (6) ïîëó÷èì

1

2
∂α0t∥x

m
2 u∥20 + c0∥x

m
2 ux∥20 ≤ xmukux

∣∣l
0
+ ε∥x

m
2 ux∥20 +M ε

1∥x
m
2 u∥20 +

1

2
∥x

m
2 f∥20 . (47)

Ïðåîáðàçóåì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (47)

xmukux|l0 = lmu(l, t)
(
µ(t)− β(t)u(0, t)−

t∫
0

ρ(t, τ)u(0, τ)dτ
)
=

= lmµ(t)u(l, t)− lmβ(t)u(l, t)u(0, t)−
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−lmu(l, t)
t∫

0

ρ(t, τ)u(0, τ)dτ ≤ 1

2
µ2(t) +M2

(
u2(l, t) + u2(0, t)

)
+

1

2

( t∫
0

ρ(t, τ)u(0, τ)dτ
)2

≤

≤ ε∥x
m
2 ux∥20 +M ε

3∥x
m
2 u∥20 +

t∫
0

(
ε1∥x

m
2 ux∥20 +M ε1

4 ∥x
m
2 u∥20

)
dτ +

1

2
µ2(t) . (48)

Ó÷èòûâàÿ (48), èç (47) ïðè ε =
c0
4
ïîëó÷èì:

∂α0t∥x
m
2 u∥20 + ∥x

m
2 ux∥20 ≤M5∥x

m
2 u∥20+

+M ε1
6

t∫
0

∥x
m
2 u∥20dτ + ε1M7

t∫
0

∥x
m
2 ux∥20dτ +M8

(
∥x

m
2 f∥20 + µ2(t)

)
. (49)

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì (49) îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿD−α
0t , èç (49) íàõîäèì:

∥x
m
2 u∥20 +D−α

0t ∥x
m
2 ux∥20 ≤M5D

−α
0t ∥x

m
2 u∥20 +M ε1

6 D
−α
0t

∫ t

0

∥x
m
2 u∥20dτ+

+ε1M7D
−α
0t

t∫
0

∥x
m
2 ux∥20dτ +M9

(
D−α

0t

(
∥x

m
2 f∥20 + µ2(t)

)
+ ∥x

m
2 u0(x)∥20

)
. (50)

Ïðåîáðàçóåì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (50) ñëåäóþùèì îáðàçîì:

D−α
0t

∫ t

0

∥x
m
2 u∥20dτ =

1

Γ(α)

∫ t

0

dτ

(t− τ)1−α

∫ τ

0

∥x
m
2 u∥20ds =

=
1

Γ(α)

∫ t

0

∥x
m
2 u∥20

∫ t

s

dτ

(t− τ)1−α
=

1

Γ(α)

∫ t

0

∥x
m
2 u∥20

(
− (t− τ)α

α

∣∣∣t
s

)
ds =

=
1

αΓ(α)

∫ t

0

(t− s)α∥x
m
2 u∥20ds =

1

Γ(α + 1)

∫ t

0

(t− τ)α∥x
m
2 u∥20dτ ≤

≤ 1

αΓ(α)

∫ t

0

(t− τ)∥xm
2 u∥20dτ

(t− τ)1−α
≤ T

α
D−α

0t ∥x
m
2 u∥20 .

Èòàê, ïîëó÷àåì:

D−α
0t

∫ t

0

∥x
m
2 u∥20dτ ≤ T

α
D−α

0t ∥x
m
2 u∥20 . (51)

Ñ ïîìîùüþ (51) èç (50) ïðè ε1 =
α

2TM7

íàõîäèì:

∥x
m
2 u∥20 +D−α

0t ∥x
m
2 ux∥20 ≤

≤M10D
−α
0t ∥x

m
2 u∥20 +M11

(
D−α

0t

(
∥x

m
2 f∥20 + µ2(t)

)
+ ∥x

m
2 u0(x)∥20

)
. (52)
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Íà îñíîâàíèè Ëåììû 2 èç (52) íàõîäèì àïðèîðíóþ îöåíêó

∥x
m
2 u∥20 +D−α

0t ∥x
m
2 ux∥20 ≤M

(
D−α

0t

(
∥x

m
2 f∥20 + µ2(t)

)
+ ∥x

m
2 u0(x)∥20

)
, (53)

ãäå � ïîëîæèòåëüíîå ÷èñëî, çàâèñÿùåå òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (1), (2), (46),

(4), D−α
0t u = 1

Γ(α)

t∫
0

udτ
(t−τ)1−α � äðîáíûé èíòåãðàë Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà α, 0 < α < 1.

Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà 3. Åñëè k(x, t) ∈ C1,0(QT ), r(x, t), q(x, t), f(x, t) ∈ C(QT ), u(x, t) ∈ C2,0

(
QT

)
∩C1,0

(
QT

)
, ∂α0tu(x, t) ∈ C(QT ) è âûïîëíåíû óñëîâèÿ (5), (46), òî äëÿ ðåøåíèÿ u(x, t)

çàäà÷è (1), (2),(46),(4) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà (53), èç ÷åãî ñëåäóþò åäèíñòâåí-
íîñòü è óñòîé÷èâîñòü ðåøåíèÿ ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè â ñìûñëå íîðìû
∥xm

2 u∥21 = ∥xm
2 u∥20 +D−α

0t ∥xm
2 ux∥20 .

5. Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû

Íà ðàâíîìåðíîé ñåòêå ωhτ äèôôåðåíöèàëüíîé çàäà÷å (1),(2),(46),(4) ïîñòàâèì â ñî-

îòâåòñòâèå ðàçíîñòíóþ ñõåìó ïîðÿäêà àïïðîêñèìàöèè O
(

h2+τ2

x

)
:

κ∆α
0tj+σ

yi =
κ
xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
x
+
b−j

xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
+
b+j

xmi

(
xmi+0.5a

j
i+1y

(σ)
x,i

)
−djiy

(σ)
i +φj

i , (54)

κ0a1y
(σ)
x,0 =

0.5h

m+ 1
∆α

0tj+σ
y0 +

0.5h

m+ 1
dj0y

(σ)
0 − µ1, t ∈ ωτ , x = 0, (55)

−κNaNy
(σ)
x̄,N = β̃y

(σ)
0 +

j∑
s=0

ρjsy
s
0τ̄ + 0.5hdNy

(σ)
N + 0.5h∆α

0tj+σ
yN − µ2, x = N, (56)

y(x, 0) = u0(x), x ∈ ωh, t = 0 . (57)

Ïåðåïèøåì çàäà÷ó (54)-(57) â îïåðàòîðíîé ôîðìå:{
κ∆α

0tj+σ
y = Λ(tj+σ)y(σ) + Φ,

y(x, 0) = u0(x) ,
(58)

ãäå

κ =

{
κi, x ∈ ωh,

1, x = 0, l,
κi = 1 +

m(m− 1)h2

24x2i
, Φ =


φ = φi, (x, t) ∈ ωhτ ;

φ− = (0.5h)−1(m+ 1)µ1, x = 0 ;

φ+ = (0.5h)−1µ2, x = l ,

t∗ = tj+1/2,

Λ(tj+σ)y(σ) =



Λ̃(tj+σ)y
(σ)
i =

κi

xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
x
+

+
b−j

xim

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
+
b+j

xmi

(
xmi+0.5a

j
i+1y

(σ)
x,i

)
− djiy

(σ)
i ;

Λ−y
(σ)
0 =

(m+ 1)
(
κ0a1y

(σ)
x,0 − 0.5h

m+1
d0y

(σ)
0

)
0.5h

, x = 0 ;

Λ+y
(σ)
N = −

κNaNy
(σ)
x̄,N + β̃y

(σ)
0 +

j∑
s=0

ρjsy
s
0τ̄ + 0.5hdNy

(σ)
N

0.5h
, x = l .
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Ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â ñëåäóþùåì âèäå:(
u, v
]
=

N∑
i=1

uivi~, ∥u]|20 =
N∑
i=1

u2i~, ~ =

{
0.5h, i = N,

h, i ̸= N.

Óìíîæèì (58) òåïåðü ñêàëÿðíî íà xmy(σ), òîãäà ïîëó÷èì(
κ∆α

0tj+σ
y, xmy(σ)

]
=
(
Λ(tj+σ)y

(σ), xmy(σ)
]
+
(
Φ, xmy(σ)

]
. (59)

Ïîâòîðÿÿ ðàññóæäåíèÿ (24)-(38), èç (59) ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷àåì

∆α
0tj+σ

∥x
m
2 y]|21 + ∥x̄

m
2 y

(σ)
x̄ ]|20 ≤M1

j∑
s=0

∥x̄
m
2 yx̄]|20τ̄ +M2∥x

m
2 y(σ)]|21+

+M3

j∑
s=0

∥x
m
2 y]|20τ̄ +M4

(
∥x

m
2 φ∥20 + µ2

1 + µ2
2

)
, (60)

ãäå

∥x
m
2 y]|21 = ∥x

m
2 y]|20 +

(
x

m
2
0.5y0

)2
.

Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (60), äëÿ ýòîãî ïåðåïèøåì (60) â äðóãîé ôîðìå:

∥x̄
m
2 y

(σ)
x̄ ]|20 ≤M1

j∑
s=0

∥x̄
m
2 yx̄]|20τ̄ + F , (61)

ãäå F =M2∥x
m
2 y(σ)]|21 +M3

j∑
s=0

∥x
m
2 y]|20τ̄ +M4

(
∥x

m
2 φ∥20 + µ2

1 + µ2
2

)
. Ñ ïîìîùüþ Ëåììû 4

[Ñàìàðñêèé À.À., Ãóëèí À.Â. 1973, ñòð.171] èç (61), íàõîäèì:

∥x̄
m
2 y

(σ)
x̄ ]|20 ≤M5F. (62)

Ó÷èòûâàÿ (62), èç (60) íàõîäèì

∆α
0tj+σ

∥x
m
2 y]|21 + ∥x̄

m
2 y

(σ)
x̄ ]|20 ≤

≤M6∥x
m
2 y(σ)]|21 +M7

j∑
s=0

∥x
m
2 y]|20τ̄ +M8

j∑
s=0

(
∥x

m
2 φs∥20 + µ2

1 + µ2
2

)
τ̄ . (63)

Íà îñíîâàíèè Ëåììû 4 èç (60), ïîëó÷èì:

∥x
m
2 yj+1]|21 ≤M9

(
∥x

m
2 y0]|21+

tαj
Γ(1 + α)

max
0≤j′≤j

( j ′∑
s=0

∥x
m
2 y]|20τ̄ +

j ′∑
s=0

(
∥x

m
2 φs∥20+µ2

1+µ2
2

)
τ̄

)
.

(64)
Ââåäÿ îáîçíà÷åíèå gj = max

0≤j′≤j
∥y]|20 èç (64) ïîëó÷èì

gj+1 ≤M9

tαj
Γ(1 + α)

j∑
s=0

gsτ̄ +M10F
j
1 , (65)
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ãäå

F j
1 = ∥x

m
2 y0]|21 +

tαj
Γ(1 + α)

max
0≤j′≤j

j ′∑
s=0

(
∥x

m
2 φs∥20 + µ2

1 + µ2
2

)
τ̄ .

Íà îñíîâàíèè Ëåììû 4 [Ñàìàðñêèé À.À., Ãóëèí À.Â. 1973, ñòð.171] èç (65) ïîëó÷àåì
àïðèîðíóþ îöåíêó

∥x
m
2 yj+1]|20 ≤M

(
∥x

m
2 y0]|21 +

tαj
Γ(1 + α)

max
0≤j′≤j

j ′∑
s=0

(
∥x

m
2 φs∥20 + µ2

1 + µ2
2

)
τ̄

)
, (66)

ãäå M � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò h è τ .
Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ (5), (46) òîãäà ñóùåñòâóþò òàêèå h0, τ0, ÷òî

åñëè h ≤ h0, τ ≤ τ0, òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (54)-(57) ñïðàâåäëèâà àïðèîðíàÿ
îöåíêà (66), èç ÷åãî ñëåäóþò åäèíñòâåííîñòü è ðåøåíèÿ ðàçíîñòíîé ñõåìû (54)-(57) ïî
íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

Ïóñòü u(x, t) � ðåøåíèå çàäà÷è (1), (2), (46), (4) y(xi, tj) = yji � ðåøåíèå ðàçíîñòíîé
çàäà÷è (54)-(57). Äëÿ îöåíêè òî÷íîñòè ðàçíîñòíîé ñõåìû (54)-(57) ðàññìîòðèì ðàçíîñòü
zji = yji − uji , ãäå u

j
i = u(xi, tj). Òîãäà, ïîäñòàâëÿÿ y = z + u â ñîîòíîøåíèÿ (54)-(57),

ïîëó÷àåì çàäà÷ó äëÿ ôóíêöèè z:

κ∆α
0tj+σ

zi =
κ
xmi

(
xmi−0.5a

j
iz

(σ)
x̄,i

)
x
+
b−j

xmi

(
xmi−0.5a

j
iz

(σ)
x̄,i

)
+
b+j

xmi

(
xmi+0.5a

j
i+1z

(σ)
x,i

)
−djiz

(σ)
i +Ψj

i , (67)

κ0a1z
(σ)
x,0 =

0.5h

m+ 1
∆α

0tj+σ
z0 +

0.5h

m+ 1
dj0z

(σ)
0 − ν1, t ∈ ωτ , x = 0, (68)

−κNaNz
(σ)
x̄,N = β̃z

(σ)
0 +

j∑
s=0

ρjsz
s
0τ̄ + 0.5hdNz

(σ)
N + 0.5h∆α

0tj+σ
zN − ν2, x = N, (69)

(x, 0) = 0, x ∈ ωh, t = 0 , (70)

ãäå Ψ = O
(

h2+τ2

x

)
, ν1 = O

(
h2+τ 2

)
, ν2 = O

(
h2+τ 2

)
� ïîãðåøíîñòè àïïðîêñèìàöèè äèô-

ôåðåíöèàëüíîé çàäà÷è (1), (2), (46), (4) ðàçíîñòíîé ñõåìîé (54)-(57) â êëàññå ðåøåíèè
u = u(x, t) çàäà÷è (1), (2), (46), (4).

Ïðèìåíÿÿ àïðèîðíóþ îöåíêó (66) ê ðåøåíèþ çàäà÷è (67)-(70), ïîëó÷àåì íåðàâåíñòâî

∥x
m
2 zj+1]|20 ≤M max

0≤j′≤j

j ′∑
s=0

(
∥x

m
2 Ψs∥20 + ν21 + ν22

)
τ̄ , (71)

ãäå M− ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò h è τ .
Îòñþäà âûòåêàåò àïðèîðíàÿ îöåíêà

∥xzj+1]|20 ≤M max
0≤j′≤j

j ′∑
s=0

(
∥xΨs∥20 + ν21 + ν22

)
τ̄ . (72)

ãäå M � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò h è τ .
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Èç àïðèîðíîé îöåíêè (72) ñëåäóåò ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çàäà÷è (54)-(57)
ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è (1), (2), (46), (4) â ñìûñëå íîðìû ∥xzj+1]|20 íà
êàæäîì ñëîå òàê, ÷òî åñëè ñóùåñòâóþò òàêèå τ0, h0, òî ïðè τ ≤ τ0, h ≤ h0, ñïðàâåäëèâà
àïðèîðíàÿ îöåíêà

∥x
(
yj+1 − uj+1

)
]|20 ≤M

(
h2 + τ 2

)
.

Çàìå÷àíèå. Ïîëó÷åííûå â äàííîé ðàáîòå ðåçóëüòàòû ñïðàâåäëèâû è â ñëó÷àå, êîãäà
óñëîâèå (3) çàìåíÿåòñÿ óñëîâèåì âèäà:

∂α0t

∫ l

0

xmu(x, t)dx = µ(t), 0 ≤ t ≤ T.

6. Çàêëþ÷åíèå

Â ðàáîòå èññëåäîâàíû íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ êîíâåêöèè-äèô-
ôóçèè äðîáíîãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè ñ âûðîæäåíèåì. Ìåòîäîì
ýíåðãåòè÷åñêèõ íåðàâåíñòâ ïîëó÷åíû àïðèîðíûå îöåíêè â äèôôåðåíöèàëüíîé è ðàç-
íîñòíîé òðàêòîâêàõ äëÿ ðåøåíèÿ ðàññìàòðèâàåìûõ çàäà÷. Èç ïîëó÷åííûõ îöåíîê ñëå-
äóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ îòíîñèòåëüíî íà÷àëüíûõ äàííûõ è ïðà-
âîé ÷àñòè, à òàêæå ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çàäà÷è ê ðåøåíèþ ñîîòâåòñòâóþùåé
äèôôåðåíöèàëüíîé çàäà÷è.
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Àííîòàöèÿ

Ðàññìàòðèâàþòñÿ âûáîðêè êîíå÷íîãî îáúåìà N ≥ 2 íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ

ñëó÷àéíûõ íåîòðèöàòåëüíûõ âåëè÷èí r̃1, ..., r̃N . Ñòàâèòñÿ çàäà÷à î íàõîæäåíèè äîñòàòî÷íûõ

óñëîâèé äëÿ èõ îáùåãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé Q(x) = Pr{r̃j < x}, j = 1 ÷ N , êîòîðûå

ãàðàíòèðóþò óíèìîäàëüíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòåé FN (x) = Pr{r̃ < x} èõ ìàêñèìóìà
r̃ = max{r̃j ; j = 1 ÷N}. Äîêàçûâàåòñÿ, ÷òî â ñëó÷àå, åñëè Q èìååò íåïðåðûâíî äèôôåðåíöè-

ðóåìóþ ïëîòíîñòü q, êîòîðàÿ ÿâëÿåòñÿ ïëîòíîñòüþ Ýðëàíãà ïðîèçâîëüíîãî ïîðÿäêà n ∈ N, òî
ðàñïðåäåëåíèå FN îáëàäàåò íåïðåðûâíî äèôôåðåíöèðóåìîé óíèìîäàëüíîé ïëîòíîñòüþ fN .

Abstract

Finite samples of independent identically distributed nonnegative random variables r̃1, ..., r̃N are

under consideration. It is set the problem about su�cient conditions for their common probability

distribution Q(x) = Pr{r̃j < x}, j = 1 ÷ N which guarantee the unimodality of the probability

distribution FN (x) = Pr{r̃ < x}} of random value r̃ = max{r̃j ; j = 1 ÷ N}. It is proven that in

the case when Q has the continuously di�erentiable density q that is the Erlang density with an

arbitrary order n ∈ N, the distribution FN is unimodal.

Êëþ÷åâûå ñëîâà: íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, ìàêñèìóì âûáîðêè, ðàñïðåäåëåíèå âå-

ðîÿòíîñòåé, óíèìîäàëüíîñòü, ïëîòíîñòü ðàñïðåäåëåíèÿ, ðàñïðåäåëåíèå Ýðëàíãà.

Key words: equivalent independent random values, sample maxima, probability distribution,

unimodality, probability density, Erlang distribution.
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Ââåäåíèå

Ñóùåñòâóåò äîâîëüíî îáøèðíîå ìíîæåñòâî ïðèêëàäíûõ çàäà÷, ïðè ðåøåíèè êîòî-
ðûõ íåîáõîäèìî çàêëàäûâàòü â êîíñòðóêöèþ ìàòåìàòè÷åñêîé ìîäåëè âûáîðêè íåçàâè-
ñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí r̃1, ..., r̃N è àíàëèçèðîâàòü ðàñ-
ïðåäåëåíèå âåðîÿòíîñòåé âûáîðî÷íûõ ýêñòðåìóìîâ (ñì., íàïðèìåð, [Gnedenko, 1941;
Gnedenko 1943; Gumbel 1962]). Â ÷àñòíîñòè, òàêàÿ ïðîáëåìà âîçíèêàåò ïðè èçó÷åíèè
âåðîÿòíîñòíîé ìîäåëè ýëåêòðè÷åñêîé ïðî÷íîñòè ïîëèìåðíûõ ýìàëü-ëàêîâûõ ïîêðûòèé
[Áðàãèíñêèé è äð. 1983; Áðàãèíñêèé è äð. 1988). Â ýòîé ìîäåëè ñëó÷àéíûå âåëè÷èíû r̃j,
j = 1÷N ÿâëÿþòñÿ íåêîòîðûìè ñëó÷àéíûìè ðàçìåðàìè âîçäóøíûõ âêëþ÷åíèé â ìàòå-
ðèàë ïîêðûòèÿ, êîòîðûå âîçíèêàþò â ðåçóëüòàòå òåõíîëîãè÷åñêîãî ïðîöåññà ñîçäàíèÿ
ïîêðûòèÿ. Â ðàìêàõ ýòîé ìîäåëè ëîêàëüíàÿ ýëåêòðè÷åñêàÿ ïðî÷íîñòü ÿâëÿåòñÿ óáûâà-
þùåé ôóíêöèåé ìàêñèìóìà r̃ = max{r̃j; j = 1 ÷ N} ñëó÷àéíûõ ðàäèóñîâ âîçäóøíûõ
ïóçûðüêîâ. Â ýòîì ñëó÷àå íåîáõîäèìî èçó÷èòü ðàñïðåäåëåíèå âåðîÿòíîñòåé ñëó÷àéíîé
âåëè÷èíû r̃, êîãäà r̃j, j = 1÷N ÿâëÿþòñÿ ñòàòèñòè÷åñêè íåçàâèñèìûìè è ýêâèâàëåíòíî
ðàñïðåäåëåííûìè ñëó÷àéíûìè ïîëîæèòåëüíûìè âåëè÷èíàìè. Ïðè ýòîì îáúåì âûáîð-
êè N ≥ 2, ïî ïîðÿäêó âåëè÷èíû, ðàâåí ÷èñëó âîçäóøíûõ âêëþ÷åíèé, ïðèõîäÿùèõñÿ íà
1 ñì2 ïëîùàäè ïîêðûòèÿ. Òàêèì îáðàçîì, ýòî ÷èñëî ÿâëÿåòñÿ äîâîëüíî íåîïðåäåëåí-
íûì è íå î÷åíü áîëüøèì. Ââèäó åãî îòíîñèòåëüíî ìàëîé âåëè÷èíû, íåò âîçìîæíîñòè
èñïîëüçîâàòü ïðè àíàëèçå ìîäåëè èçâåñòíûå ïðåäåëüíûå òåîðåìû äëÿ ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé âûáîðî÷íûõ ìàêñèìóìîâ [Gnedenko, 1941; Gnedenko 1943]. Â óñëîâèÿõ òà-
êîé íåîïðåäåëåííîñòè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïðèõîäèòñÿ èçó÷àòü ôóíêöèþ
FN(x) ïðè î÷åíü øèðîêèõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé
Q(x) = Pr{r̃j < x}, j = 1 ÷ N ðàçìåðîâ âîçäóøíûõ ïîð. Ïðè ýòîì ïðåäñêàçàòåëüíóþ
öåííîñòü ñîñòàâëÿþò òîëüêî íàèáîëåå âàæíûå êà÷åñòâåííûå ñâîéñòâà ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé FN(x) = Pr{r̃ < x}, êîòîðûå ìîãóò íàáëþäàòüñÿ ïðè ñòàòèñòè÷åñêîì àíà-
ëèçå. Ââèäó æå íåîïðåäåëåííîñòè ÷èñëà N , èñêîìûå êà÷åñòâåííûå ñâîéñòâà íå äîëæíû
çàâèñåòü îò åãî âåëè÷èíû.

Îäíèì èç íàèáîëåå âàæíûõ êà÷åñòâåííûõ ñâîéñòâ îäíîìåðíûõ ðàñïðåäåëåíèé âå-
ðîÿòíîñòåé, êîòîðûå ïðîñòî èäåíòèôèöèðóþòñÿ â ïðîöåññå îáðàáîòêè ñòàòèñòè÷åñêèõ
äàííûõ, ÿâëÿåòñÿ ÷èñëî èõ ìîä, â ÷àñòíîñòè, ðàñïðåäåëåíèÿ, èñïîëüçóåìûå â ìàòåìàòè-
÷åñêîé ñòàòèñòèêå (íàïðèìåð, ðàñïðåäåëåíèÿ Ïèðñîíà [Êîðîëþê è äð. 1985]) ÿâëÿþòñÿ
óíèìîäàëüíûìè. Ïðîáëåìå óíèìîäàëüíîñòè îäíîìåðíûõ ðàñïðåäåëåíèé âåðîÿòíîñòåé
óäåëåíî áîëüøîå âíèìàíèå â íàó÷íîé ëèòåðàòóðå ïî òåîðèè âåðîÿòíîñòåé (ñì., íàïðè-
ìåð, [Lukacs 1970]). Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ íàðóøåíèå óíèìîäàëüíîñòè ðàñïðåäåëå-
íèÿ îçíà÷àåò íàëè÷èå êàêîãî-òî ñïåöèôè÷åñêîãî ôèçè÷åñêîãî ìåõàíèçìà, ïðèâîäÿùåãî
ê ïîÿâëåíèþ ýòîãî ýôôåêòà. Ïðîÿâëåíèå åãî â ïðîöåññå îáðàáîòêè ñòàòèñòè÷åñêèõ äàí-
íûõ ìîæåò îêàçàòüñÿ äîâîëüíî íåîæèäàííûì ñþðïðèçîì è ïîýòîìó ïîäëåæèò òåîðåòè-
÷åñêîìó îñìûñëåíèþ. Êàê ðàç òàêàÿ ñèòóàöèÿ ðåàëèçóåòñÿ â ñòàòèñòèêå ýëåêòðè÷åñêîé
ïðî÷íîñòè ýìàëü-ëàêîâûõ ïîêðûòèé, ÷òî è âûçâàëî èññëåäîâàòåëüñêèé èíòåðåñ ê ýòîé
ïðîáëåìå â ðàáîòàõ [Áðàãèíñêèé è äð. 1983; Áðàãèíñêèé è äð. 1988]. Â íàñòîÿùåé ðà-
áîòå ìû ïîêàæåì, ÷òî ïðè èñïîëüçîâàíèè, â ïðîöåññå âåðîÿòíîñòíîãî ìîäåëèðîâàíèÿ
ïîëîæèòåëüíûõ ñëó÷àéíûõ âåëè÷èí r̃1, ..., r̃N , ëþáîãî èç ðàñïðåäåëåíèé Ýðëàíãà, ðàñ-
ïðåäåëåíèå FN ÿâëÿåòñÿ îäíîâåðøèííûì.
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2. Ïîñòàíîâêà çàäà÷è

Îáîçíà÷èì ïîñðåäñòâîì Q(x), x > 0 îáùåå ðàñïðåäåëåíèå âåðîÿòíîñòåé ñëó÷àéíûõ
âåëè÷èí r̃1, ..., r̃N . Áóäåì ïðåäïîëàãàòü, ÷òî Q(x) èìååò íåïðåðûâíóþ íà x > 0 ïëîòíîñòü
q(x) = dQ(x)/dx > 0 íà [0,∞), êîòîðàÿ èìååò åäèíñòâåííûé ìàêñèìóì, ò. å. Q(x) ÿâ-
ëÿåòñÿ óíèìîäàëüíûì ðàñïðåäåëåíèåì. Òàê êàê r̃1, ..., r̃N ñòàòèñòè÷åñêè íåçàâèñèìû, òî

FN(x) =
N∏
j=1

Pr{r̃j < x} = [Q(x)]N . Â ýòîì ñëó÷àå ôóíêöèÿ ðàñïðåäåëåíèÿ FN(x) òàêæå

èìååò íåïðåðûâíóþ ïëîòíîñòü fN(x) ïðè x > 0, êîòîðàÿ äàåòñÿ ñëåäóþùåé ôîðìóëîé:

fN(x) = Nq(x)QN−1(x) , N ≥ 2 , (1)

êîòîðîå îïðåäåëÿåò âñå ýêñòðåìàëüíûå òî÷êè ïëîòíîñòè fN .
Íåîáõîäèìî ïðîàíàëèçèðîâàòü, äëÿ êàêèõ óíèìîäàëüíûõ ïëîòíîñòåé q(x) ïëîòíîñòü

(1) òàêæå ÿâëÿåòñÿ óíèìîäàëüíîé, à â êàêèõ ñëó÷àÿõ îíà èìååò áîëåå îäíîãî ìàêñè-
ìóìà. Áóäåì ïðåäïîëàãàòü, äàëåå, ÷òî ïëîòíîñòü q ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåí-
öèðóåìîé. Âñëåäñòâèå íåïðåðûâíîé äèôôåðåíöèðóåìîñòè q, ñîãëàñíî (1), ïëîòíîñòü
fN(x) òàêæå íåïðåðûâíî äèôôåðåíöèðóåìà, è åå ïðîèçâîäíàÿ äàåòñÿ ôîðìóëîé ḟN(x) =
NQN−2(x)

(
q̇(x)Q(x) + (N − 1)q2(x)

)
, N ≥ 2. Òîãäà çàäà÷à îá îïðåäåëåíèè ÷èñëà ìàêñè-

ìóìîâ ó ïëîòíîñòè fN ñâîäèòñÿ ê îïðåäåëåíèþ ÷èñëà ðåøåíèé óðàâíåíèÿ

q̇(x)Q(x) + (N − 1)q2(x) = 0 , x > 0 , Q(x) =

x∫
0

q(y)dy . (2)

Â ýòîé ðàáîòå ìû áóäåì ïðåäïîëàãàòü, ÷òî ïëîòíîñòü q ïðèíàäëåæèò êëàññó ïëîò-
íîñòåé ðàñïðåäåëåíèé Ýðëàíãà, òî åñòü ïðåäñòàâëÿåòñÿ ôîðìóëîé

q(x) =
λnxn−1

(n− 1)!
exp(−λx) , (3)

ãäå ÷èñëî n ∈ N � ïîðÿäîê ðàñïðåäåëåíèÿ, à λ > 0 � ðàçìåðíûé ïàðàìåòð, îïðåäåëÿþ-
ùèé ñòàòèñòè÷åñêèå õàðàêòåðèñòèêè ñëó÷àéíûõ âåëè÷èí r̃j, j = 1÷N .

Çàìåòèì, ÷òî Q(0) = 0, è ïîýòîìó äîëæíî èìåòü ìåñòî q(0) = 0, ò. å. óðàâíåíèå
(2) âñåãäà èìååò ðåøåíèå x = 0. Â ýòîé òî÷êå ðåàëèçóåòñÿ ìèíèìóì íåîòðèöàòåëüíîé
ïëîòíîñòè fN(x). Òàêèì îáðàçîì, íàñ áóäóò èíòåðåñîâàòü ñòðîãî ïîëîæèòåëüíûå ðå-
øåíèÿ óðàâíåíèÿ (2), êîòîðûå îáÿçàíû ñóùåñòâîâàòü, ââèäó íåîòðèöàòåëüíîñòè fN(x).
Íàèìåíüøåå èç òàêèõ ðåøåíèé î÷åâèäíî ñîîòâåòñòâóåò ìàêñèìóìó ïëîòíîñòè fN(x).
Íàêîíåö, çàìåòèì, ÷òî ïðè ïîëó÷åíèè óðàâíåíèÿ (2) ïðîèçâîäèòñÿ äåëåíèå íà âûðà-
æåíèå (

∫ x

0
q(y)dy)N−2, êîòîðîå ðàâíî íóëþ ïðè x = 0, åñëè N > 2. Ïî ýòîé ïðè÷èíå

óðàâíåíèå (2) ìîæåò íå ñîäåðæàòü íóëåâîãî ðåøåíèÿ. Òåì íå ìåíåå óòâåðæäåíèå î òîì,
÷òî åãî íàèìåíüøåå ïîëîæèòåëüíîå ðåøåíèå ñîîòâåòñòâóåò ìàêñèìóìó ïëîòíîñòè fn(x)
îñòàåòñÿ â ñèëå.

Ïðèìåð 1. Ïóñòü n = 1, òî åñòü q(x) = λe−λx, q̇(x) = −λ2e−λx. Ïîäñòàíîâêà â
óðàâíåíèå (2) ïðèâîäèò ê ðàâåíñòâó

(1− e−λx) = (N − 1)e−λx , (4)
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êîòîðîå âîçìîæíî òîëüêî ïðè 1 = Ne−λx, òî åñòü èìååòñÿ åäèíñòâåííîå ðåøåíèå xm =
lnN/λ, êîòîðîå ÿâëÿåòñÿ òî÷êîé ìàêñèìóìà, à òî÷êà x = 0 âûïàëà èç ðàññìîòðåíèÿ.

Ïðåæäå ÷åì ïåðåõîäèòü ê äîêàçàòåëüñòâó îñíîâíîãî ðåçóëüòàòà ðàáîòû, äîêàæåì
ñëåäóþùåå ïðîñòîå óòâåðæäåíèå.

Òåîðåìà 1. Óðàâíåíèå (2) ýêâèâàëåíòíî óðàâíåíèþ äëÿ ïëîòíîñòè µq(µx) ñ ïðîèç-
âîëüíûì çíà÷åíèåì µ > 0.

�Ïðè çàìåíå q(x) íà µq(µx) èìååò ìåñòî q̇(x) ⇒ µ2q̇(µx) è, ñëåäîâàòåëüíî, óðàâíåíèå
(2) ïåðåõîäèò â ñëåäóþùåå

µ2q̇(µx) · µ
x∫

0

q(µy)dy + (N − 1)µ2q2(µx) = 0 ,

q̇(µx) ·
µx∫
0

q(y)dy + (N − 1)q2(µx) = 0 .

Ïîñëå çàìåíû µx⇒ x ïîëó÷àåì èñõîäíîå óðàâíåíèå (2). �
Â ñâÿçè ñ äîêàçàííîé òåîðåìîé, äàëåå, äîñòàòî÷íî èññëåäîâàòü óðàâíåíèå (2) ñ ïëîò-

íîñòüþ

q(x) =
xn−1

(n− 1)!
exp(−x) . (5)

Ïðèìåð 2. Ðàññìîòðèì ñëó÷àé n = 2, q(x) = xe−x, q̇(x) = (1 − x)e−x. Òàê êàê
x∫
0

ye−ydy = 1− e−x − xe−x, òî óðàâíåíèå (2) â ýòîì ñëó÷àå ïðèíèìàåò âèä

(1− x)(1− e−x − xe−x) + (N − 1)x2e−x = 0 ,

ëèáî, ïîñëå ïðåîáðàçîâàíèé,
1− x = g(x) ,

ãäå
g(x) = e−x(1−Nx2) .

Òî÷êà x = 0 ÿâëÿåòñÿ åãî ðåøåíèåì, òàê êàê g(0) = 1. Ïðîèçâîäíàÿ ôóíêöèè g ðàâíà

ġ(x) = e−x(Nx2 − 2Nx− 1) ,

è ïîýòîìó g(x) óáûâàåò ïðè Nx2 − 2Nx− 1 < 0, òî åñòü ïðè x < 1 +
√
1 +N−1. Â òî÷êå

x = 0 èìååì ġ(0) = −1, òî åñòü g(x) êàñàåòñÿ ãðàôèêà ëèíåéíîé ôóíêöèè 1− x. Âòîðàÿ
ïðîèçâîäíàÿ ôóíêöèè g äàåòñÿ ôîðìóëîé

g̈(x) = e−x(Nx2 − 4Nx+ 4N − 1) .

Â òî÷êå x = 0 èìååì g̈(0) = −1, òî åñòü g(x) âîãíóòà ïðè Nx2 − 4Nx+ 4N − 1 < 0, ÷òî
èìååò ìåñòî íà÷èíàÿ ñ òî÷êè x = 0, êðàéíåé òî÷êè åå îáëàñòè îïðåäåëåíèÿ, è äî òî÷êè
2+
√

4− (4N − 1)/N2 = 4−N−1. Ïîýòîìó íà èíòåðâàëå (0, 4−N−1] óðàâíåíèå g(x) = 1−x
íå èìååò êîðíåé. Íà èíòåðâàëå æå [4−N−1,∞), ãäå ôóíêöèÿ g âûïóêëà è g(x) < 1− x
ïðè x = 4−N−1, óðàâíåíèå èìååò ðîâíî îäèí êîðåíü. Â ñàìîì äåëå, âî-ïåðâûõ, â ñèëó



370 ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2019. Òîì 51, �3

âûïóêëîñòè g(x) óðàâíåíèå èìååò íå áîëåå äâóõ êîðíåé íà ýòîì èíòåðâàëå. Âî-âòîðûõ,
â ñëó÷àå îòñóòñòâèÿ êîðíåé èëè íàëè÷èÿ äâóõ êîðíåé íà íåì, äîëæíî âûïîëíÿòüñÿ
íåðàâåíñòâî g(x) < 1 − x íà îáîèõ êîíöàõ èíòåðâàëà. Îäíàêî, ïðè x → ∞ ôóíêöèÿ
g(x) → 0, à 1− x ñòðåìèòñÿ ê −∞.

3. Îñíîâíàÿ òåîðåìà

Â ýòîì ðàçäåëå ìû äîêàæåì òî óòâåðæäåíèå, êîòîðîìó ïîñâÿùåíî íàñòîÿùåå ñîîá-
ùåíèå.

Òåîðåìà 2. Ðàñïðåäåëåíèå âåðîÿòíîñòåé FN(x) = Pr{r̃ < x} = QN(x) ìàêñèìóìà
âûáîðêè N íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ íåîòðèöàòåëüíûõ âåëè÷èí r̃1, ..., r̃N
ñ îáùèì äëÿ íèõ ðàñïðåäåëåíèåì âåðîÿòíîñòåé Q(x), x > 0 óíèìîäàëüíî ïðè ëþáîì
N ∈ N â òîì ñëó÷àå, êîãäà Q(x) îïðåäåëÿåòñÿ ïëîòíîñòüþ Ýðëàíãà

q(x) =
(
xn−1λn/(n− 1)!

)
exp(−λx)

ïðè ëþáûõ λ > 0 è n ∈ N.
� Â ñèëó òåîðåìû 1, äîñòàòî÷íî äàòü äîêàçàòåëüñòâî äëÿ λ = 1. Áóäåì ñ÷èòàòü,

÷òî N ≥ 2 è n ≥ 2, òàê êàê ïðè N = 1 óòâåðæäåíèå òðèâèàëüíî, à ïðè n = 1 åãî
äîêàçàòåëüñòâî äàåòñÿ ðàññìîòðåííûì âûøå ïðèìåðîì 1.

Äîêàçàòåëüñòâî ñîñòîèò â âû÷èñëåíèè, àíàëîãè÷íîì òîìó, êîòîðîå ïðåäñòàâëåíî â
ïîñëåäíåì ðàññìîòðåííîì âûøå ïðèìåðå. Äëÿ ïëîòíîñòè q ïðè λ = 1 èìååì q̇(x) =
xn−1(n− x)e−x/(n− 1)!,

x∫
0

q(y)dy =
1

(n− 1)!

x∫
0

yne−ydy = n
(
1− e−x

n∑
l=0

xl

l!

)
.

Ïîäñòàíîâêà â óðàâíåíèå (2) äàåò

xn−1(n− x)e−xn!
(
1− e−x

n∑
l=0

xl

l!

)
+ (N − 1)x2ne−2x = 0

èëè, ïîñëå î÷åâèäíûõ àëãåáðàè÷åñêèõ ïðåîáðàçîâàíèé áåç ó÷åòà êîðíÿ óðàâíåíèÿ x = 0,

(n− x)
(
1− e−x

n∑
l=0

xl

l!

)
+ (N − 1)

xn+1

n!
e−x = 0 .

Îòäåëÿÿ ñëàãàåìûå, ïðîïîðöèîíàëüíûå e−x, çàïèøåì ýòî óðàâíåíèå â ñëåäóþùåé
ôîðìå

(n− x) = e−x
(
n+

n−1∑
l=1

xl

(l − 1)!

[n
l
− 1
]
− Nxn+1

n!

)
. (6)

Ââåäåì ôóíêöèþ g(x) = e−xP (x), ãäå ïîëèíîì P (x) ïðåäñòàâëåí ôîðìóëîé

P (x) = n+
n−1∑
l=1

xl

(l − 1)!

[n
l
− 1
]
− Nxn+1

n!
, (7)
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ñ n ≥ 2. Òàêèì îáðàçîì, ðåøåíèÿ óðàâíåíèÿ (6) îïðåäåëÿþòñÿ òî÷êàìè ïåðåñå÷åíèÿ
ãðàôèêîâ ôóíêöèé n − x è g(x). Ãðàôèêè, çàâåäîìî, ïåðåñåêàþòñÿ â òî÷êå x = 0,
òàê êàê g(0) = n. Ýòî ðåøåíèå íå ïðåäñòàâëÿåò èíòåðåñà, òàê êàê ñîîòâåòñòâóåò òî÷êå
ìèíèìóìà ïëîòíîñòè fN(x). Äàëåå,

ġ(x) = e−x(Ṗ (x)− P (x)) ,

ãäå

Ṗ (x) =
n−1∑
l=1

lxl−1

(l − 1)!

[n
l
− 1
]
− (n+ 1)Nxn

n!
. (8)

Ñîãëàñíî ýòîé ôîðìóëå è ôîðìóëå (7),

Ṗ (x)− P (x) =

= −1+
n−2∑
l=1

xl

(l − 1)!

( l + 1

l

[ n

l + 1
− 1
]
−
[n
l
− 1
])

− xn−1

(n− 2)!

[ n

n− 1
− 1
]
+
Nxn

n!
(x−n− 1) =

= −1−
n−1∑
l=1

xl

l!
+
Nxn

n!
(x− n− 1) . (9)

Ñëåäîâàòåëüíî, ġ(0) = Ṗ (0)−P (0) = −1, òî åñòü ãðàôèê g(x) êàñàåòñÿ ãðàôèêà n−x
òî÷êå x = 0.

Âû÷èñëèì âòîðóþ ïðîèçâîäíóþ ôóíêöèè g(x),

g̈(x) = e−x(P (x)− 2Ṗ (x) + P̈ (x)) . (10)

Òàê êàê, íà îñíîâàíèè (9),

P̈ (x)− Ṗ (x) = −1−
n−2∑
l=1

xl

l!
+
Nxn−1

n!
(n+ 1)(x− n) ,

òî

P (x)− 2Ṗ (x) + P̈ (x) =
{
− 1−

n−2∑
l=1

xl

l!
+
Nxn−1

n!
(n+ 1)(x− n)

}
−

−
{
− 1−

n−1∑
l=1

xl

l!
+
Nxn

n!
(x− n− 1)

}
=

=
xn−1

(n− 1)!
− Nxn−1

n!

[
x2 − 2x(n+ 1) + n(n+ 1)

]
.

Îòñþäà ñëåäóåò, ÷òî â òî÷êå x = 0 âûïîëíÿåòñÿ g̈(0) = 0, îäíàêî â ëþáîé äîñòàòî÷íî
ìàëîé îêðåñòíîñòè ýòîé òî÷êè g̈(x) < 0, òî åñòü ôóíêöèÿ g(x) âîãíóòà â ýòîé îêðåñò-
íîñòè. Êðîìå òîãî, g(x) èìååò îäíó òî÷êó ïåðåãèáà x∗ > 0, ãäå g̈(x∗) = 0, òàê êàê îíà
óäîâëåòâîðÿåò êâàäðàòíîìó óðàâíåíèþ

n−N
[
x2 − 2x(n+ 1) + n(n+ 1)

]
= 0 ,
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êîòîðîå èìååò îäíî ïîëîæèòåëüíîå ðåøåíèå

x∗ = n+ 1 +
√
n+ 1 + n/N .

Äàëüíåéøåå ðàññóæäåíèå òî÷íî òàêîå, êàê â ïðèìåðå 2. Â ñèëó âîãíóòîñòè g(x) è
êàñàíèÿ åå ãðàôèêà ïðÿìîé n − x â òî÷êå x = 0, äîëæíî èìåòü ìåñòî g(x) < n − x
âñþäó íà èíòåðâàëå [0, x∗]. Ïîýòîìó íà èíòåðâàëå (0, x∗) óðàâíåíèå g(x) = n − x íå
èìååò êîðíåé.

Íà èíòåðâàëå æå [x∗∞), ãäå ôóíêöèÿ g(x) âûïóêëà è g(x∗) < n−x∗, óðàâíåíèå èìååò
ðîâíî îäèí êîðåíü x+. Òàêîå ïîëîæåíèå, äåéñòâèòåëüíî, èìååò ìåñòî. Âî-ïåðâûõ, â ñèëó
âûïóêëîñòè g(x), óðàâíåíèå èìååò íå áîëåå äâóõ êîðíåé. Âî-âòîðûõ, â ñëó÷àå îòñóòñòâèÿ
êîðíåé èëè íàëè÷èÿ ðîâíî äâóõ êîðíåé, ââèäó g(x∗) < n − x∗, äîëæíî âûïîëíÿòüñÿ
íåðàâåíñòâî g(x) < n−x ïðè âñåõ äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ x. Îäíàêî ïðè x→ ∞
ôóíêöèÿ g(x) → 0, à n− x ñòðåìèòñÿ ê −∞. Åäèíñòâåííûé ïîëîæèòåëüíûé êîðåíü x+
óðàâíåíèÿ n− x = g(x) ñîîòâåòñòâóåò ïîëîæåíèþ åäèíñòâåííîãî ìàêñèìóìà ïëîòíîñòè
q. �

4. Çàêëþ÷åíèå

Â çàêëþ÷åíèå ðàáîòû îòìåòèì, ÷òî íåñìîòðÿ íà òî, ÷òî ðàñïðåäåëåíèÿ Ýðëàíãà
ñîñòàâëÿþò â ìàòåìàòè÷åñêîé ñòàòèñòèêå êëàññ äâóõïàðàìåòðè÷åñêèõ ðàñïðåëåäåíèé
è èìåþò ïðèìåíåíèå â ðàçëè÷íûõ ïðèëîæåíèÿõ òåîðèè âåðîÿòíîñòåé, ïîëó÷åííûé ðå-
çóëüòàò æåëàòåëüíî äàëåå ðàñïðîñòðàíèòü íà ñóùåñòâåííî áîëåå øèðîêîå ìíîæåñòâî
ðàñïðåäåëåíèé, õàðàêòåðèñòèêà êîòîðûõ áûëà íå ÷èñòî àíàëèòè÷åñêîé, à, íàîáîðîò, �
êà÷åñòâåííîé è ìîãëà áûòü îáîñíîâàíà êàê åñòåñòâåííàÿ ñ òî÷êè çðåíèÿ òåõ ïðèëîæå-
íèé, ãäå èñïîëüçóþòñÿ ìàêñèìóìû âûáîðîê íåçàâèñèìûõ ïîëîæèòåëüíûõ ñëó÷àéíûõ
âåëè÷èí r̃1, ..., r̃N è ãäå ñóùåñòâåííûì ÿâëÿåòñÿ ôàêò îäíîâåðøèííîñòè (óíèìîäàëüíî-
ñòè) ðàñïðåäåëåíèÿ âåðîÿòíîñòåé äëÿ r̃ = max{r̃j; j = 1÷N}. Áîëåå òîãî, ìàòåìàòè÷å-
ñêèé èíòåðåñ ïðåäñòàâëÿåò çàäà÷à î òîì, â êàêèõ ñëó÷àÿõ, íåñìîòðÿ íà óíèìîäàëüíîñòü
¾çàòðàâî÷íîãî¿ ðàñïðåäåëåíèÿ Q, ðàñïðåäåëåíèå âåðîÿòíîñòåé äëÿ ñëó÷àéíîé âåëè÷è-
íû r̃ îêàçûâàåòñÿ âñå æå íåóíèìîäàëüíûì. ×òî êàñàåòñÿ ñâîéñòâà óíèìîäàëüíîñòè, òî
èíòåðåñ äëÿ ñòàòèñòèêè ñëó÷àéíîé âåëè÷èíû r̃ ïðåäñòàâëÿåò òàêæå èññëåäîâàíèå òî-
ãî ñëó÷àÿ, êîãäà åå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÿâëÿåòñÿ ñóùåñòâåííî óíèìîäàëüíûì.
Ïîíÿòèå î òàêèõ ðàñïðåäåëåíèÿõ áûëî ââåäåíî â ðàáîòàõ [Virchenko, Mazmanishvili 1988;
Virchenko, Mazmanishvili 1990; Virchenko, Mazmanishvili 1992]. Íàêîíåö, âñå ñêàçàííîå
çäåñü îòíîñèòåëüíî ñâîéñòâ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñëó÷àéíîé âåëè÷èíû r̃ êàñàåò-
ñÿ òàêæå èññëåäîâàíèÿ êà÷åñòâåííûõ ñâîéñòâ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé äëÿ ñëó÷àé-
íîé âåëè÷èíû r̃′ = min{r̃j; j = 1÷N}.
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Àííîòàöèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ áèíàðíàÿ àääèòèâíàÿ çàäà÷à ñ êâàäðàòè÷íûìè ôîðìàìè, êîòî-

ðàÿ ÿâëÿåòñÿ àíàëîãîì êëàññè÷åñêîé ïðîáëåìû äåëèòåëåé Èíãàìà. Ïîëó÷åíà àñèìïòîòè÷åñêàÿ

ôîðìóëà äëÿ ÷èñëà ðåøåíèé óðàâíåíèÿ Q1(m) − Q2(k) = h, ñîäåðæàùåãî áèíàðíûå ïîëîæè-

òåëüíî îïðåäåëåííûå ïðèìèòèâíûå êâàäðàòè÷íûå ôîðìû, ñîîòâåòñòâóþùèå êëàññàì èäåàëîâ

äâóõ ìíèìûõ êâàäðàòè÷íûõ ïîëåé ðàçíûõ ôèêñèðîâàííûõ äèñêðèìèíàíòîâ. ×èñëî ðåøåíèé

óðàâíåíèÿ èùåòñÿ ñ âåñàìè exp(−(Q1(m) +Q2(k))/n) ïðè ðîñòå ïàðàìåòðà n. Äîêàçàòåëüñòâî

àñèìïòîòè÷åñêîé ôîðìóëû îñíîâàíî íà êðóãîâîì ìåòîäå. Çà ñ÷åò òî÷íûõ ôîðìóë äëÿ äâîé-

íûõ ñóìì Ãàóññà îò ÷èñëà, âçàèìíî ïðîñòîãî ñ äèñêðèìèíàíòàìè ìíèìûõ êâàäðàòè÷íûõ ïîëåé,

óäàåòñÿ ïðèìåíèòü îöåíêó À. Âåéëÿ ê ïîëó÷åííîé ñóììå Êëîîñòåðìàíà.

Abstract

In this article, the problem with quadratic forms is considered. This problem is analog of the Ingam

binary additive divisor problem. The asymptotical formula of the number of solution of diophantine

equation Q1(m)−Q2(k) = h is received. Binary positive de�ned primitive quadratic forms Q1(m)

and Q2(k) corresponded to the ideal classes of two imaginary quadratic �elds of di�erent �xed

discriminants. The number of solutions searched with weights exp(−(Q1(m) +Q2(k))/n) with the

growth of the parameter n. Proof of the asymptotical formula based on circular method. Using the

evident formula of Gauss sums of the number, which coprimes of discriminants of �elds, this sum

represented of Kloosterman's sum which estimate by A. Weil.

Êëþ÷åâûå ñëîâà: àääèòèâíàÿ çàäà÷à, àñèìïòîòè÷åñêàÿ ôîðìóëà, ÷èñëî ðåøåíèé, äâîéíàÿ

ñóììà Ãàóññà, ñóììà Êëîîñòåðìàíà.

Key words: additive problem, asymptotic formula, number of solutions, double Gauss sum, Kloos-

terman sum.



ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2019. Òîì 51, �3 375

Ââåäåíèå

Â 1927 ãîäó À.Å. Èíãàì [Ingham, 1927] ïîñòàâèë è ðåøèë ýëåìåíòàðíûì ìåòîäîì
çàäà÷ó ïîëó÷åíèÿ àñèìïòîòè÷åñêîé ôîðìóëû äëÿ ÷èñëà ðåøåíèé J(n) óðàâíåíèÿ:

x1x2 − x3x4 = 1, x1x2 ≤ n,

ãäå x1, x2, x3, x4 ∈ N.
Ýòà çàäà÷à ïîëó÷èëà íàçâàíèå íåîïðåäåëåííîé áèíàðíîé àääèòèâíîé ïðîáëåìû äå-

ëèòåëåé.
À.Å. Èíãàì äîêàçàë, ÷òî J(n) = 6

π2n ln
2 n+O(n lnn).

Îöåíêà îñòàòêà àñèìïòîòè÷åñêîé ôîðìóëû óòî÷íÿëàñü ìíîãèìè àâòîðàìè.
Â 1931 ãîäó Ò. Ýñòåðìàí [Estermann, 1931], ïðèìåíèâ ê çàäà÷å Èíãàìà êðóãîâîé

ìåòîä, âûâåë äëÿ ÷èñëà ðåøåíèé J(n) óðàâíåíèÿ àñèìïòîòè÷åñêóþ ôîðìóëó, îñòàòî÷-
íûé ÷ëåí êîòîðîé èìååò ñòåïåííîå ïîíèæåíèå ïî ñðàâíåíèþ ñ ãëàâíûì. Èì ïîëó÷åí
ñëåäóþùèé ðåçóëüòàò: J(n) = nP2(lnn) + R(n), ãäå P2(x) � ìíîãî÷ëåí 2-îé ñòåïåíè, à
R(n) = O(n11/12 · ln17/3 n).

Â 1979 ãîäó Ä.È. Èñìîèëîâ [Èñìîèëîâ, 1979], äîïîëíèâ ýëåìåíòàðíûé ìåòîä T. Ýñ-
òåðìàíà îöåíêàìè A. Âåéëÿ [Weil, 1948] ñóììû Êëîîñòåðìàíà, ïîëó÷èë ñëåäóþùóþ
îöåíêó îñòàòêà: R(n) ≪ n5/6+ε, ãäå ε > 0 � ñêîëü óãîäíî ìàëàÿ ïîñòîÿííàÿ.

Â 1979 ãîäó äðóãèì ìåòîäîì òó æå îöåíêó äëÿ R(n) ïîëó÷èë Ä.Ð. Õèç-Áðàóí [Heath-
Brown, 1979].

Â 2006 ãîäó Ã.È. Àðõèïîâ è Â.Í. ×óáàðèêîâ [Àðõèïîâ, ×óáàðèêîâ, 2006] âûâåëè
íîâóþ îöåíêó îñòàòêà: R(n) ≪ n3/4 ln4 n.

Â 1980 ãîäó Í.Â. Êóçíåöîâ [Êóçíåöîâ, 1980] ïðåäñòàâèë ñóììó ñóìì Êëîîñòåðìà-
íà ÷åðåç áèëèíåéíûå ôîðìû êîýôôèöèåíòîâ Ôóðüå ñîáñòâåííûõ ôóíêöèé îïåðàòîðà
Ëàïëàñà è ïîêàçàë, ÷òî ìåæäó ñóììàìè Êëîîñòåðìàíà ñóùåñòâóåò èíòåðôåðåíöèÿ.

Â 1982 ãîäó Æ.-M. Äåçóéå è Õ. Èâàíåö [Deshouillers, Iwaniec, 1982], èñïîëüçóÿ ôîð-
ìóëó Í.Â. Êóçíåöîâà, äîêàçàëè, ÷òî R(n) ≪ n2/3+ε.

Äðóãîå íàïðàâëåíèå èññëåäîâàíèé, êàñàþùååñÿ äàííîé òåìàòèêè, ñâÿçàíî ñ ðàññìîò-
ðåíèåì ðàçëè÷íûõ àíàëîãîâ ïðîáëåìû äåëèòåëåé Èíãàìà. Îäíèì èç òàêèõ àíàëîãîâ
ÿâëÿþòñÿ áèíàðíûå àääèòèâíûå çàäà÷è ñ êâàäðàòè÷íûìè ôîðìàìè.

Â ðàáîòàõ àâòîðà [2007], [2012], [2014] ðåøåíû çàäà÷è ïîëó÷åíèÿ àñèìïòîòè÷åñêèõ
ôîðìóë äëÿ ÷èñëà ðåøåíèé óðàâíåíèé Q1(m) − Q2(k) = 1, Q1(m) − Q2(k) = h, ñî-
äåðæàùèõ áèíàðíûå ïîëîæèòåëüíî îïðåäåëåííûå ïðèìèòèâíûå êâàäðàòè÷íûå ôîðìû,
ñîîòâåòñòâóþùèå êëàññàì èäåàëîâ ìíèìîãî êâàäðàòè÷íîãî ïîëÿ F = Q(

√
d), ãäå d �

îòðèöàòåëüíîå áåñêâàäðàòíîå ÷èñëî.
Ðàññìîòðèì çàäà÷ó ïîëó÷åíèÿ àñèìïòîòè÷åñêîé ôîðìóëû äëÿ ÷èñëà ðåøåíèé óðàâ-

íåíèÿ Q1(m)−Q2(k) = h ñ âåñîì exp(−(Q1(m) +Q2(k)/n), êîãäà êâàäðàòè÷íûå ôîðìû
ñîîòâåòñòâóþò êëàññàì èäåàëîâ äâóõ ìíèìûõ êâàäðàòè÷íûõ ïîëåé ðàçíûõ äèñêðèìè-
íàíòîâ.

Ïóñòü d1, d2 � îòðèöàòåëüíûå áåñêâàäðàòíûå ÷èñëà, F1 = Q(
√
d1), F2 = Q(

√
d2) �

ìíèìûå êâàäðàòè÷íûå ïîëÿ, δF1 , δF2 � äèñêðèìèíàíòû ïîëåé F1 è F2; Qi(m) = 1
2
mtAim

� áèíàðíûå ïîëîæèòåëüíî îïðåäåëåííûå ïðèìèòèâíûå êâàäðàòè÷íûå ôîðìû ñ ìàòðè-
öàìè Ai, detAi = −δFi

, i = 1, 2.
Ïóñòü

I(n, h) =
∑

Q1(m)−Q2(k)=h

e−(Q1(m)+Q2(k))/n.



376 ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2019. Òîì 51, �3

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü ε � ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî, δF1 , δF2 � äèñêðèìèíàíòû

ïîëåé F1 è F2, n ∈ N, h ∈ N.
Òîãäà ïðè n→ ∞ è h≪ nε ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà:

I(n, h) =
2π2n√
δF1δF2

+∞∑
q=1

q−4

q∑
l=1,

(l,q)=1

e−2πihl
q G1(q, l, 0)G2(q,−l, 0) +O(n3/4+ε).

Gi(q, l, 0) =
∑

m( mod q)

exp(2πilQi(m)/q) (i = 1, 2) � äâîéíûå ñóììû Ãàóññà. Ñóììà îñîáîãî

ðÿäà àñèìïòîòè÷åñêîé ôîðìóëû ïîëîæèòåëüíà.

2. Âñïîìîãàòåëüíûå ëåììû

Ëåììà 1. (Ôóíêöèîíàëüíîå óðàâíåíèå äëÿ äâóìåðíîãî òåòà-ðÿäà.) Ïóñòü Imτ > 0,
x ∈ R2, Q(n) � ïîëîæèòåëüíî îïðåäåëåííàÿ êâàäðàòè÷íàÿ ôîðìà äèñêðèìèíàíòà δF ñ
ìàòðèöåé A,

θ(τ, x) =
∑
n∈Z2

exp(2πiτQ(n+ x)).

Òîãäà

θ(τ, x) =
i

τ
√
δF

∑
n∈Z2

exp

(
−πi
τ
ntA−1n+ 2πintx

)
.

Äîêàçàòåëüñòâî cì. â [Ogg, 1969, ãëàâà VI].
Ëåììà 2. Ïóñòü h � íàòóðàëüíîå ÷èñëî, òàêîå, ÷òî h ≪ nε, q, q′, q′′ ≤ N . Òîãäà

ñïðàâåäëèâî ðàâåíñòâî

[q(q+q′)]−1∫
−[q(q+q′′)]−1

e−2πihx

n−2 + 4π2x2
dx =

n

2
+O(qN).

Äîêàçàòåëüñòâî ñëåäóåò èç [Ëàâðåíòüåâ, Øàáàò, 1958, ãëàâà VI] è óñëîâèÿ h≪ nε.
Ëåììà 3. (Îöåíêà ñóììû Êëîîñòåðìàíà.) Ïóñòü ll∗ ≡ 1( mod q), K(q, u, v) =

q∑
l=1,

(l,q)=1

exp (2πi(ul + vl∗)/q) � ñóììà Êëîîñòåðìàíà. Ñïðàâåäëèâà îöåíêà

K(q, u, v) ≪ τ(q)q1/2(u, v, q)1/2.

Äîêàçàòåëüñòâî cì., íàïðèìåð, â ðàáîòàõ [Estermann, 1961], [Ìàëûøåâ, 1962].
Ëåììà 4. (Ðàâåíñòâà è îöåíêè äëÿ ïðîèçâåäåíèÿ äâîéíûõ ñóìì Ãàóññà.) Ïóñòü

D1 = −δF1 , D2 = −δF2 . Ïóñòü Q1(m), Q2(k) � áèíàðíûå ïîëîæèòåëüíî îïðåäåëåííûå
ïðèìèòèâíûå êâàäðàòè÷íûå ôîðìû ñ äèñêðèìèíàíòàìè D1, D2; (l, q) = 1. Ñïðàâåäëèâû
ñëåäóþùèå óòâåðæäåíèÿ:

1. Ïóñòü (q,D1) = 1 è (q,D2) = 1, ll∗ ≡ 1( mod q), D1D
∗
1 ≡ 1( mod q), D2D

∗
2 ≡ 1(

mod q), q = 2α1 . . . pαs
s . Òîãäà

G1(q, l,m)G2(q,−l, k) = C(q, δF1 , δF2)q
2 exp

(
−2πi

l∗

q
(D∗

1Q
′
1(m)−D∗

2Q
′
2(k))

)
,
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ãäå C(q, δF1 , δF2) = (−1)
(2−δF1

−δF2
)α1

4

(
δF1δF2

pα2
2 . . . pαs

s

)
.

2. Ïðè ëþáûõ q è D1, D2 ñïðàâåäëèâî íåðàâåíñòâî:

G1(q, l,m)G2(q,−l, k) ≪ q2.

� 1. Ïóñòü (q,D1) = 1. Ââåäåì îáîçíà÷åíèÿ: rj = q/p
αj

j , ll
∗ ≡ 1( mod q), rjr

∗
j ≡ 1(

mod p
αj

j ), D1D
∗
1j ≡ 1( mod p

αj

j ), (j = 1 . . . s). Òîãäà G1(q, l,m) =
s∏

j=1

G1(p
αj

j , lrj,m).

Åñëè 2|q, òî 2 - D1, ñëåäîâàòåëüíî, δF1 ≡ 1( mod 4). Åñëè 2|D1, òî α1 = 0.
Äëÿ G1(p

αj

j , lrj,m) èçâåñòíû òî÷íûå ôîðìóëû (ñì, íàïðèìåð, [Ãðèöåíêî, 2003], [Ïà-
÷åâ, Äîõîâ, 2013]). Ìîæåì óòâåðæäàòü, ÷òî

G1(q, l,m) = q exp

(
−2πi

l∗

q
Q′

1(m)(r1r
∗
1D

∗
11 + . . .+ rsr

∗
sD

∗
1s)

)
(−1)

(1−δF1
)α1

4

(
δF1

pα2
2 . . . pαs

s

)
.

Äîêàæåì ñðàâíåíèå
r1r

∗
1D

∗
11 + . . .+ rsr

∗
sD

∗
1s ≡ D∗

1( mod q).

Òàê êàê (q,D1) = 1 è D1D
∗
1j ≡ 1( mod p

αj

j ), (j = 1 . . . s), D1D
∗
1 ≡ 1( mod q), òî

D1 (r1r
∗
1D

∗
11 + . . .+ rsr

∗
sD

∗
1s) ≡ D1D

∗
1 ≡ 1( mod q),

è äîñòàòî÷íî äîêàçàòü ñðàâíåíèå r1r
∗
1 + . . . + rsr

∗
s ≡ 1( mod q), êîòîðîå ýêâèâàëåíòíî

ñèñòåìå ñðàâíåíèé 
r1r

∗
1 + ...+ rsr

∗
s ≡ r1r

∗
1 ≡ 1( mod 2α1),

· · ·
r1r

∗
1 + ...+ rsr

∗
s ≡ rsr

∗
s ≡ 1( mod pαs

s ).

Òîãäà

G1(q, l,m) = (−1)
(1−δF1

)α1

4

(
δF1

pα2
2 . . . pαs

s

)
q exp

(
−2πi

l∗

q
D∗

1Q
′
1(m)

)
.

Àíàëîãè÷íîå ðàâåíñòâî ñïðàâåäëèâî è äëÿ G2(q,−l, k). Çàïèøåì ïðîèçâåäåíèå ñóìì
Ãàóññà:

G1(q, l,m)G2(q,−l, k) = C(q, δF1 , δF2)q
2 exp

(
−2πi

l∗

q
(D∗

1Q
′
1(m)−D∗

2Q
′
2(k))

)
,

ãäå C(q, δF1 , δF2) = (−1)
(2−δF1

−δF2
)α1

4

(
δF1δF2

pα2
2 . . . pαs

s

)
.

2. Â ñëó÷àå, êîãäà (q,D1) = 1 è (q,D2) = 1, íåðàâåíñòâî ñëåäóåò èç ïîëó÷åííîé
âûøå ôîðìóëû äëÿ ïðîèçâåäåíèé ñóìì Ãàóññà. Â îñòàëüíûõ ñëó÷àÿõ òðåáóåìàÿ îöåíêà
ñëåäóåò èç òî÷íûõ ôîðìóë äëÿ ñóìì Ãàóññà îò ñòåïåíè ïðîñòîãî ÷èñëà, ïîëó÷åííûõ
Ñ.À. Ãðèöåíêî [2003], [2012]. �

Ëåììà 5. Ïóñòü V (q, h,m, k) =

q∑
l=1,

(l,q)=1

e−2πihl/qG1(q, l,m)G2(q,−l, k). Ïóñòü q = q1q2,

(q1, q2) = 1, (q1, D1) = 1, (q1, D2) = 1; q2 � ëèáî 1, ëèáî íàòóðàëüíîå ÷èñëî, âñå ïðîñòûå
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äåëèòåëè êîòîðîãî äåëÿò D1 èëè D2. Òîãäà ñïðàâåäëèâû îöåíêè:

V (q1q2, h, 0, 0) ≪ q21
∑

s|(q1,h)

sµ
(q1
s

)
q32,

V (q1q2, h,m, k) ≪ q
5/2+ε
1 (h, q1)

1/2q32.

� Òàê êàê ñóììà Ãàóññà ÿâëÿåòñÿ âïîëíå ìóëüòèïëèêàòèâíîé ôóíêöèåé, ò. å.

G1(q1q2, l,m) = G1(q1, l1q
2
2,m)G1(q2, l2q

2
1,m),

òî è ôóíêöèÿ V (q, h,m, k) ìóëüòèïëèêàòèâíà. Òîãäà

V (q1q2, h,m, k) = V1(q1, h, q2,m, k)V2(q2, h, q1,m, k).

Îöåíèì êàæäóþ èç ôóíêöèé V1(q1, h, q2,m, k) è V2(q2, h, q1,m, k). Âîñïîëüçóåìñÿ ðà-
âåíñòâîì è îöåíêîé èç ëåììû 4.

Òàê êàê (q1, D1) = 1 è (q1, D2) = 1, òî èç ðàâåíñòâà äëÿ ïðîèçâåäåíèé ñóìì Ãàóññà
èìååì:

V1(q1, h, q2,m, k) ≪ q21

q1∑
l1=1,

(l1,q1)=1

exp

(
−2πih

l1
q1
−2πi

l1
∗(q22)

∗

q1
(D∗

1Q
′
1(m)−D∗

2Q
′
2(k))

)
.

Ê ïîëó÷åííîé ñóììå Êëîîñòåðìàíà K
(
q1,−h,−(q22)

∗(D∗
1Q

′
1(m)−D∗

2Q
′
2(k))

)
ïðèìå-

íèì îöåíêó èç ëåììû 3. Ïðè ëþáîì q1 ïîëó÷èì: V1(q1, h, q2,m, k) ≪ q
5/2+ε
1 (h, q1)

1/2.
Â ñëó÷àå, êîãäà m = 0 , k = 0, ìîæåì óëó÷øèòü äàííóþ îöåíêó. Èìååì:

V1(q1, h, q2, 0, 0) ≪ q21

∣∣∣∣∣∣∣∣
q1∑

l1=1,
(l1,q1)=1

e−2πihl1/q1

∣∣∣∣∣∣∣∣≪ q21
∑

s|(q1,h)

sµ
(q1
s

)
.

Îöåíèì òðèâèàëüíî V2(q2, h, q1,m, k). Èñïîëüçóåì íåðàâåíñòâî èç ëåììû 4. Òîãäà

V2(q2, h, q1,m, k) ≪ q22

∣∣∣∣∣∣∣∣
q2∑

l2=1,
(l2,q2)=1

e−2πihl2/q2

∣∣∣∣∣∣∣∣≪ q32 . �

3. Äîêàçàòåëüñòâî òåîðåìû

1. Çàïèøåì I(n, h) â âèäå èíòåãðàëà:

I(n, h) =

1∫
0

S1(α)S2(α)e
−2πiαhdα,
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ãäå

S1(α) =
∑
m∈Z2

e(−1/n+2πiα)Q1(m), S2(α) =
∑
k∈Z2

e(−1/n−2πiα)Q2(k).

Ïóñòü N = [
√
n], ξ0,1 = [− 1

N
, 1
N
). Ðàçîáüåì ïðîìåæóòîê [ 1

N
, 1 − 1

N
) ÷èñëàìè ðÿäà

Ôàðåÿ, îòâå÷àþùåãî ïàðàìåòðó N(ñì. [Âèíîãðàäîâ, 2004]). Ïóñòü l′′

q′′
< l

q
< l′

q′
� ñîñåäíèå

äðîáè Ôàðåÿ, 1 ≤ l, q ≤ N , q′ ≤ N , q′′ ≤ N .
Îïðåäåëèì ïðîìåæóòêè ξl,q = [l/q − 1/q(q + q′′), l/q + 1/q(q + q′)). Ïî ïîñòðîåíèþ

èìååì:

[
− 1

N
, 1− 1

N

)
=

N∪
q=1

q−1∪
l=0 ,

(l,q)=1

ξl,q, ïðè÷åì ξl,q ∩ ξl′,q′ = ∅ ïðè (l, q) ̸= (l′, q′). Òîãäà

I(n, h) =
∑
q≤N

q∑
l=1,

(l,q)=1

∫
ξl,q

S1(α)S2(α)e
−2πihαdα =

=
∑
q≤N

q∑
l=1,

(l,q)=1

e−2πihl/q

[q(q+q′)]−1∫
−[q(q+q′′)]−1

S1(l/q + x)S2(l/q + x)e−2πihxdx.

2. Ïðåîáðàçóåì ñóììû S1(l/q + x) è S2(l/q + x).

S1(l/q + x) =
∑
m∈Z2

exp
(
(−n−1 + 2πil/q + 2πix)Q1(m)

)
.

Ðàçîáüåì ñóììó ïî m ïî àðèôìåòè÷åñêèì ïðîãðåññèÿì ñ ðàçíîñòüþ q:

S1(l/q + x) =
∑

s (mod q)

e2πil/qQ1(s)
∑

m∈Z2 ,
m≡ s (mod q)

e(−n−1+2πix)Q1(m) =

=
∑

s (mod q)

e2πial/qQ1(s)θ

(
(x+

i

2πn
)q2, s/q

)
,

ãäå θ
(
(x+ i

2πn
)q2, s/q

)
� äâóìåðíûé òåòà-ðÿä.

Èñïîëüçóåì ôóíêöèîíàëüíîå óðàâíåíèå äëÿ òåòà-ðÿäà èç ëåììû 1. Áóäåì èìåòü:

θ

((
x+

i

2πn

)
q2,

s

q

)
=

2π

q2
√
D1(n−1 − 2πix)

∑
m∈Z2

exp

(
− 2π2Q′

1(m)

D1q2(n−1 − 2πix)
+ 2πi

mts

q

)
,

ãäå Q′
1(m) = 1

2
mtD1A

−1
1 m � êâàäðàòè÷íàÿ ôîðìà ñ ìàòðèöåé D1A

−1
1 .

Òîãäà äëÿ S1(l/q + x) ñïðàâåäëèâî ðàâåíñòâî

S1(
l

q
+ x) =

2π

q2
√
D1(n−1 − 2πix)

∑
m∈Z2

exp

(
− 2π2Q′

1(m)

D1q2(n−1 − 2πix)

)
G1(q, l,m).

Âûäåëèì ñëàãàåìîå, êîòîðîå îòâå÷àåò íóëåâîìó âåêòîðó m. Òîãäà S1(l/q+x) ìîæíî
ïðåäñòàâèòü â âèäå ñóììû: S1(l/q + x) = φ1 + Φ1, ãäå

φ1 =
2π

q2
√
D1(n−1 − 2πix)

G1(q, l, 0),
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Φ1 =
2π

q2
√
D1(n−1 − 2πix)

∑
m∈Z2 ,
m̸=0

exp

(
− 2π2Q′

1(m)

D1q2(n−1 − 2πix)

)
G1(q, l,m).

Àíàëîãè÷íî ïîëó÷àåì ïðåäñòàâëåíèå â âèäå ñóììû äâóõ ôóíêöèé äëÿ S2(l/q+ x) =
φ2 + Φ2, ãäå

φ2 =
2π

q2
√
D2(n−1 + 2πix)

G2(q,−l, 0),

Φ2 =
2π

q2
√
D2(n−1 + 2πix)

∑
k∈Z2 ,
k ̸=0

exp

(
− 2π2Q′

2(k)

D2q2(n−1 + 2πibx)

)
G2(q,−l, k).

3. Ïîäñòàâëÿåì ïîëó÷åííûå äëÿ ôóíêöèé S1(l/q + x) è S2(l/q + x) ïðåäñòàâëåíèÿ â
âèäå ñóììû äâóõ ôóíêöèé â ðàâåíñòâî äëÿ I(n, h) èç ïóíêòà 1. Èìååì

I(n, h) = I1 + I2 + I3 + I4,

ãäå

I1 =
4π2

√
D1D2

∑
q≤N

q−4

q∑
l=1,

(l,q)=1

e−2πihl
q G1(q, l, 0)G2(q,−l, 0)

[q(q+q′)]−1∫
−[q(q+q′′)]−1

e−2πihxdx

n−2 + 4π2x2
,

I2 =
∑
q≤N

q∑
l=1,

(l,q)=1

e−2πihl/q

[q(q+q′)]−1∫
−[q(q+q′′)]−1

φ1Φ2e
−2πihxdx,

I3 =
∑
q≤N

q∑
l=1,

(l,q)=1

e−2πihl/q

[q(q+q′)]−1∫
−[q(q+q′′)]−1

φ2Φ1e
−2πihxdx,

I4 =
∑
q≤N

q∑
l=1,

(l,q)=1

e−2πihl/q

[q(q+q′)]−1∫
−[q(q+q′′)]−1

Φ1Φ2e
−2πihxdx.

Èíòåãðàë I1 âû÷èñëèì àñèìïòîòè÷åñêè, à èíòåãðàëû I2, I3, I4 îöåíèì ñâåðõó.
4. Íà÷íåì ñ I1. Ñîãëàñíî ðàâåíñòâó èç ëåììû 2, ïîëó÷àåì:

I1 =
2π2n√
D1D2

∑
q≤N

q−4

q∑
l=1,

(l,q)=1

e−2πihl/qG1(q, l, 0)G2(q,−l, 0) +O(I1,1),

ãäå

I1,1 = N
∑
q≤N

q−3

q∑
l=1,

(l,q)=1

e−2πihl/qG1(q, l, 0)G2(q,−l, 0) = N
∑
q≤N

q−3V (q, h, 0, 0).
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Èñïîëüçóÿ îöåíêó äëÿ ôóíêöèè V (q, h, 0, 0) èç ëåììû 5, áóäåì èìåòü

I1,1 ≪ N
∑

q1q2≤N

q−3
1 q−3

2 |V (q1q2, h, 0, 0)| ≪ N
∑
q2≤N

′ ∑
q1≤N/q2

q−1
1

∑
s|(q1,h)

sµ
(q1
s

)
≪

≪ N
∑
q2≤N

′∑
s|h

∑
q≤ N

q2s

µ(q)q−1 ≪ n1/2+ε,

ãäå
′
â ñóììå ïî q2 îçíà÷àåò, ÷òî ñóììèðîâàíèå èäåò ïî âñåì íå âçàèìíî ïðîñòûì ñ D1

èëè D2 ÷èñëàì. Ìîæíî ïîêàçàòü, ÷òî èõ êîëè÷åñòâî íå áîëüøå, ÷åì nε. Êðîìå òîãî,
ó÷ëè, ÷òî h≪ nε.

Îöåíèì ñóììó

R =
n√
D1D2

∑
q>N

q−4

q∑
l=1,

(l,q)=1

e−2πihl/qG1(q, l, 0)G2(q,−l, 0) =
n√
D1D2

∑
q>N

q−4V (q, h, 0, 0).

Ñíîâà èñïîëüçóåì ëåììó 5. Ïîëó÷àåì, ÷òî

R ≪ n
∑

q1q2>N

q−4
1 q−4

2 |V (q1q2, h, 0, 0)| ≪ n
∑
q2≤N

′
q−1
2

∑
q1>N/q2

q−2
1

∑
s|(q1,h)

sµ(
q1
s
) ≪

≪ n
∑
q2≤N

′
q−1
2

∑
s|h

s−1
∑
q> N

q2s

µ(q)q−2 ≪ n1/2+ε.

Òàêèì îáðàçîì,

I1 =
4π2n√
D1D2

+∞∑
q=1

q−4

q∑
l=1,

(l,q)=1

e−2πihl/qG1(q, l, 0)G2(q,−l, 0) +O(n1/2+ε).

5. Îöåíêà I2, I3, I4 ïðîâîäèòñÿ îäèíàêîâî. Ïðèâåäåì ïîëíîå äîêàçàòåëüñòâî äëÿ I4:

I4 =
∑
q≤N

q∑
l=1,

(l,q)=1

e−2πihl/q

[q(q+q′)]−1∫
−[q(q+q′′)]−1

Φ1Φ2e
−2πihxdx.

Âìåñòî Φ1, Φ2 ïîäñòàâèì èõ çíà÷åíèÿ, ïîëó÷åííûå â ïóíêòå 2. Â ðåçóëüòàòå èìååì

I4 =
4π2

√
D1D2

∑
q≤N

q−4

[q(q+q′)]−1∫
−[q(q+q′′)]−1

e2πihxdx

n−2 + 4π2x2
×

×
∑

m∈Z2m̸=0

exp

(
− 2π2Q′

1(m)

q2D1(n−1 − 2πix)

)∑
k∈Z2

k ̸=0

exp

(
− 2π2Q′

2(k)

q2D2(n−1 + 2πix)

)
V (q, h,m, k).
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Ïóñòü θ � ñêîëü óãîäíî ìàëîå ïîëîæèòåëüíîå ÷èñëî. Ðàçîáüåì èíòåãðàë íà ñóììó
èíòåãðàëîâ:

[q(q+q′)]−1∫
−[q(q+q′′)]−1

=

−[qn1/2+θ]−1∫
−[q(q+q′′)]−1

+

[qn1/2+θ]−1∫
−[qn1/2+θ]−1

+

[q(q+q′)]−1∫
[qn1/2+θ]−1

.

Ñîîòâåòñòâåííî ýòîìó ðàçáèåíèþ ïîëó÷àåì I4 = I4,1 + I4,2 + I4,3.
6. Îöåíèì I4,2. Èñïîëüçóÿ îöåíêó V (q1q2, h,m, k) èç ëåììû 5, áóäåì èìåòü:

I4,2 ≪
∑
q≤N ,
q=q1q2

q
−3/2+ε
1 (h, q1)

1/2q−1
2

[qn1/2+θ]−1∫
0

dx

n−2 + 4π2x2
×

×
∑

m∈Z2 ,
m̸=0

exp

(
− 2π2Q′

1(m)

q2D1(n−1 + 4π2x2n)

) ∑
k∈Z2 ,
k ̸=0

exp

(
− 2π2Q′

2(k)

q2D2(n−1 + 4π2x2n)

)
.

Ïðîâåäåì ðàçáèåíèå ñóììû ïî q:

I4,2 ≪
∑

q≤n1/2−θ

[qn1/2+θ]−1∫
0

+
∑

n1/2−θ<q≤N

[qn1/2+θ]−1∫
0

=
∑

41 +
∑

42.

Ðàññìîòðèì ñóììó
∑

41. Òàê êàê q ≤ n1/2−θ è 0 ≤ x ≤ [qn1/2+θ]−1, òî

exp

(
− 2π2Q′

i(m)

q2Di(n−1 + 4π2x2n)

)
≪ exp(−cn2θ),

ãäå c � ïîñòîÿííàÿ, i = 1, 2. Òîãäà∑
m∈Z2

m̸=0

exp

(
− 2π2Q′

1(m)

q2D1(n−1 + 4π2x2n)

)∑
k∈Z2

k ̸=0

exp

(
− 2π2Q′

2(k)

q2D2(n−1 + 4π2x2n)

)
≪ exp(−cn2θ).

Ó÷òåì òàêæå, ÷òî ïðè òåõ æå îãðàíè÷åíèÿõ íà q:

[qn1/2+θ]−1∫
0

dx

n−2 + 4π2x2
≪

2π[qn1/2+θ]−1∫
0

dt

n−2 + t2
≪ n3/2−θq−1.

Ïîñëå ïðîâåäåííûõ ðàññóæäåíèé ïîëó÷àåì îöåíêó:∑
41 ≪ n3/2−θ exp(−cn2θ)

∑
q1q2≤n1/2−θ

q
−5/2+ε
1 (h, q1)

1/2q−2
2 ≪ n3/4+ε.

Ïåðåéäåì ê îöåíêå
∑

42. Òàê êàê q ≤ N è 0 ≤ x ≤ [qn1/2+θ]−1, òî

exp

(
− 2π2Q′

i(m)

q2Di(n−1 + 4π2x2n)

)
≪ exp(−cQ′

i(m)),
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ãäå c � ïîñòîÿííàÿ, i = 1, 2. Òîãäà∑
m∈Z2 ,
m ̸=0

exp

(
− 2π2Q′

1(m)

q2D1(n−1 + 4π2x2n)

) ∑
k∈Z2 ,
k ̸=0

exp

(
− 2π2Q′

2(k)

q2D2(n−1 + 4π2x2n)

)
≪ 1.

Èíòåãðàë îöåíèì òðèâèàëüíî:

[qn1/2+θ]−1∫
0

dx

n−2 + 4π2x2
≪ n

+∞∫
0

dt

1 + t2
≪ n .

Â èòîãå ïîëó÷àåì ñëåäóþùóþ îöåíêó äëÿ ñóììû
∑

42:∑
42 ≪ n1+2ε

∑
n1/2−θ<q1q2≤N

q
−3/2
1 (h, q1)

1/2q−1
2 ≪

≪ n1+ε
∑
q2≤N

′
q−1
2

∑
s|h

s−1
∑

q1>
n1/2−θ

q2s

q
−3/2
1 ≪ n3/4+ε,

ãäå
′
â ñóììå ïî q2 îçíà÷àåò, ÷òî ñóììèðîâàíèå èäåò ïî âñåì íå âçàèìíî ïðîñòûì ñ D1

èëè D2 ÷èñëàì. Òàêèì îáðàçîì, äîêàçàíà îöåíêà: I4,2 = O(n3/4+ε).
7. Èíòåãðàëû I4,1 è I4,3 îöåíèâàþòñÿ îäèíàêîâî. Âñå ðàññóæäåíèÿ ïðîâåäåì äëÿ I4,3.

Èñïîëüçóåì îöåíêó V (q1q2, h,m, k) ≪ q
5/2+ε
1 (h, q1)

1/2q32, ïîëó÷åííóþ â ëåììå 5. Òàê êàê
q ≤ N è [qn1/2+θ]−1 ≤ x ≤ [q(q + q′)]−1, òî∣∣∣∣∣∣∣∣

∑
m∈Z2

m̸=0

exp

(
− 2π2Q′

1(m)

q2D1(n−1 − 2πix)

)∣∣∣∣∣∣∣∣ = O(1),

∣∣∣∣∣∣∣∣
∑
k∈Z2

k ̸=0

exp

(
− 2π2Q′

2(k)

q2D2(n−1 + 2πix)

)∣∣∣∣∣∣∣∣ = O(1).

Êðîìå òîãî, ïðè òåõ æå îãðàíè÷åíèÿõ íà q ìîæåì ìîæåì îöåíèòü èíòåãðàë:

[q(q+q′)]−1∫
[qn1/2+θ]−1

e−2πihxdx

n−2 + 4π2x2
≪

+∞∫
[qn1/2+θ]−1

dx

x2
≪ qn1/2+θ.

Ïîñëå ïðîâåäåííûõ ðàññóæäåíèé ïîëó÷àåì, ÷òî

I4,3 ≪ n1/2+θ+ε
∑

q1q2≤N

q
−1/2
1 (h, q1)

1/2 ≪ n1/2+θ+ε
∑
q2≤N

′∑
s|h

∑
q1≤N/q2

q
−1/2
1 ≪ n3/4+ε.

Îáúåäèíÿÿ îöåíêè, ïîëó÷àåì I4 = O(n3/4+ε), è äîêàçàòåëüñòâî òåîðåìû çàâåðøåíî.

4. Çàêëþ÷åíèå

Ïîëó÷åíà àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ÷èñëà ðåøåíèé óðàâíåíèÿ Q1(m)−Q2(k) =
h, ñîäåðæàùåãî áèíàðíûå ïîëîæèòåëüíî îïðåäåëåííûå ïðèìèòèâíûå êâàäðàòè÷íûå
ôîðìû, ñîîòâåòñòâóþùèå êëàññàì èäåàëîâ äâóõ ìíèìûõ êâàäðàòè÷íûõ ïîëåé ðàçíûõ
ôèêñèðîâàííûõ äèñêðèìèíàíòîâ. ×èñëî ðåøåíèé óðàâíåíèÿ èùåòñÿ ñ âåñàìè
exp(−(Q1(m)+Q2(k))/n) ïðè ðîñòå ïàðàìåòðà n. Äàííàÿ çàäà÷à ÿâëÿåòñÿ ïðîäîëæåíèåì
ðàáîò, êàñàþùèõñÿ áèíàðíûõ àääèòèâíûõ çàäà÷ ñ êâàäðàòè÷íûìè ôîðìàìè.
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Àííîòàöèÿ

Ñòàòüÿ ïîñâÿùåíà íåêîòîðûì èçáðàííûì âîïðîñàì ãàðìîíè÷åñêîãî àíàëèçà íåïðåðûâíûõ ìåä-

ëåííî ìåíÿþùèõñÿ è ïî÷òè ïåðèîäè÷åñêèõ íà áåñêîíå÷íîñòè ôóíêöèé. Íà îñíîâå çíàìåíèòîé

òåîðåìû Âèíåðà ââîäèòñÿ ïîíÿòèå ìíîæåñòâà, óäîâëåòâîðÿþùåãî óñëîâèþ Âèíåðà. Ðàññìàò-

ðèâàþòñÿ ðàçëè÷íûå ïîäïðîñòðàíñòâà íåïðåðûâíûõ èñ÷åçàþùèõ íà áåñêîíå÷íîñòè (â ðàçëè÷-

íûõ ñìûñëàõ) ôóíêöèé, íå îáÿçàòåëüíî ñòðåìÿùèõñÿ ê íóëþ íà áåñêîíå÷íîñòè. Íàïðèìåð,

ôóíêöèè, èíòåãðàëüíî èñ÷åçàþùèå íà áåñêîíå÷íîñòè, è ôóíêöèè, êîòîðûå â ñâåðòêå ñ ëþáîé

ôóíêöèåé èç ìíîæåñòâà, óäîâëåòâîðÿþùåãî óñëîâèþ Âèíåðà, äàþò ñòðåìÿùóþñÿ ê íóëþ ôóíê-

öèþ. Ââîäÿòñÿ ïðîñòðàíñòâà ìåäëåííî ìåíÿþùèõñÿ è ïî÷òè ïåðèîäè÷åñêèõ íà áåñêîíå÷íîñòè

ôóíêöèé îòíîñèòåëüíî ââåäåííûõ ïîäïðîñòðàíñòâ. Äîêàçûâàåòñÿ, ÷òî âñå òàêèå ïðîñòðàíñòâà

ñîâïàäàþò ñ ïðîñòðàíñòâàìè îáû÷íûõ ìåäëåííî ìåíÿþùèõñÿ è ïî÷òè ïåðèîäè÷åñêèõ íà áåñêî-

íå÷íîñòè ôóíêöèé ñîîòâåòñòâåííî (âíå çàâèñèìîñòè îò âûáîðà ïîäïðîñòðàíñòâà èñ÷åçàþùèõ

íà áåñêîíå÷íîñòè ôóíêöèé). Äëÿ ïî÷òè ïåðèîäè÷åñêèõ íà áåñêîíå÷íîñòè ôóíêöèé (îòíîñè-

òåëüíî ïîäïðîñòðàíñòâà) ïðèâîäÿòñÿ ÷åòûðå ðàçëè÷íûõ îïðåäåëåíèÿ è äîêàçûâàåòñÿ èõ ýê-

âèâàëåíòíîñòü. Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíåíû ê èññëåäîâàíèþ ñâîéñòâ ðåøåíèé äèôôå-

ðåíöèàëüíûõ óðàâíåíèé. Ðåçóëüòàòû ñòàòüè ïîëó÷åíû ñ ñóùåñòâåííûì èñïîëüçîâàíèåì òåîðèé

èçîìåòðè÷åñêèõ ïðåäñòàâëåíèé è áàíàõîâûõ ìîäóëåé.

Abstract

The article under consideration is devoted to some problems of harmonic analysis of continuous

slowly varying and almost periodic at in�nity functions. We consider a number of various subspaces

of continuous functions disappearing at in�nity. On the basis of the well-known Wiener theorem

we introduce a concept of a set satisfying Wiener condition. We consider various subspaces of

continuous functions vanishing at in�nity in di�erent senses, not necessarily tending to zero at

in�nity. For example, integrally vanishing at in�nity functions and functions whose convolution with

any function from the set satisfying Wiener condition give a function tending to zero at in�nity.

Then we construct the spaces of slowly varying and periodic at in�nity functions with respect to

any of those subspaces. The constructed spaces are proved to coincide with the ordinary spaces of

slowly varying and periodic at in�nity functions respectively (regardless of the choice of a subspace).

For functions, almost periodic at in�nity ( with respect to a subspace) four various de�nitions are
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given and their equivalence is proved. The results are applied to the research of the properties of

di�erential equations solutions. The results of the article are received with essential use of methods

of isometric representations and Banach modules theories.

Êëþ÷åâûå ñëîâà: ïî÷òè ïåðèîäè÷åñêàÿ íà áåñêîíå÷íîñòè ôóíêöèÿ, ìåäëåííî ìåíÿþùàÿñÿ

íà áåñêîíå÷íîñòè ôóíêöèÿ, èñ÷åçàþùàÿ íà áåñêîíå÷íîñòè ôóíêöèÿ, òåîðåìà Âèíåðà, äèôôå-

ðåíöèàëüíîå óðàâíåíèå, áàíàõîâ ìîäóëü.

Key words: almost periodic at in�nity function, slowly varying at in�nity function, vanishing at

in�nity function, Wiener theorem, di�erential equation, Banach module.

1. Ìåäëåííî ìåíÿþùèåñÿ íà áåñêîíå÷íîñòè ôóíêöèè îòíîñèòåëüíî
ïîäïðîñòðàíñòâà C0(R, X;M)

Ïóñòü L1(R) � áàíàõîâà àëãåáðà îïðåäåëåííûõ íà R èçìåðèìûõ ïî Ëåáåãó è ñóììè-
ðóåìûõ êîìïëåêñíîçíà÷íûõ (êëàññîâ ýêâèâàëåíòíîñòè) ôóíêöèé ñî ñâåðòêîé ôóíêöèé
â êà÷åñòâå óìíîæåíèÿ (f1 ∗ f2)(t) =

∫
R
f1(t − s)f2(s)ds, t ∈ R, f1, f2 ∈ L1(R). Ñèìâîëîì

f̂ : R → C îáîçíà÷àåòñÿ ïðåîáðàçîâàíèå Ôóðüå f̂(λ) =
∫
R
f(t)e−iλtdt, λ ∈ R, ôóíêöèè

f ∈ L1(R).
Â äàííîé ñòàòüå ñóùåñòâåííî èñïîëüçóåòñÿ ñëåäóþùàÿ òåîðåìà Âèíåðà (ñì. [Ãåëü-

ôàíä è äð., 1946]):
Òåîðåìà 1. Ïóñòü I � èäåàë àëãåáðû L1(R). Îí ñîâïàäàåò ñî âñåé àëãåáðîé L1(R),

åñëè ôóíêöèè φ̂, φ ∈ I, ðàçäåëÿþò òî÷êè èç R, ò. å. äëÿ ëþáûõ ÷èñåë λ1 ̸= λ2 ∈ R
íàéäåòñÿ ôóíêöèÿ φ ∈ I òàêàÿ, ÷òî φ̂(λ1) ̸= φ̂(λ2).

Áóäåì ãîâîðèòü, ÷òî ïîäìíîæåñòâî M ôóíêöèé èç àëãåáðû L1(R) óäîâëåòâîðÿåò
óñëîâèþ Âèíåðà, åñëè èõ ïðåîáðàçîâàíèÿ Ôóðüå ðàçäåëÿþò òî÷êè èç R.

Ëåììà 1. Íàèìåíüøèé çàìêíóòûé èäåàë àëãåáðû L1(R), ñîäåðæàùèé ìíîæåñòâî
M, óäîâëåòâîðÿþùåå óñëîâèþ Âèíåðà, ñîâïàäàåò ñî âñåé àëãåáðîé L1(R).

� Ïóñòü I(M) � íàèìåíüøèé çàìêíóòûé èäåàë èç àëãåáðû L1(R), ñîäåðæàùèé M,
ò.å. I(M) = {f ∗ g, f ∈ L1(R), g ∈ M}. Ïîêàæåì, ÷òî ìíîæåñòâî I(M) óäîâëåòâîðÿåò
óñëîâèþ Âèíåðà. Âîçüìåì ïðîèçâîëüíûå ÷èñëà λ1 ̸= λ2 ∈ R. Â ñèëó òîãî, ÷òî ìíîæåñòâî
M óäîâëåòâîðÿåò óñëîâèþ Âèíåðà, íàéäåòñÿ ôóíêöèÿ g ∈ M òàêàÿ, ÷òî ĝ(λ1) ̸= ĝ(λ2).
Òîãäà äëÿ ôóíêöèè φ ∈ I(M) âèäà φ = f ∗ g, ãäå g � óêàçàííàÿ ôóíêöèÿ èç M, à f �
ïðîèçâîëüíàÿ ôóíêöèÿ èç L1(R), âûïîëíÿåòñÿ óñëîâèå φ̂(λ1) ̸= φ̂(λ2). Òîãäà èç òåîðåìû
ñëåäóåò, ÷òî I(M) = L1(R). �

Ïóñòü X � êîìïëåêñíîå áàíàõîâî ïðîñòðàíñòâî, EndX � áàíàõîâà àëãåáðà ëèíåé-
íûõ îãðàíè÷åííûõ îïåðàòîðîâ (ýíäîìîðôèçìîâ), äåéñòâóþùèõ â X.

Ðàññìàòðèâàåòñÿ áàíàõîâî ïðîñòðàíñòâî Cb = Cb(R, X) íåïðåðûâíûõ è îãðàíè÷åí-
íûõ íà R ôóíêöèé ñî çíà÷åíèÿìè â X è íîðìîé ∥x∥∞ = sup

t∈R
∥x(t)∥, Cb,u = Cb,u(R, X) �

çàìêíóòîå ïîäïðîñòðàíñòâî ðàâíîìåðíî íåïðåðûâíûõ ôóíêöèé èç Cb(R, X), C0(R, X) =
{x ∈ Cb(R, X) : lim

|t|→∞
∥x(t)∥ = 0} � ïîäïðîñòðàíñòâî èñ÷åçàþùèõ íà áåñêîíå÷íîñòè

ôóíêöèé èç Cb(R, X).
Â áàíàõîâîì ïðîñòðàíñòâå Cb(R, X) ðàññìîòðèì ãðóïïó S : R → EndCb(R, X) îïå-

ðàòîðîâ, äåéñòâóþùèõ ïî ïðàâèëó

(S(t)x)(τ) = x(t+ τ), x ∈ Cb(R, X), t, τ ∈ R. (1)
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Îïðåäåëåíèå 1. Ôóíêöèÿ x ∈ Cb,u(R, X) íàçûâàåòñÿ ìåäëåííî ìåíÿþùåéñÿ íà áåñêî-
íå÷íîñòè, åñëè S(α)x− x ∈ C0(R, X) äëÿ ëþáîãî α ∈ R.

Ìíîæåñòâî ìåäëåííî ìåíÿþùèõñÿ íà áåñêîíå÷íîñòè ôóíêöèé îáîçíà÷èì ñèìâîëîì
Csl,∞(R, X). Òàêèå ôóíêöèè èçó÷àëèñü â ðàáîòàõ [Baskakov, Strukova, 2016; Áàñêàêîâ,
2013; Áàñêàêîâ, 2015; Áàñêàêîâ, Êàëóæèíà, 2012; Ñòðóêîâà, 2015; Ñòðóêîâà, 2016]. Â
÷àñòíîñòè, â [Áàñêàêîâ, Êàëóæèíà, 2012] óñòàíîâëåíî, ÷òî ðåøåíèÿ óðàâíåíèÿ òåïëî-
ïðîâîäíîñòè ÿâëÿþòñÿ ìåäëåííî ìåíÿþùèìèñÿ íà áåñêîíå÷íîñòè (ïî âðåìåíè) ôóíêöè-
ÿìè. Â ðàáîòàõ [Ñòðóêîâ, Ñòðóêîâà, 2018à; Ñòðóêîâ, Ñòðóêîâà, 2018á; Ñòðóêîâà, 2017]
èçó÷àëèñü ìåäëåííî ìåíÿþùèåñÿ è ïåðèîäè÷åñêèå íà áåñêîíå÷íîñòè ôóíêöèè èç îäíî-
ðîäíûõ ïðîñòðàíñòâ (íàïðèìåð, ïðîñòðàíñòâ Ñòåïàíîâà, Ãåëüäåðà, Ëåáåãà).

Ïðèìåðàìè ìåäëåííî ìåíÿþùèõñÿ íà áåñêîíå÷íîñòè ôóíêöèé ÿâëÿþòñÿ:
1) x1(t) = sin ln(1 + |t|), t ∈ R; 2) x2(t) = arctg t, t ∈ R;
3) ëþáàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ x ∈ Cb(R) ñî ñâîéñòâîì

lim
|t|→∞

ẋ(t) = 0.

Íàðÿäó ñ C0(R, X) ðàññìîòðèì ïîäïðîñòðàíñòâî ôóíêöèé èç Cb(R, X) âèäà
C0(R, X;M) = {x ∈ Cb(R, X) : f ∗ x ∈ C0(R, X) äëÿ âñåõ f ∈ M}, ãäå ìíîæåñòâî
M ⊂ L1(R) óäîâëåòâîðÿåò óñëîâèþ Âèíåðà. Òàêèå ôóíêöèè òàêæå áóäåì íàçûâàòü èñ-
÷åçàþùèìè íà áåñêîíå÷íîñòè.

Âî âñåõ ðàññìàòðèâàåìûõ ïîäïðîñòðàíñòâàõ èç Cb(R, X) ñèìâîë X îïóñêàåòñÿ, åñëè
X = C (íàïðèìåð, C0(R,C) = C0(R), C0(R,C;M) = C0(R;M)).

Ïðèìåð 1. Ðàññìîòðèì ìíîæåñòâî ôóíêöèé {fα, α > 0} èç àëãåáðû L1(R) âèäà

fα(t) =

{
e−αt, t ≥ 0,

0, t < 0.

Èõ ïðåîáðàçîâàíèÿ Ôóðüå èìåþò âèä f̂α(λ) = 1
α+iλ

, λ ∈ R, α > 0. Òîãäà äëÿ ëþáîãî
α > 0 ìíîæåñòâî Mα = {fα} óäîâëåòâîðÿåò óñëîâèþ Âèíåðà.

Ñëåäóþùèå ôóíêöèè ïðèíàäëåæàò ïðîñòðàíñòâó C0(R;Mα) :
1) x1(t) = eit

2
;

2) x2(t) = sin at2; 3) x3(t) = cos at2, t ∈ R, a > 0.
Âûáåðåì ïðîèçâîëüíîå α > 0 è ïîêàæåì, ÷òî x1 ∈ C0(R;Mα), ò.å. ÷òî fα ∗ x1 ∈ C0(R).

Äåéñòâèòåëüíî, (fα ∗ x1)(t) =
∞∫
0

e−α(t−τ)eiτ
2
dτ = e

iα2

4 e−αt
∞∫

− iα
2

eiτ
2
dτ.

Âû÷èñëèì ïîñëåäíèé èíòåãðàë îòäåëüíî:
∞∫

− iα
2

eiτ
2
dτ =

0∫
− iα

2

eiτ
2
dτ +

∞∫
0

eiτ
2
dτ =

(1+i)
√
π

2
√
2

erf
(

α(i+1)

2
√
2

)
+
√

π
8
+ i
√

π
8
, ãäå ñèìâîëîì erf îáîçíà÷åíà ôóíêöèÿ îøèáîê,

çàäàâàåìàÿ ôîðìóëîé erf(z) = 2√
π

z∫
0

e−τ2dτ, z ∈ C. Îòñþäà ïîëó÷àåì, ÷òî

(fα ∗ x1)(t) = e−αte
iα2

4

(
(1+i)

√
π

2
√
2

erf
(

α(i+1)

2
√
2

)
+
√

π
8
+ i
√

π
8

)
, t ∈ R, ò.å. fα ∗ x1 ∈ C0(R).

Ïðèìåð 2. Åñëè â êà÷åñòâå ìíîæåñòâà M âçÿòü âñþ àëãåáðó L1(R), òî ìíîæåñòâî

C0(R, X;M) áóäåò èìåòü âèä C0(R, X;M) = {x ∈ Cb(R, X) : lim
α→∞

∥ 1
α

α∫
0

x(s + t)ds∥ = 0

ðàâíîìåðíî îòíîñèòåëüíî t ∈ R}.
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Ïîêàæåì ýòî, ò.å. äëÿ ëþáîé ôóíêöèè x ∈ Cb(R, X) äîêàæåì ýêâèâàëåíòíîñòü ñëå-
äóþùèõ äâóõ óñëîâèé:

1) lim
α→∞

∥ 1
α

α∫
0

x(s+ t)ds∥ = 0 ðàâíîìåðíî îòíîñèòåëüíî t ∈ R;

2) f ∗ x ∈ C0(R, X) äëÿ ëþáîé ôóíêöèè f èç àëãåáðû L1(R).
Ðàññìîòðèì ìíîæåñòâî M = {fα, α > 0} ôóíêöèé èç àëãåáðû L1(R) âèäà

fα(t) =

{
1
α
, t ∈ [0, α],
0, t /∈ [0, α],

êàæäàÿ èç êîòîðûõ èìååò ïðåîáðàçîâàíèå Ôóðüå âèäà f̂α(λ) = 1
iλα

(1 − e−iλα), λ ∈ R.
Òîãäà óñëîâèå 1) ìîæíî çàïèñàòü â âèäå fα ∗ x ∈ C0(R, X) äëÿ ëþáîãî α > 0.

Ïîñêîëüêó ïðåîáðàçîâàíèÿ Ôóðüå f̂α ôóíêöèé fα, α > 0, ðàçäåëÿþò òî÷êè èç R, òî
ìíîæåñòâî M óäîâëåòâîðÿåò óñëîâèþ Âèíåðà. Ñëåäîâàòåëüíî, èç ëåììû âûòåêàåò, ÷òî
f ∗ x ∈ C0(R, X) äëÿ ëþáîé ôóíêöèè f èç àëãåáðû L1(R).

Åñëè âûïîëíåíî ñâîéñòâî 2), òî gα∗x ∈ C0(R, X) äëÿ ëþáîé íàïðàâëåííîñòè (gα, α >
0) èç àëãåáðû L1(R), â ÷àñòíîñòè, äëÿ (fα, α > 0), ò.å. âûïîëíåíî ñâîéñòâî 1).

Îïðåäåëåíèå 2. Äàëåå ñèìâîëîì C0 = C0(R, X) îáîçíà÷èì çàìêíóòîå (ñ íîðìîé èç Cb)
ïîäïðîñòðàíñòâî ôóíêöèé èç Cb(R, X), îáëàäàþùèõ ñâîéñòâàìè:

1) S(t)x ∈ C0 äëÿ ëþáîãî t ∈ R è ëþáîé ôóíêöèè x ∈ C0;
2) C0(R, X) ⊂ C0(R, X) ⊂ C0(R, X;M), ãäå ìíîæåñòâî M ⊂ L1(R) óäîâëåòâîðÿåò

óñëîâèþ Âèíåðà;
3) eλx ∈ C0 äëÿ ëþáîãî λ ∈ R, ãäå eλ(t) = eiλt, t ∈ R.
Êàæäîå òàêîå ïîäïðîñòðàíñòâî áóäåì íàçûâàòü ïîäïðîñòðàíñòâîì èñ÷åçàþùèõ íà

áåñêîíå÷íîñòè ôóíêöèé.

Ïðèìåðàìè òàêèõ ïîäïðîñòðàíñòâ ÿâëÿþòñÿ îïðåäåëåííûå íèæå ïîäïðîñòðàíñòâà
C0,int(R, X) è C0,p(R, X), p ∈ [1,∞).

Ôóíêöèþ x èç Cb,u(R, X) íàçîâåì èíòåãðàëüíî èñ÷åçàþùåé íà áåñêîíå÷íîñòè, åñëè

lim
α→∞

1

α
sup
t∈R

α∫
0

∥x(t+ s)∥ ds = 0.

Ìíîæåñòâî èíòåãðàëüíî èñ÷åçàþùèõ íà áåñêîíå÷íîñòè ôóíêöèé áóäåì îáîçíà÷àòü
ñèìâîëîì C0,int = C0,int(R, X). Îòìåòèì, ÷òî C0,int(R, X) ÿâëÿåòñÿ çàìêíóòûì ïîäïðî-
ñòðàíñòâîì èç Cb,u(R, X). Â ðàáîòå [Áàñêàêîâ è äð., 2018] áûëè ââåäåíû ïî÷òè ïåðèîäè-
÷åñêèå íà áåñêîíå÷íîñòè ôóíêöèè îòíîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X), óäîâëåòâî-
ðÿþùåãî óñëîâèþ C0(R, X) ⊂ C0(R, X) ⊂ C0,int(R, X).

Ðàññìîòðèì òàêæå ñåìåéñòâî çàìêíóòûõ â Cb,u(R, X) ïîäïðîñòðàíñòâ

C0,p = C0,p(R, X) = {x ∈ Cb,u(R, X) : lim
t→∞

1

α
sup
t∈R

α∫
0

∥x(s+ t)∥p ds = 0},

ãäå p ∈ [1,∞). Òàêèì îáðàçîì, C0,1(R, X) = C0,int(R, X) � ïîäïðîñòðàíñòâî èíòåãðàëüíî
èñ÷åçàþùèõ íà áåñêîíå÷íîñòè ôóíêöèé.

Ïóñòü C0(R, X) � îäíî èç ïîäïðîñòðàíñòâ èñ÷åçàþùèõ íà áåñêîíå÷íîñòè ôóíêöèé,
óäîâëåòâîðÿþùåå âñåì óñëîâèÿì îïðåäåëåíèÿ 2.
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Îïðåäåëåíèå 3. Ôóíêöèþ x ∈ Cb(R, X) áóäåì íàçûâàòü ìåäëåííî ìåíÿþùåéñÿ íà
áåñêîíå÷íîñòè îòíîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X), åñëè S(α)x − x ∈ C0(R, X)
äëÿ ëþáîãî α ∈ R.

Ìíîæåñòâî ìåäëåííî ìåíÿþùèõñÿ íà áåñêîíå÷íîñòè ôóíêöèé îòíîñèòåëüíî ïîäïðî-
ñòðàíñòâà C0(R, X) îáîçíà÷èì ñèìâîëîì Csl,∞(R, X;C0). Íåïîñðåäñòâåííî èç îïðåäåëå-
íèÿ ñëåäóåò, ÷òî ëþáîå ïðîñòðàíñòâî Csl,∞(R, X;C0) ÿâëÿåòñÿ çàìêíóòûì ïîäïðîñòðàí-
ñòâîì â Cb(R, X).

Ðàññìîòðèì ìíîæåñòâî Csl,∞(M) = {x ∈ Cb(R, X) : S(α)x − x ∈ C0(R, X;M) äëÿ
ëþáîãî α ∈ R}, ãäå ìíîæåñòâîM ⊂ L1(R) óäîâëåòâîðÿåò óñëîâèþ Âèíåðà. Èç îïðåäåëå-
íèé 2 è 3 ñëåäóåò, ÷òî Csl,∞(R, X;C0) ⊂ Csl,∞(M) äëÿ ëþáîãî ïîäïðîñòðàíñòâà C0(R, X),
óäîâëåòâîðÿþùåãî óñëîâèÿì îïðåäåëåíèÿ 2.

Äàëåå íàì ïîòðåáóåòñÿ îïðåäåëåíèå îãðàíè÷åííîé àïïðîêñèìàòèâíîé åäèíèöû [Áàñ-
êàêîâ, Êðèøòàë, 2005] àëãåáðû L1(R).

Îïðåäåëåíèå 4. Îãðàíè÷åííàÿ ïîñëåäîâàòåëüíîñòü (en, n ≥ 1) ôóíêöèé èç àëãåáðû
L1(R) íàçûâàåòñÿ îãðàíè÷åííîé àïïðîêñèìàòèâíîé åäèíèöåé (î.à.å.) àëãåáðû L1(R),
åñëè âûïîëíÿþòñÿ äâà ñâîéñòâà:

1) ên(0) = 1 äëÿ âñåõ n ≥ 1;
2) lim

n→∞
en ∗ f = f äëÿ âñåõ f èç L1(R).

Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà 2. Ïóñòü C0(R, X) � îäíî èç ïîäïðîñòðàíñòâ èñ÷åçàþùèõ íà áåñêîíå÷íî-

ñòè ôóíêöèé, óäîâëåòâîðÿþùåå âñåì óñëîâèÿì îïðåäåëåíèÿ 2. Òîãäà Csl,∞(R, X;C0) =
Csl,∞(R, X).

� Äîñòàòî÷íî äîêàçàòü ðàâåíñòâî Csl,∞(M) = Csl,∞(R, X). Âêëþ÷åíèå Csl,∞(R, X) ⊂
Csl,∞(M) î÷åâèäíî. Ïîêàæåì îáðàòíîå âêëþ÷åíèå. Ïóñòü x ∈ Csl,∞(M), òîãäà ψ =
S(α)x − x ∈ C0(R, X;M), ò.å. f ∗ ψ ∈ C0(R, X) äëÿ âñåõ f ∈ M. Ïóñòü (en, n ≥ 1) �
ïðîèçâîëüíàÿ î.à.å. àëãåáðû L1(R). Èç ëåììû ñëåäóåò, ÷òî

en ∗ ψ = en ∗ (S(α)x− x) = S(α)(en ∗ x)− (en ∗ x) ∈ C0(R, X),

îòêóäà ïîëó÷àåì, ÷òî y = en ∗ x ∈ Csl,∞(R, X), à, çíà÷èò, è x ∈ Csl,∞(R, X). �

2. Áàíàõîâû L1(R)-ìîäóëè è ñïåêòð Áåðëèíãà.
Ïî÷òè ïåðèîäè÷åñêèå âåêòîðû

Â äàííîì ðàçäåëå áóäóò ïðèâåäåíû íåêîòîðûå îïðåäåëåíèÿ è ôàêòû èç òåîðèè áà-
íàõîâûõ ìîäóëåé, ñóùåñòâåííî èñïîëüçóåìûå â äàëüíåéøåì.

Ïóñòü X � êîìïëåêñíîå áàíàõîâî ïðîñòðàíñòâî è EndX � áàíàõîâà àëãåáðà ëèíåé-
íûõ îãðàíè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ â X.

Áóäåì ñ÷èòàòü, ÷òî X ÿâëÿåòñÿ íåâûðîæäåííûì áàíàõîâûì L1(R)-ìîäóëåì [Áàñêà-
êîâ, Êðèøòàë, 2005; Õüþèòò, Ðîññ, 1975], ñòðóêòóðà êîòîðîãî àññîöèèðîâàíà ñ íåêîòî-
ðûì îãðàíè÷åííûì èçîìåòðè÷åñêèì ïðåäñòàâëåíèåì T : R → EndX. Ýòî îçíà÷àåò, ÷òî
âûïîëíÿþòñÿ äâà ñâîéñòâà ñëåäóþùåãî ïðåäëîæåíèÿ:

Ïðåäïîëîæåíèå 1. Äëÿ áàíàõîâà L1(R)-ìîäóëÿ X âûïîëíÿþòñÿ ñëåäóþùèå óñëî-
âèÿ:
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1) èç ðàâåíñòâà fx = 0, ñïðàâåäëèâîãî äëÿ ëþáîé ôóíêöèè f ∈ L1(R), ñëåäóåò, ÷òî
âåêòîð x ∈ X � íóëåâîé (ñâîéñòâî íåâûðîæäåííîñòè áàíàõîâà ìîäóëÿ X);

2) äëÿ âñåõ x ∈ X èìåþò ìåñòî ðàâåíñòâà (ñâîéñòâî àññîöèèðîâàííîñòè ìîäóëüíîé
ñòðóêòóðû íà X ñ ïðåäñòàâëåíèåì T : R → EndX):

T (t)(fx) = (T (t)f)x = f(T (t)x), t ∈ R, f ∈ L1(R).

Åñëè T : R → EndX� ñèëüíî íåïðåðûâíîå îãðàíè÷åííîå ïðåäñòàâëåíèå, òî ôîðìóëà

T (f)x = fx =

∫
R

f(t)T (−t)xdt, f ∈ L1(R), x ∈ X (2)

îïðåäåëÿåò íà X ñòðóêòóðó áàíàõîâà L1(R)-ìîäóëÿ, óäîâëåòâîðÿþùåãî óñëîâèÿì ïðåä-
ïîëîæåíèÿ 2, ïðè÷åì ýòà ìîäóëüíàÿ ñòðóêòóðà áóäåò àññîöèèðîâàíà ñ ïðåäñòàâëåíè-
åì T.

Çàìå÷àíèå 1. Ñ êàæäûì íåâûðîæäåííûì áàíàõîâûì L1(R)-ìîäóëåì X àññîöèèðîâàíî
åäèíñòâåííîå ïðåäñòàâëåíèå T : R → EndX [Áàñêàêîâ, Êðèøòàë, 2005]. ×òîáû ýòî
ïîä÷åðêíóòü, èíîãäà áóäåò èñïîëüçîâàòüñÿ îáîçíà÷åíèå (X, T ).

Òåîðèÿ áàíàõîâûõ L1(R)-ìîäóëåé èçëîæåíà â [Baskakov, Krishtal, 2016; Áàñêàêîâ,
1978; Áàñêàêîâ, 2004; Áàñêàêîâ, 2016; Áàñêàêîâ, Êðèøòàë, 2005; Õüþèòò, Ðîññ, 1975].

Îïðåäåëåíèå 5. Âåêòîð èç áàíàõîâà L1(R)-ìîäóëÿ X íàçîâåì íåïðåðûâíûì (îòíîñè-
òåëüíî ïðåäñòàâëåíèÿ T ) èëè T -íåïðåðûâíûì, åñëè ôóíêöèÿ φx : R → X, φx(t) =
T (t)x, t ∈ R, íåïðåðûâíà â íóëå (è, çíà÷èò, íåïðåðûâíà íà R).

Ñîâîêóïíîñòü âñåõ T -íåïðåðûâíûõ âåêòîðîâ èç áàíàõîâà L1(R)-ìîäóëÿ X îáîçíà÷èì
÷åðåç Xc èëè (X, T )c. Îíî îáðàçóåò çàìêíóòûé ïîäìîäóëü èç X, ò. å. Xc � çàìêíóòîå
ëèíåéíîå ïîäïðîñòðàíñòâî èç X, èíâàðèàíòíîå îòíîñèòåëüíî âñåõ îïåðàòîðîâ T (f), T (t),
f ∈ L1(R), t ∈ R.

Ïðîñòðàíñòâî Cb(R, X) ÿâëÿåòñÿ áàíàõîâûì L1(R)-ìîäóëåì ñ ìîäóëüíîé ñòðóêòó-
ðîé, îïðåäåëÿåìîé ðàâåíñòâàìè (2), è ýòà ñòðóêòóðà àññîöèèðîâàíà ñ ïðåäñòàâëåíèåì
(ãðóïïîé ñäâèãîâ ôóíêöèé) S : R → EndCb(R, X).

Äàëåå ñèìâîëîì Y îáîçíà÷èì ôàêòîð-ïðîñòðàíñòâî Cb(R, X)/C0(R, X), ÿâëÿþùååñÿ
áàíàõîâûì ïðîñòðàíñòâîì ñ íîðìîé ∥x̃∥ = inf

y∈x+C0

∥y∥, ãäå x̃ = x + C0 � êëàññ ýêâèâà-

ëåíòíîñòè, ñîäåðæàùèé ôóíêöèþ x ∈ Cb,u(R, X). Â ïðîñòðàíñòâå Y äåéñòâóåò ñèëüíî

íåïðåðûâíàÿ ãðóïïà èçîìåòðèé S̃ : R → EndY âèäà S̃(t)x̃ = S̃(t)x, t ∈ R, x̃ ∈ Y.
Òîãäà ñòðóêòóðà áàíàõîâà L1(R)-ìîäóëÿ íà Y [Áàñêàêîâ, 2013; Áàñêàêîâ, Êðèøòàë,

2005; Áàñêàêîâ è äð., 2018] îïðåäåëÿåòñÿ ñ ïîìîùüþ ïðåäñòàâëåíèÿ S̃ è çàäàåòñÿ ôîð-

ìóëîé fx̃ =
∫
R
f(τ)S̃(−τ)x̃ dτ, f ∈ L1(R), x̃ ∈ Y.

Îïðåäåëåíèå 6. Ñïåêòðîì Áåðëèíãà âåêòîðà x ∈ X íàçûâàåòñÿ ìíîæåñòâî ÷èñåë Λ(x)
èç R âèäà

Λ(x) = {λ0 ∈ R : fx ̸= 0 äëÿ ëþáîé ôóíêöèè f ∈ L1(R) c f̂(λ0) ̸= 0}.
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Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî Λ(x) = R\{µ0 ∈ R : ñóùåñòâóåò ôóíêöèÿ f ∈ L1(R)
òàêàÿ, ÷òî f̂(µ0) ̸= 0 è fx = 0}.

Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà ñïåêòðà Áåðëèíãà âåêòîðîâ èç áàíàõîâà ïðîñòðàí-
ñòâà X [Áàñêàêîâ, 2004; Áàñêàêîâ, Êðèøòàë, 2005]:

Ëåììà 2. Äëÿ ëþáûõ f ∈ L1(R) è x ∈ X ñïðàâåäëèâû ñâîéñòâà:
1) èç óñëîâèÿ fx = 0 äëÿ ëþáîé ôóíêöèè f ∈ L1(R) ñëåäóåò, ÷òî x = 0 (ò. å. L1(R)-

ìîäóëü X íåâûðîæäåí);
2) Λ(x) � çàìêíóòîå ïîäìíîæåñòâî èç R, ïðè÷åì Λ(x) = ∅ òîãäà è òîëüêî òîãäà,

êîãäà x = 0;
3) Λ(fx) ⊂ (suppf̂) ∩ Λ(x);

4) fx = 0, åñëè (suppf̂)∩Λ(x) = ∅, è fx = x, åñëè ìíîæåñòâî Λ(x) êîìïàêòíî è f̂ = 1
â íåêîòîðîé åãî îêðåñòíîñòè;

5) Λ(x) = {λ0} � îäíîòî÷å÷íîå ìíîæåñòâî òîãäà è òîëüêî òîãäà, êîãäà âåêòîð x ̸= 0
óäîâëåòâîðÿåò ðàâåíñòâàì T (t)x = eiλ0tx, t ∈ R, ò.å. x � ñîáñòâåííûé âåêòîð áàíàõîâà
L1(R)-ìîäóëÿ (X, T );

6) åñëè âåêòîð x ∈ X èìååò êîìïàêòíûé ñïåêòð Áåðëèíãà Λ(x) ñî ñïåêòðàëüíûì
ðàäèóñîì r(x) = max

λ∈Λ(x)
|λ|, òî ôóíêöèÿ φx : R → X âèäà φx(t) = T (t)x, t ∈ R, äîïóñ-

êàåò ðàñøèðåíèå íà C äî öåëîé ôóíêöèè ýêñïîíåíöèàëüíîãî òèïà, ðàâíîãî r(x) (ò.å.

lim
|z|→∞

ln ∥φx(z)∥
|z| = r(x)).

Îïðåäåëåíèå 7. Âåêòîð x0 èç áàíàõîâà L1(R)-ìîäóëÿ (X, T ) íàçûâàåòñÿ ïî÷òè ïåðè-
îäè÷åñêèì (îòíîñèòåëüíî ïðåäñòàâëåíèÿ T ), åñëè âûïîëíåíî îäíî èç ñëåäóþùèõ ýêâè-
âàëåíòíûõ óñëîâèé:

1) äëÿ ëþáîãî ε > 0 ìíîæåñòâî Ω(x0, ε) = {ω ∈ R : ∥T (ω)x0 − x0∥ < ε}, íàçûâàåìîå
ìíîæåñòâîì ε-ïåðèîäîâ âåêòîðà x0, îòíîñèòåëüíî ïëîòíî íà R (ìíîæåñòâî Ω ⊂ R íà-
çûâàåòñÿ îòíîñèòåëüíî ïëîòíûì íà R, åñëè ñóùåñòâóåò ÷èñëî l > 0 òàêîå, ÷òî ëþáîé
ïðîìåæóòîê [t, t+ l], t ∈ R, ñîäåðæèò õîòÿ áû îäíó òî÷êó ìíîæåñòâà Ω);

2) îðáèòà {T (t)x0, t ∈ R} âåêòîðà x0 ïðåäêîìïàêòíà â X;
3) ôóíêöèÿ t 7→ φ(t) = T (t)x0, t ∈ R, � íåïðåðûâíàÿ ïî÷òè ïåðèîäè÷åñêàÿ ôóíêöèÿ,

ò. å. φ ∈ AP (R,X) [Áàñêàêîâ, 2004; Ëåâèòàí, Æèêîâ, 1978];
4) äëÿ ëþáîãî ε > 0 ñóùåñòâóþò âåùåñòâåííûå ÷èñëà λ1, ..., λN è ñîáñòâåííûå âåê-

òîðû x1, ..., xN ïðåäñòàâëåíèÿ T, ñîîòâåòñòâóþùèå ýòèì ÷èñëàì (ò. å. T (t)xk = eiλktxk,

t ∈ R, 1 ≤ k ≤ N) òàêèå, ÷òî ∥x0 −
N∑
k=1

xk∥ < ε.

Ìíîæåñòâî AP (X) = AP (X, T ) ïî÷òè ïåðèîäè÷åñêèõ âåêòîðîâ èç X îáðàçóåò çàìêíó-
òîå ïîäïðîñòðàíñòâî â X è ÿâëÿåòñÿ çàìêíóòûì ïîäìîäóëåì èç áàíàõîâà L1(R)-ìîäóëÿ
X. Êðîìå òîãî, èìååò ìåñòî âêëþ÷åíèå AP (X) ⊂ Xc. Ïðèâîäèìûå ïîíÿòèÿ è ðåçóëüòàòû
ñîäåðæàòñÿ â ðàáîòàõ [Áàñêàêîâ, 2004; Áàñêàêîâ, 2013; Áàñêàêîâ, 2015].

3. Ïî÷òè ïåðèîäè÷åñêèå íà áåñêîíå÷íîñòè ôóíêöèè
îòíîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X)

Ñôîðìóëèðóåì îïðåäåëåíèÿ ïî÷òè ïåðèîäè÷åñêîé íà áåñêîíå÷íîñòè ôóíêöèè è îïðå-
äåëåíèÿ ïî÷òè ïåðèîäè÷åñêîé íà áåñêîíå÷íîñòè ôóíêöèè îòíîñèòåëüíî ïîäïðîñòðàí-
ñòâà C0(R, X) èñ÷åçàþùèõ íà áåñêîíå÷íîñòè ôóíêöèé, óäîâëåòâîðÿþùåãî âñåì óñëîâè-
ÿì îïðåäåëåíèÿ 2.
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Ïåðâîå îïðåäåëåíèå, èñïîëüçóåìîå â äàííîé ðàáîòå, îñíîâàíî íà ïîíÿòèè ε-ïåðèîäà
íà áåñêîíå÷íîñòè. Îíî ñîîòâåòñòâóåò êëàññè÷åñêîìó îïðåäåëåíèþ Áîðà ïî÷òè ïåðèîäè-
÷åñêîé ôóíêöèè (ñì. [Ëåâèòàí, Æèêîâ, 1978]).

Îïðåäåëåíèå 8. Ïóñòü ε > 0. ×èñëî ω ∈ R+ íàçûâàåòñÿ ε-ïåðèîäîì ôóíêöèè x ∈
Cb(R, X) íà áåñêîíå÷íîñòè, åñëè ñóùåñòâóåò ÷èñëî α(ε) ≥ 0 òàêîå, ÷òî sup

|t|≥α(ε)

∥x(t+ω)−

x(t)∥ < ε.

Ìíîæåñòâî ε-ïåðèîäîâ ôóíêöèè x ∈ Cb(R, X) íà áåñêîíå÷íîñòè îáîçíà÷èì ñèìâîëîì
Ω∞(x; ε).

Îïðåäåëåíèå 9. Ìíîæåñòâî Ω èç R íàçûâàåòñÿ îòíîñèòåëüíî ïëîòíûì íà R , åñëè
ñóùåñòâóåò òàêîå l > 0, ÷òî [t, t+ l] ∩ Ω ̸= ∅ äëÿ ëþáîãî t ∈ R.

Îïðåäåëåíèå 10. Ôóíêöèÿ x èç Cb,u(R, X) íàçûâàåòñÿ ïî÷òè ïåðèîäè÷åñêîé íà áåñ-
êîíå÷íîñòè, åñëè äëÿ ëþáîãî ε > 0 ìíîæåñòâî Ω∞(x; ε) åå ε-ïåðèîäîâ îòíîñèòåëüíî
ïëîòíî íà R.

Èç îïðåäåëåíèé 8, 10 ñëåäóåò, ÷òî êàæäàÿ íåïðåðûâíàÿ ôóíêöèÿ x ∈ Cb,u(R, X) ïî-
÷òè ïåðèîäè÷åñêàÿ ïî Áîðó (â îáû÷íîì ñìûñëå; ñì. [Ëåâèòàí, Æèêîâ, 1978]) ÿâëÿåòñÿ
ïî÷òè ïåðèîäè÷åñêîé íà áåñêîíå÷íîñòè. Ìíîæåñòâî êëàññè÷åñêèõ ïî÷òè ïåðèîäè÷åñêèõ
ôóíêöèé îáîçíà÷èì ñèìâîëîì AP (R, X), à ìíîæåñòâî ïî÷òè ïåðèîäè÷åñêèõ íà áåñêî-
íå÷íîñòè � ñèìâîëîì AP∞(R, X).

Ïðèâåäåì âòîðîå (ýêâèâàëåíòíîå; ñì. [Áàñêàêîâ è äð., 2018]) îïðåäåëåíèå ïî÷òè ïå-
ðèîäè÷åñêîé íà áåñêîíå÷íîñòè ôóíêöèè:

Îïðåäåëåíèå 11. Ôóíêöèÿ x ∈ Cb,u(R, X) íàçûâàåòñÿ ïî÷òè ïåðèîäè÷åñêîé íà áåñêî-
íå÷íîñòè, åñëè äëÿ ëþáîãî ε > 0 ìîæíî óêàçàòü êîíå÷íîå ÷èñëî âåùåñòâåííûõ ÷èñåë
λ1, . . . , λN è ôóíêöèè x1, . . . , xN èç Csl,∞(R, X) òàêèå, ÷òî

sup
t∈R

∥x(t)−
N∑
k=1

xk(t)e
iλkt∥ < ε.

Â ðàáîòå [Áàñêàêîâ è äð., 2018] èçó÷àëèñü ïî÷òè ïåðèîäè÷åñêèå íà áåñêîíå÷íîñòè
ôóíêöèè îòíîñèòåëüíî ïîäïðîñòðàíñòâ C0(R, X) ⊂ C0(R, X) ⊂ C0,int(R, X). Â ýòîé ðà-
áîòå áûëè ââåäåíû ÷åòûðå îïðåäåëåíèÿ òàêèõ ôóíêöèé è äîêàçàíà èõ ýêâèâàëåíòíîñòü.
Äëÿ C0(R, X) = C0(R, X) îïðåäåëåíèÿ 10 è 11 ñîâïàäàþò ñ îïðåäåëåíèÿìè 7 è 10 èç [Áàñ-
êàêîâ è äð., 2018] ñîîòâåòñòâåííî.

Â äàííîé ðàáîòå ìû ïðèâåäåì àíàëîãè÷íûå èì îïðåäåëåíèÿ ïî÷òè ïåðèîäè÷åñêîé íà
áåñêîíå÷íîñòè ôóíêöèè îòíîñèòåëüíî áîëåå øèðîêîãî íàáîðà ïîäïðîñòðàíñòâ C0(R, X),
óäîâëåòâîðÿþùèõ îïðåäåëåíèþ 2, äîêàæåì èõ ýêâèâàëåíòíîñòü è ïîêàæåì, ÷òî âñå ýòè
ïðîñòðàíñòâà ñîâïàäàþò ñ ïðîñòðàíñòâîì AP∞(R, X).

Îïðåäåëåíèå 12. Ïóñòü ε > 0. ×èñëî ω ∈ R+ íàçûâàåòñÿ ε-ïåðèîäîì ôóíêöèè x ∈
Cb(R, X) íà áåñêîíå÷íîñòè îòíîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X), åñëè ñóùåñòâóåò
ôóíêöèÿ x0 ∈ C0 òàêàÿ, ÷òî ∥S(ω)x− x− x0∥ < ε.

Ìíîæåñòâî ε-ïåðèîäîâ ôóíêöèè x ∈ Cb(R, X) íà áåñêîíå÷íîñòè îòíîñèòåëüíî ïîä-
ïðîñòðàíñòâà C0(R, X) îáîçíà÷èì ñèìâîëîì Ω∞(x;C0; ε). Åñëè C0 = C0(R, X), òî îïðå-
äåëåíèå 12 ýêâèâàëåíòíî îïðåäåëåíèþ 8.
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Îïðåäåëåíèå 13. Ôóíêöèÿ x èç Cb(R, X) íàçûâàåòñÿ ïî÷òè ïåðèîäè÷åñêîé íà áåñêî-
íå÷íîñòè îòíîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X), åñëè äëÿ ëþáîãî ε > 0 ìíîæåñòâî
Ω∞(x;C0; ε) åå ε-ïåðèîäîâ îòíîñèòåëüíî ïëîòíî íà R.

Ìíîæåñòâî ïî÷òè ïåðèîäè÷åñêèõ íà áåñêîíå÷íîñòè ôóíêöèé îòíîñèòåëüíî ïîäïðî-
ñòðàíñòâà C0(R, X) îáîçíà÷èì ñèìâîëîì AP∞(R, X;C0). Íåïîñðåäñòâåííî èç îïðåäåëå-
íèÿ 3 ñëåäóåò, ÷òî åñëè Ω∞(x;C0; ε) = R äëÿ ëþáîãî ε > 0, òî x ∈ Csl,∞(R, X;C0). Òàêèì
îáðàçîì, èìååò ìåñòî âêëþ÷åíèå Csl,∞(R, X;C0) ⊂ AP∞(R, X;C0).

Îïðåäåëåíèå 14. Ìíîæåñòâî ôóíêöèé M ⊂ Cb(R, X) íàçûâàåòñÿ ïðåäêîìïàêòíûì
íà áåñêîíå÷íîñòè îòíîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X) èñ÷åçàþùèõ íà áåñêîíå÷-
íîñòè ôóíêöèé, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò êîíå÷íîå ÷èñëî ôóíêöèé b1, . . . , bN
(ε-ñåòü íà áåñêîíå÷íîñòè) èç M òàêèõ, ÷òî äëÿ ëþáîé ôóíêöèè x ∈ M ñóùåñòâóåò
ôóíêöèÿ bk, k ∈ {1, . . . , N}, è ôóíêöèÿ αε ∈ C0(R, X), äëÿ êîòîðûõ èìååò ìåñòî îöåíêà
∥x− bk − αε∥ < ε.

Îïðåäåëåíèå 15. Ôóíêöèÿ x ∈ Cb(R, X) íàçûâàåòñÿ ïî÷òè ïåðèîäè÷åñêîé íà áåñ-
êîíå÷íîñòè îòíîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X) èñ÷åçàþùèõ íà áåñêîíå÷íîñòè
ôóíêöèé, åñëè ìíîæåñòâî åå ñäâèãîâ S(t)x, t ∈ R, ÿâëÿåòñÿ ïðåäêîìïàêòíûì íà áåñêî-
íå÷íîñòè îòíîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X).

Çàìåòèì, ÷òî ôóíêöèè âèäà x(t) =
N∑
k=1

xk(t)e
iλkt, x1, . . . , xN ∈ Csl,∞(R, X;C0),

λ1, . . . , λN ∈ R, t ∈ R, (îáîáùåííûå òðèãîíîìåòðè÷åñêèå ïîëèíîìû) ïî÷òè ïåðèîäè÷-
íû íà áåñêîíå÷íîñòè â ñìûñëå îïðåäåëåíèÿ 15.

Îïðåäåëåíèå 16. Ôóíêöèÿ x ∈ Cb(R, X) íàçûâàåòñÿ ïî÷òè ïåðèîäè÷åñêîé íà áåñ-
êîíå÷íîñòè îòíîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X) èñ÷åçàþùèõ íà áåñêîíå÷íîñòè
ôóíêöèé, åñëè äëÿ ëþáîãî ε > 0 ìîæíî óêàçàòü êîíå÷íîå ÷èñëî âåùåñòâåííûõ ÷èñåë
λ1, . . . , λN è ôóíêöèè x1, . . . , xN èç ïðîñòðàíñòâà Csl,∞(R, X;C0) òàêèå, ÷òî

sup
t∈R

∥x(t)−
N∑
k=1

xk(t)e
iλkt∥ < ε.

Îïðåäåëåíèå 17. Ôóíêöèÿ x ∈ Cb(R, X) íàçûâàåòñÿ ïî÷òè ïåðèîäè÷åñêîé íà áåñêî-
íå÷íîñòè îòíîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X), åñëè êëàññ ýêâèâàëåíòíîñòè x̃ =
x + C0(R, X) ∈ X ÿâëÿåòñÿ ïî÷òè ïåðèîäè÷åñêèì âåêòîðîì â X = Cb(R, X)/C0(R, X)

îòíîñèòåëüíî èçîìåòðè÷åñêîãî ïðåäñòàâëåíèÿ S̃ : R → EndX.

Ïî÷òè ïåðèîäè÷åñêèå íà áåñêîíå÷íîñòè ôóíêöèè (îòíîñèòåëüíî ïîäïðîñòðàíñòâà
C0(R, X)) âïåðâûå áûëè ââåäåíû â ðàññìîòðåíèå â ñòàòüÿõ [Áàñêàêîâ, 2013; Áàñêàêîâ,
2015]. Ïðè ýòîì èñïîëüçîâàëîñü îïðåäåëåíèå, àíàëîãè÷íîå îïðåäåëåíèþ 17. Îñíîâíûå
ðåçóëüòàòû ýòèõ ñòàòåé áûëè ñâÿçàíû ñ àñèìïòîòè÷åñêèì ïîâåäåíèåì îãðàíè÷åííûõ
ïîëóãðóïï îïåðàòîðîâ. Â ðàáîòàõ [Baskakov, Strukova, 2016; Ñòðóêîâà, 2015; Ñòðóêî-
âà, 2016] èçó÷àëèñü ïåðèîäè÷åñêèå íà áåñêîíå÷íîñòè ôóíêöèè (îòíîñèòåëüíî ïîäïðî-
ñòðàíñòâà C0(R, X)). Â [Ñòðóêîâ, Ñòðóêîâà, 2018á] èçó÷àëèñü ïî÷òè ïåðèîäè÷åñêèå íà
áåñêîíå÷íîñòè ôóíêöèè èç îäíîðîäíûõ ïðîñòðàíñòâ.

Òåîðåìà 3. Âñå îïðåäåëåíèÿ ïî÷òè ïåðèîäè÷åñêîé íà áåñêîíå÷íîñòè ôóíêöèè îò-
íîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X) (îïðåäåëåíèÿ 13, 15, 16, 17) ýêâèâàëåíòíû.
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� Ðàññìîòðèì ôàêòîð-ïðîñòðàíñòâî X = Cb,u(R, X)/C0(R, X) è îïðåäåëåííóþ âû-

øå ãðóïïó èçîìåòðèé T = S̃ : R → EndX. Äëÿ ýòîãî ïðåäñòàâëåíèÿ îïðåäåëåíèå 16
ñîîòâåòñòâóåò ñâîéñòâó 4) èç îïðåäåëåíèÿ 7. Ïîñêîëüêó âñå ñâîéñòâà èç îïðåäåëåíèÿ 7
ýêâèâàëåíòíû, äîñòàòî÷íî ïîêàçàòü, ÷òî ïåðâûå òðè åãî ñâîéñòâà ýêâèâàëåíòíû îïðå-
äåëåíèÿì 13, 15 è 16 ñîîòâåòñòâåííî.

Ïóñòü x ∈ Cb,u(R, X) è x̃ � êëàññ ýêâèâàëåíòíîñòè â X, ïîñòðîåííûé ïî ôóíêöèè x.
Òîãäà äëÿ ëþáîãî ε > 0 ìíîæåñòâî Ω∞(x;C0; ε)∪(−Ω∞(x;C0; ε)) ñîâïàäàåò ñ ìíîæåñòâîì
Ω(x̃, ε) ε-ïåðèîäîâ êëàññà x̃. Ñëåäîâàòåëüíî, ñîîòâåòñòâóþùèå îïðåäåëåíèÿ ýêâèâàëåíò-
íû.

Ýêâèâàëåíòíîñòü îïðåäåëåíèÿ 15 è ñâîéñòâà 2) îïðåäåëåíèÿ 7 íåïîñðåäñòâåííî ñëå-
äóåò èç îïðåäåëåíèÿ ôàêòîð-ìîäóëÿ X = Cb,u(R, X)/C0(R, X).

Äîêàæåì ýêâèâàëåíòíîñòü àïïðîêñèìàöèîííîãî îïðåäåëåíèÿ 16 è ñâîéñòâà 3) èç
îïðåäåëåíèÿ 7. Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî óñòàíîâèòü, ÷òî ñïåêòð Áåðëèíãà Λ(ỹ)
êëàññà ýêâèâàëåíòíîñòè ỹ ∈ X, ỹ = y+C0, ÿâëÿåòñÿ îäíîòî÷å÷íûì ìíîæåñòâîì (Λ(ỹ) =
{λ0}) òîãäà è òîëüêî òîãäà, êîãäà ôóíêöèÿ y ∈ Cb,u(R, X) ïðåäñòàâèìà â âèäå y(t) =
y0(t)e

iλ0t, t ∈ R, ãäå y0 ∈ Csl,∞(R, X;C0).

Åñëè Λ(ỹ) = {λ0}, òî S̃(t)ỹ = eiλ0tỹ äëÿ ëþáîãî t ∈ R (ñì. ñâîéñòâî 5) èç ëåììû ).

Ñëåäîâàòåëüíî, Λ(ỹ0) = {0}, ãäå y0(s) = y(s)e−iλ0s, s ∈ R, è ïîýòîìó S̃(t)ỹ0 = ỹ0 äëÿ
ëþáîãî t ∈ R. Òàêèì îáðàçîì, S(t)y0 − y0 ∈ C0(R, X), t ∈ R, ò. å. y0 ∈ Csl,∞(R, X;C0).

È îáðàòíî: åñëè y(t) = y0(t)e
iλ0t, t ∈ R, ãäå y0 ∈ C0(R, X), òî S̃(t)ỹ = eiλ0tỹ, t ∈ R, è

ïîýòîìó â ñèëó ñâîéñòâà 5) èç ëåììû ïîëó÷èì, ÷òî Λ(ỹ) = {λ0}. �
Òåîðåìà 4. Ïóñòü C0(R, X) � îäíî èç ïîäïðîñòðàíñòâ èñ÷åçàþùèõ íà áåñêîíå÷íî-

ñòè ôóíêöèé, óäîâëåòâîðÿþùåå âñåì óñëîâèÿì îïðåäåëåíèÿ 2. Òîãäà AP∞(R, X;C0) =
AP∞(R, X).

� Â ñèëó ýêâèâàëåíòíîñòè âñåõ ÷åòûðåõ îïðåäåëåíèé ïî÷òè ïåðèîäè÷åñêîé íà áåñêî-
íå÷íîñòè ôóíêöèè îòíîñèòåëüíî ïîäïðîñòðàíñòâà C0(R, X) äëÿ äîêàçàòåëüñòâà ìîæíî
âçÿòü ëþáîå èç íèõ. Ïóñòü ôóíêöèÿ x ∈ Cb,u(R, X) óäîâëåòâîðÿåò îïðåäåëåíèþ 16, ò. å.
x ∈ AP∞(R, X;C0). Òîãäà â ñèëó òåîðåìû îíà óäîâëåòâîðÿåò è îïðåäåëåíèþ 11, ò. å.
x ∈ AP∞(R, X). �

4. Ïî÷òè ïåðèîäè÷åñêèå íà áåñêîíå÷íîñòè ðåøåíèÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé

Ïóñòü A : D(A) ⊂ X → X � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð ñ îáëàñòüþ îïðå-
äåëåíèÿ D(A), ÿâëÿþùèéñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû îïåðàòîðîâ
U : R+ → EndX. Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

ẋ = Ax+ ψ, (3)

ãäå ψ ∈ Cb(R, X). Êëàññè÷åñêèì ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3) íàçûâà-
åòñÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ x : R → X òàêàÿ, ÷òî x(t) ∈ D(A) äëÿ ëþáîãî t ∈ R,
è óäîâëåòâîðÿþùàÿ óðàâíåíèþ (3) äëÿ âñåõ t ∈ R.

Ñôîðìóëèðóåì äâà îïðåäåëåíèÿ ñëàáîãî ðåøåíèÿ (mild solution) äèôôåðåíöèàëüíî-
ãî óðàâíåíèÿ (3), ãäå ψ ∈ Cb(R, X).
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Îïðåäåëåíèå 18. Íåïðåðûâíàÿ ôóíêöèÿ x : R → X íàçûâàåòñÿ ñëàáûì ðåøåíèåì

äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3), åñëè ôóíêöèÿ z : R → X, z(t) =
t∫
0

x(s) ds, t ∈ R,

îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
1) z(t) ∈ D(A) äëÿ ëþáîãî t ∈ R;

2) x(t)− x(0) = Az(t) +
t∫
0

ψ(s) ds, t ∈ R.

Îïðåäåëåíèå 19. Íåïðåðûâíàÿ ôóíêöèÿ x : R → X íàçûâàåòñÿ ñëàáûì ðåøåíèåì
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3), åñëè äëÿ âñåõ s, t ∈ R, s ≤ t,, èìåþò ìåñòî ðàâåíñòâà

x(t) = U(t− s)x(s) +

t∫
s

U(t− τ)ψ(τ) dτ. (4)

Îáà îïðåäåëåíèÿ ñëàáîãî ðåøåíèÿ óðàâíåíèÿ (3) ýêâèâàëåíòíû [Arendt è äð. 2011].
Â áàíàõîâîì ïðîñòðàíñòâå Cb,u = Cb,u(R, X) ðàññìîòðèì ëèíåéíûé îïåðàòîð

L =
d

dt
− A : D(L) ⊂ Cb,u → Cb,u. (5)

Îïðåäåëåíèå 20. Ôóíêöèþ x ∈ Cb,u(R, X) îòíåñåì ê îáëàñòè îïðåäåëåíèÿ D(L) îïå-
ðàòîðà L, åñëè ñóùåñòâóåò ôóíêöèÿ ψ ∈ Cb,u(R, X) òàêàÿ, ÷òî äëÿ âñåõ s ≤ t èç R èìåþò
ìåñòî ðàâåíñòâà (5).

Äëÿ x ∈ D(L) ìû ïîëîæèì Lx = ψ, åñëè x è ψ óäîâëåòâîðÿþò ðàâåíñòâàì (5). Òàêîå
îïðåäåëåíèå îïåðàòîðà L èñïîëüçîâàëîñü â ðàáîòàõ [Baskakov, Krishtal, 2016; Áàñêàêîâ,
1978; Áàñêàêîâ, 2013].

Äàëåå ñèìâîëîì S(f) : Cb,u(R, X) → Cb,u(R, X) îáîçíà÷èì îïåðàòîð ñâåðòêè

S(f)x = f ∗ x

ôóíêöèè x ∈ Cb,u ñ ôóíêöèåé f èç àëãåáðû L1(R).
Â [Baskakov, Krishtal, 2016] óñòàíîâëåíà ñëåäóþùàÿ òåîðåìà î ïåðåñòàíîâî÷íîñòè

îïåðàòîðîâ S(f), f ∈ L1(R), c îïåðàòîðîì L.
Òåîðåìà 5. Äëÿ ëþáîé ôóíêöèè f èç àëãåáðû L1(R) è ëþáîé ôóíêöèè x èç D(L)

ôóíêöèÿ S(f)x ïðèíàäëåæèò D(L) è èìååò ìåñòî ðàâåíñòâî LS(f)x = S(f)Lx.

Â äàëüíåéøåì áóäåò èñïîëüçîâàòüñÿ ñëåäóþùàÿ
Òåîðåìà 6. (Áàñêàêîâ è äð., 2018) Ïóñòü ôóíêöèÿ ψ èç óðàâíåíèÿ (3) ïðèíàäëåæèò

ïðîñòðàíñòâó C0(R, X) è ìíîæåñòâî σ(A)∩(iR) íå èìååò ïðåäåëüíûõ òî÷åê íà iR. Òîãäà
êàæäîå îãðàíè÷åííîå ñëàáîå ðåøåíèå x ∈ Cb,u(R, X) äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3)
ïðèíàäëåæèò AP∞(R, X) è äëÿ ëþáîãî ε > 0 ìîæíî óêàçàòü ÷èñëà iλ1, . . . , iλm ∈ σ(A)∩
(iR) è ôóíêöèè x1, . . . , xm èç Csl,∞(R, X) òàêèå, ÷òî

sup
t∈R

∥x(t)−
m∑
k=1

xk(t)e
iλkt∥ < ε,

ïðè÷åì x(t) =
m∑
k=1

xk(t)e
iλkt, t ∈ R, åñëè σ(A) ∩ (iR) = {iλ1, . . . , iλm} � êîíå÷íîå ìíîæå-

ñòâî.
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Ñëåäñòâèå 1 (Áàñêàêîâ è äð., 2018). ÏóñòüX � êîíå÷íîìåðíîå áàíàõîâî ïðîñòðàíñòâî,
A � îïåðàòîð èç EndX è ψ ∈ C0(R, X).Òîãäà êàæäîå îãðàíè÷åííîå ðåøåíèå x : R → X
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3) ïðèíàäëåæèò AP∞(R, X) è äîïóñêàåò ïðåäñòàâëåíèå
âèäà

x(t) =
m∑
k=1

xk(t)e
iλkt, xk ∈ Csl,∞(R, X), t ∈ R,

åñëè σ(A) ∩ (iR) = {iλ1, . . . , iλm}.
Íà îñíîâå óêàçàííûõ âûøå ðåçóëüòàòîâ áûëà ïîëó÷åíà ñëåäóþùàÿ
Ëåììà 3. ÏóñòüX � êîíå÷íîìåðíîå áàíàõîâî ïðîñòðàíñòâî, A� îïåðàòîð èç EndX

è ψ ∈ C0(R, X;M).Òîãäà äëÿ ëþáîãî îãðàíè÷åííîãî ðåøåíèÿ x : R → X äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ (3) è ëþáîé ôóíêöèè f ∈ M ôóíêöèÿ y = f ∗ x ïðèíàäëåæèò
AP∞(R, X) è äîïóñêàåò ïðåäñòàâëåíèå âèäà

y(t) =
m∑
k=1

yk(t)e
iλkt, yk ∈ Csl,∞(R, X), t ∈ R,

åñëè σ(A) ∩ (iR) = {iλ1, . . . , iλm}.
� Ïóñòü x ∈ Cb,u(R, X) � îãðàíè÷åííîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3)

ñ ôóíêöèåé ψ ∈ C0(R, X;M). Òîãäà â ñèëó òåîðåìû äëÿ ëþáîé ôóíêöèè f ∈ M ñïðà-
âåäëèâî ðàâåíñòâî

f ∗ ẋ = A(f ∗ x) + f ∗ ψ.
Èç óñëîâèÿ ψ ∈ C0(R, X;M) ñëåäóåò, ÷òî ôóíêöèÿ φ = f ∗ψ ïðèíàäëåæèò C0(R, X).

Òîãäà èç ñëåäñòâèÿ 1 âûòåêàåò, ÷òî ïðè óñëîâèè σ(A) ∩ (iR) = {iλ1, . . . , iλm} ôóíêöèÿ
y = f ∗ x ïðèíàäëåæèò ïðîñòðàíñòâó AP∞(R, X). �

Èç òåîðåìû è ëåììû ñëåäóåò
Òåîðåìà 7. Ïóñòü X � êîíå÷íîìåðíîå áàíàõîâî ïðîñòðàíñòâî, A � îïåðàòîð èç

EndX è ψ ∈ C0(R, X;M).Òîãäà êàæäîå îãðàíè÷åííîå ðåøåíèå x : R → X äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ (3) ïðèíàäëåæèò ïðîñòðàíñòâó AP∞(R, X) è äîïóñêàåò ïðåäñòàâëå-
íèå âèäà

x(t) =
m∑
k=1

xk(t)e
iλkt, xk ∈ Csl,∞(R, X), t ∈ R,

åñëè σ(A) ∩ (iR) = {iλ1, . . . , iλm}.
� Ïóñòü x ∈ Cb,u(R, X) � îãðàíè÷åííîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3)

ñ ôóíêöèåé ψ ∈ C0(R, X;M). Òîãäà â ñèëó ëåììû äëÿ ëþáîé ôóíêöèè f ∈ M ôóíêöèÿ
y = f ∗ x ïðèíàäëåæèò AP∞(R, X). Ïóñòü (en, n ∈ N) � ïðîèçâîëüíàÿ î.à.å. àëãåáðû
L1(R). Èç ëåììû ñëåäóåò, ÷òî en ∗ x ∈ AP∞(R, X), à, çíà÷èò, è x ∈ AP∞(R, X). �

Àíàëîãè÷íûì îáðàçîì [Áàñêàêîâ è äð., 2018] äîêàçûâàåòñÿ ñëåäóþùàÿ
Òåîðåìà 8. Ïóñòü ôóíêöèÿ ψ èç óðàâíåíèÿ (3) ïðèíàäëåæèò ïðîñòðàíñòâó

C0(R, X;M) è ìíîæåñòâî σ(A) ∩ (iR) íå èìååò ïðåäåëüíûõ òî÷åê íà iR. Òîãäà êàæäîå
îãðàíè÷åííîå ñëàáîå ðåøåíèå x ∈ Cb,u(R, X) äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3) ïðèíàä-
ëåæèò AP∞(R, X) è äëÿ ëþáîãî ε > 0 ìîæíî óêàçàòü ÷èñëà iλ1, . . . , iλm ∈ σ(A)∩ (iR) è
ôóíêöèè x1, . . . , xm èç Csl,∞(R, X) òàêèå, ÷òî

sup
t∈R

∥x(t)−
m∑
k=1

xk(t)e
iλkt∥ < ε,
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ïðè÷åì x(t) =
m∑
k=1

xk(t)e
iλkt, t ∈ R, åñëè σ(A) ∩ (iR) = {iλ1, . . . , iλm} � êîíå÷íîå ìíîæå-

ñòâî.

Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ 2 ñëåäóåò, ÷òî òåîðåìû è îñòàþòñÿ ñïðàâåäëèâû-
ìè, åñëè ôóíêöèÿ ψ ïðèíàäëåæèò ëþáîìó èç ïîäïðîñòðàíñòâ C0(R, X), óäîâëåòâîðÿþ-
ùèõ óñëîâèÿì îïðåäåëåíèÿ 2.
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Àííîòàöèÿ

Èññëåäîâàíî äâóìåðíîå íåàâòîíîìíîå ãèïåðáîëè÷åñêîå óðàâíåíèå, ïðàâàÿ ÷àñòü êîòîðîãî ñî-

äåðæèò ïðîèçâîëüíóþ íåëèíåéíîñòü îò èñêîìîé ôóíêöèè è êâàäðàòè÷íûé ïîëèíîì îò åå ïåð-

âûõ ïðîèçâîäíûõ. Ïîëó÷åíû ðåøåíèÿ ýòîãî óðàâíåíèÿ â ÿâíîì âèäå äëÿ ïðîñòåéøèõ íåëèíåé-

íîñòåé ñ ïîìîùüþ ìåòîäîâ ìóëüòèïëèêàòèâíîãî è ôóíêöèîíàëüíîãî ðàçäåëåíèÿ ïåðåìåííûõ.

Ïîêàçàíî, ÷òî ïðè îïðåäåëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû óðàâíåíèÿ îíî ìîæåò áûòü ñâåäå-

íî ê êâàäðàòíîìó óðàâíåíèþ îòíîñèòåëüíî íåêîòîðîé âñïîìîãàòåëüíîé ïåðåìåííîé. Íàéäåíî

ðåøåíèå â âèäå êâàäðàòè÷íîé ôîðìû îò ôóíêöèé îäíîé ïåðåìåííîé, à òàêæå ðåøåíèå â âèäå

ïðîèçâåäåíèÿ ñòåïåíåé îò íåçàâèñèìûõ ïåðåìåííûõ äëÿ ñëó÷àÿ, êîãäà êîýôôèöèåíòû óðàâ-

íåíèÿ ïðåäñòàâëÿþò ñîáîé ñòåïåííûå ôóíêöèè. Ñ ïîìîùüþ ìåòîäà Êëàðêñîíà � Êðóñêàëà

ïîêàçàíî, ÷òî èñõîäíîå óðàâíåíèå ìîæåò áûòü ñâåäåíî ê óðàâíåíèþ Ðèêêàòè ñ ïîñòîÿííû-

ìè êîýôôèöèåíòàìè â ñëó÷àå, êîãäà êîýôôèöèåíòû èñõîäíîãî óðàâíåíèÿ âûðàæàþòñÿ ÷åðåç

îòíîøåíèå ôóíêöèé îäíîé ïåðåìåííîé; íàéäåíû ñîîòâåòñòâóþùèå òî÷íûå ðåøåíèÿ â ÿâíîì

âèäå. Ïîëó÷åíî òî÷íîå ðåøåíèå â íåÿâíîì âèäå äëÿ ñëó÷àÿ ïðîèçâîëüíîé íåëèíåéíîñòè îò

íåèçâåñòíîé ôóíêöèè è ñôîðìóëèðîâàíî óñëîâèå åãî ñóùåñòâîâàíèÿ.

Abstract

There is investigated two-dimensional non-autonomous hyperbolic equation, the right side of which

contains arbitrary non-linearity on unknown function and the quadratic polynomial on its �rst

derivatives. The solutions of this equation are received in explicit form for the simplest non-

linearities with the help of the methods of multiplicative and functional separation of variables.

It is showed that under certain conditions the initial equation can be reduced to the quadratic

equation with respect to some auxiliary variable. There is received the solution as a quadratic form

on some functions of one variable, and also the solution in the form of the production of powers on

independent variables for the case when the coe�cients of initial equation are the power functions.

It is showed by means of Clarkson � Kruskal method, that the initial equation can be reduced to

the Riccati equation with constant coe�cients in the case when the coe�cients of initial equation

are expressed through the relation of functions of one variable. The corresponding exact solutions

in explicit form are received. There is received the exact solution in implicit form for the case of

arbitrary non-linearity on unknown function and the condition of its existence is formulated.
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Êëþ÷åâûå ñëîâà: íåëèíåéíîñòü, ãèïåðáîëè÷åñêîå óðàâíåíèå, ìóëüòèïëèêàòèâíîå ðàçäåëå-

íèå ïåðåìåííûõ, ôóíêöèîíàëüíîå ðàçäåëåíèå ïåðåìåííûõ, ðåøåíèå òèïà áåãóùåé âîëíû, ìå-

òîä Êëàðêñîíà-Êðóñêàëà, óðàâíåíèå Ðèêêàòè.

Key words: nonlinearity, hyperbolic equation, multiplicative separation of variables, functional

separation of variables, solution of travelling wave type, Clarkson-Kruskal's method, Riccati's equa-

tion.

Ââåäåíèå

Â ñîâðåìåííîé ìàòåìàòè÷åñêîé ôèçèêå ñóùåñòâåííîå ìåñòî çàíèìàåò àíàëèç íåëè-
íåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé è ìåòîäîâ èõ òî÷íîãî èíòåãðèðîâàíèÿ [Æèáåð, Ñî-
êîëîâ, 2001], [Êóäðÿøîâ, 2010], [Êóçíåöîâà, 2012], [Ïîëÿíèí, Çàéöåâ, 2002], [Ðàõìåëåâè÷,
2015, 2017], [Grundland, Infeld, 1992], [Zhdanov, 1994]. Ñ òî÷êè çðåíèÿ îáùíîñòè ðåçóëü-
òàòîâ ñåðüåçíûé èíòåðåñ ïðåäñòàâëÿþò èññëåäîâàíèÿ êëàññîâ íåëèíåéíûõ óðàâíåíèé,
ñîäåðæàùèõ ïðîèçâîëüíûå ôóíêöèè [Ïîëÿíèí, Çàéöåâ, 2002], [Çàéöåâ, Ïîëÿíèí, 2003],
â òîì ÷èñëå óðàâíåíèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Îäíèìè èç íàèáîëåå ýôôåê-
òèâíûõ ìåòîäîâ èññëåäîâàíèÿ íåëèíåéíûõ óðàâíåíèé îñòàþòñÿ ìåòîäû, îñíîâàííûå íà
ðåäóêöèè èñõîäíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ê îáûêíîâåííîìó äèôôåðåíöè-
àëüíîìó óðàâíåíèþ èëè èõ ñèñòåìå (ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ, ìåòîä Êëàðêñîíà
� Êðóñêàëà è äð.). Â ðàáîòàõ [Ïîëÿíèí, Æóðîâ, 2002], [Ïîëÿíèí è äð., 2005] ïîäðîáíî
èçëîæåíû îñíîâû ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ è åãî ñîâðåìåííûå âàðèàíòû (îáîá-
ùåííîå è ôóíêöèîíàëüíîå ðàçäåëåíèå ïåðåìåííûõ). Â íàñòîÿùåå âðåìÿ îïóáëèêîâàíî
äîñòàòî÷íî ìíîãî ðàáîò, ïîñâÿùåííûõ èññëåäîâàíèþ íåëèíåéíûõ óðàâíåíèé óêàçàííûì
ìåòîäîì. Òàê, ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ èññëåäîâàíû íåêîòîðûå ìíîãîìåðíûå
óðàâíåíèÿ, ñîäåðæàùèå îäíîðîäíûå è ìóëüòèîäíîðîäíûå ôóíêöèè îò ÷àñòíûõ ïðîèç-
âîäíûõ [Ðàõìåëåâè÷, 2013, 2014], ïîëó÷åíû òî÷íûå ðåøåíèÿ ðÿäà íåëèíåéíûõ óðàâíå-
íèé, âñòðå÷àþùèõñÿ â ïðèêëàäíûõ çàäà÷àõ [Ïîëÿíèí, Çàéöåâ, 2002], [Ïîëÿíèí è äð.,
2005], [Miller, Rubel,1993], [Zhdanov, 1994], [Polyanin, 2019]. Äëÿ íàõîæäåíèÿ òî÷íûõ ðå-
øåíèé áîëåå ñëîæíîé ñòðóêòóðû èñïîëüçóåòñÿ ìåòîä Êëàðêñîíà � Êðóñêàëà [Ïîëÿíèí è
äð., 2005], [Clarkson, Kruskal, 1989]. Â íàñòîÿùåé ðàáîòå ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ è
ìåòîä Êëàðêñîíà � Êðóñêàëà ïðèìåíÿþòñÿ äëÿ ïîñòðîåíèÿ ðåøåíèé äâóìåðíîãî ãèïåð-
áîëè÷åñêîãî óðàâíåíèÿ, ñîäåðæàùåãî êâàäðàòè÷íûé ïîëèíîì îò ïåðâûõ ïðîèçâîäíûõ
è íåëèíåéíîñòü ïðîèçâîëüíîãî âèäà îò íåèçâåñòíîé ôóíêöèè.

1. Ïðîñòåéøèå ðåøåíèÿ

Äâóìåðíîå íåëèíåéíîå ãèïåðáîëè÷åñêîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ êâàäðàòè÷íûì
ïîëèíîìîì îò ïåðâûõ ïðîèçâîäíûõ èìååò âèä:

∂2u

∂x∂y
= g(u)

(
A(x, y)

(
∂u

∂x

)2

+B(x, y)
∂u

∂x

∂u

∂y
+ C(x, y)

(
∂u

∂y

)2
)
. (1.1)

Çäåñü A(x, y), B(x, y), C(x, y), g(u) � çàäàííûå ôóíêöèè.
Âíà÷àëå ðàññìîòðèì ñëó÷àé g(u) = 1/u, äëÿ êîòîðîãî óðàâíåíèå (1.1) ìîæíî ïåðå-

ïèñàòü â âèäå:

u
∂2u

∂x∂y
= A(x, y)

(
∂u

∂x

)2

+B(x, y)
∂u

∂x

∂u

∂y
+ C(x, y)

(
∂u

∂y

)2

. (1.2)
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Íàéäåì ðåøåíèÿ óðàâíåíèÿ (1.2), êîòîðûå ìîãóò áûòü ïîëó÷åíû ìåòîäîì ðàçäåëåíèÿ
ïåðåìåííûõ.

Òåîðåìà 1.1. 1. Åñëè êîýôôèöèåíòû óðàâíåíèÿ (1.2) óäîâëåòâîðÿþò óñëîâèÿì:

B(x, y)− 1

2A(x, y)
=
p(x)

q(y)
,

4A(x, y)C(x, y)

(B(x, y)− 1)2
= α 6 1, (1.3)

ãäå p(x), q(y) � íåêîòîðûå çàäàííûå ôóíêöèè, α � ïàðàìåòð, òî óðàâíåíèå (1.2) èìååò
ðåøåíèÿ ñëåäóþùåãî âèäà:

u(x, y) = D exp

(
λ

∫
p(x)dx+ µ

∫
q(y)dy

)
, (1.4)

ãäå D,λ � ïðîèçâîëüíûå ïîñòîÿííûå, à λ, µ ñâÿçàíû ñîîòíîøåíèåì:

λ

µ
= −1± (1− α)1/2. (1.4a)

2. Åñëè êîýôôèöèåíòû óðàâíåíèÿ (1.2) óäîâëåòâîðÿþò óñëîâèÿì:

B(x, y) ≡ 1,
C(x, y)

A(x, y)
= −

(
p(x)

q(y)

)2

, (1.5)

òî óðàâíåíèå (1.2) èìååò ðåøåíèÿ ñëåäóþùåãî âèäà:

u(x, y) = D exp

(
λ

(∫
p(x)dx±

∫
q(y)dy

))
. (1.6)

� Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (1.2) â âèäå:

u(x, y) = φ(x)ψ(y), (1.7)

ãäå φ(x), ψ(y) � íåèçâåñòíûå ôóíêöèè, ïîäëåæàùèå îïðåäåëåíèþ. Ïîäñòàâèâ (1.7) â
óðàâíåíèå (1.2), ïîëó÷àåì:

A(x, y) [φ′(x)ψ(y)]
2
+ (B(x, y)− 1)φ′(x)ψ′(y)φ(x)ψ(y) + C(x, y) [φ(x)ψ′(y)]

2
= 0. (1.8)

Ðàçäåëèâ óðàâíåíèå (1.8) ïî÷ëåííî íà [φ(x)ψ′(y)]2 , ïîëó÷àåì êâàäðàòíîå óðàâíåíèå:

Aη2 + B̃η + C = 0, (1.9)

ãäå B̃ = B − 1, âåëè÷èíà η îïðåäåëÿåòñÿ âûðàæåíèåì:

η =
φ′(x)ψ(y)

φ(x)ψ′(y)
. (1.10)

Êîðíè êâàäðàòíîãî óðàâíåíèÿ (1.9):

η1,2 = − B̃

2A
±

( B̃

2A

)2

− C

A

1/2

. (1.11)
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Ïóñòü âûïîëíåíû óñëîâèÿ ïåðâîé ÷àñòè òåîðåìû, ò. å. êîýôôèöèåíòû óðàâíåíèÿ (1.2)
óäîâëåòâîðÿþò óñëîâèÿì (1.3). Òîãäà âûðàæåíèå (1.11) ìîæíî ïåðåïèñàòü â âèäå:

η1,2 = − B̃

2A

(
−1± (1− α)1/2

)
. (1.12)

Ðàçäåëèì ïåðåìåííûå â âûðàæåíèè (1.10), ó÷èòûâàÿ (1.3) è (1.12), îòêóäà ïîëó÷àåì
óðàâíåíèÿ äëÿ ôóíêöèé φ(x), ψ(y) :

φ′(x)

φ(x)
= λp(x),

ψ′(y)

ψ(y)
= µq(y) , (1.13)

ïðè÷åì ïîñòîÿííûå λ, µ äîëæíû óäîâëåòâîðÿòü ñîîòíîøåíèþ (1.4à). Íàõîäÿ ðåøåíèÿ
óðàâíåíèé (1.13) è ïîäñòàâëÿÿ èõ â (1.7), ïîëó÷àåì âûðàæåíèå (1.4).
Ïóñòü òåïåðü âûïîëíåíû óñëîâèÿ âòîðîé ÷àñòè òåîðåìû, ò.å. êîýôôèöèåíòû óðàâíåíèÿ
(1.2) óäîâëåòâîðÿþò óñëîâèÿì (1.5). Òîãäà èç (1.11) ïîëó÷àåì ñëåäóþùåå âûðàæåíèå:

η1,2 = ±
(
−C
A

)1/2

. (1.14)

Ðàçäåëèì ïåðåìåííûå â âûðàæåíèè (1.10), ó÷èòûâàÿ (1.5) è (1.14), îòêóäà ïîëó÷àåì
óðàâíåíèÿ äëÿ ôóíêöèé φ(x), ψ(y) â âèäå (1.13), ïðè÷åì ïîñòîÿííûå λ, µ äîëæíû óäî-
âëåòâîðÿòü ñîîòíîøåíèþ:

λ

µ
= ±1. (1.14a)

Òîãäà, ðàññóæäàÿ àíàëîãè÷íî ïåðâîé ÷àñòè òåîðåìû è ó÷èòûâàÿ (1.14a), ïîëó÷àåì ðå-
øåíèå (1.6). �

Òåîðåìà 1.2. Ïóñòü φ(x), ψ(y) � äèôôåðåíöèðóåìûå ôóíêöèè ñâîèõ àðãóìåíòîâ,
óäîâëåòâîðÿþùèå óñëîâèþ:

A(x, y)
φ′(x)

ψ′(y)
+B(x, y) + C(x, y)

ψ′(y)

φ′(x)
= Φ {φ(x) + ψ(y)} , (1.15)

ãäå Φ(z) � íåêîòîðàÿ ïðîèçâîëüíàÿ ôóíêöèÿ. Òîãäà óðàâíåíèå (1.2) èìååò ðåøåíèå âèäà:

u(x, y) = U0 exp


z∫

0

dz

D −
z∫
0

(Φ(ζ)− 2)dζ

 , z = φ(x) + ψ(y). (1.16)

� Â ñîîòâåòñòâèè ñ èçâåñòíûì ìåòîäîì ôóíêöèîíàëüíîãî ðàçäåëåíèÿ ïåðåìåííûõ
[Ïîëÿíèí è äð., 2005], [Ïîëÿíèí, Æóðîâ, 2002] ðåøåíèå óðàâíåíèÿ (1.2) èùåì â âèäå:

u(x, y) = U(z), z = φ(x) + ψ(y). (1.17)

Ïîäñòàâëÿÿ (1.17) â óðàâíåíèå (1.2), íàõîäèì:

U(z)U ′′(z)

[U ′(z)]2
= A(x, y)

φ′(x)

ψ′(y)
+B(x, y)− 1 + C(x, y)

ψ′(y)

φ′(x)
. (1.18)
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Óðàâíåíèå (1.18) óäîâëåòâîðÿåòñÿ òîëüêî â òîì ñëó÷àå, åñëè âûðàæåíèå â ïðàâîé
÷àñòè ìîæåò áûòü ïðåäñòàâëåíî â âèäå íåêîòîðîé ôóíêöèè îò ïåðåìåííîé z. Òîãäà, â
ñèëó óñëîâèÿ (1.15), óðàâíåíèå (1.18) ìîæíî çàïèñàòü â âèäå:

U(z)U ′′(z)− (Φ(z)− 1)[U ′(z)]2 = 0. (1.19)

Óðàâíåíèå (1.19) äîïóñêàåò ïîíèæåíèå ïîðÿäêà ñ ïîìîùüþ çàìåíû ïåðåìåííîé v(z) =
U ′(z)/U(z), â ðåçóëüòàòå êîòîðîé ïîëó÷àåì óðàâíåíèå ïåðâîãî ïîðÿäêà:

v′(z)− (Φ(z)− 2)[v(z)]2 = 0. (1.20)

Ðåøåíèå óðàâíåíèÿ (1.20) èìååò âèä:

v(z) =
1

D −
z∫
0

Φ1(ζ)dζ

, Φ1(ζ) = Φ(ζ)− 2, (1.21)

ãäå D � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Èñïîëüçóÿ âûðàæåíèå (1.21) è âîçâðàùàÿñü ê ôóíê-
öèè U(z), ïîëó÷àåì ðåøåíèå â âèäå (1.16). �

Ñëåäñòâèå. Åñëè äëÿ íåêîòîðîé ôóíêöèè Φ(z) è äåéñòâèòåëüíûõ ïîñòîÿííûõ k1, k2
êîýôôèöèåíòû óðàâíåíèÿ (1.2) óäîâëåòâîðÿþò óñëîâèþ

k21A(x, y) + k1k2B(x, y) + k22C(x, y) = Φ (k1x+ k2y) , (1.22)

òî óðàâíåíèå (1.2) èìååò ðåøåíèå òèïà áåãóùåé âîëíû, îïðåäåëÿåìîå ôîðìóëîé (1.16),
ãäå z = k1x+ k2y.

Äàííîå óòâåðæäåíèå ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì òåîðåìû 1.2 ïðè φ(x) = k1x, ψ(y) =
k2y.

Ðàññìîòðèì òåïåðü ðåøåíèå óðàâíåíèÿ (1.2) â âèäå êâàäðàòè÷íîé ôîðìû îò íåèç-
âåñòíûõ ôóíêöèé φ(x), ψ(y):

u(x, y) = a11[φ(x)]
2 + a12φ(x)ψ(y) + a22[ψ(y)]

2, (1.23)

ãäå a11, a12, a22 � íåèçâåñòíûå êîýôôèöèåíòû.
Ïîäñòàâèâ ôóíêöèþ (1.23) â óðàâíåíèå (1.2) è ðàçäåëèâ óðàâíåíèå ïî÷ëåííî íà

φ′(x)ψ′(y), ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïîëó÷àåì:

a12
(
a11[φ(x)]

2 + a12φ(x)ψ(y) + a22[ψ(y)]
2
)
= P11[φ(x)]

2+P12φ(x)ψ(y)+P22[ψ(y)]
2, (1.24)

ãäå:

P11 = 4a211A(x, y)
φ′(x)

ψ′(y)
+ 2a11a12B(x, y) + a212C(x, y)

ψ′(y)

φ′(x)
, (1.24à)

P12 = 4a11a12A(x, y)
φ′(x)

ψ′(y)
+ (4a11a22 + a212)B(x, y) + 4a22a12C(x, y)

ψ′(y)

φ′(x)
, (1.24á)

P22 = a212A(x, y)
φ′(x)

ψ′(y)
+ 2a22a12B(x, y) + 4a222C(x, y)

ψ′(y)

φ′(x)
. (1.24â)

Ïóñòü ôóíêöèè A(x, y), B(x, y), C(x, y) èìåþò âèä:

A(x, y) = A0
f2(y)

f1(x)
, B(x, y) = B0, C(x, y) = C0

f1(x)

f2(y)
, (1.25)
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ãäå f1(x), f2(y) � çàäàííûå ôóíêöèè , A0, B0, C0 � çàäàííûå êîíñòàíòû. Ïóñòü òàêæå
ôóíêöèè φ(x), ψ(y) óäîâëåòâîðÿþò óðàâíåíèÿì:

φ′(x) = f1(x), ψ′(y) = f2(y). (1.26)

Òîãäà âûðàæåíèÿ (1.24à,á,â) ïðåîáðàçóþòñÿ òàê:

P11 = 4A0a
2
11 + 2B0a11a12 + C0a

2
12, (1.27à)

P12 = 4A0a11a12 +B0(4a11a22 + a212) + 4C0a22a12, (1.27á)

P22 = A0a
2
12 + 2B0a22a12 + 4C0a

2
22. (1.27â)

Äàëåå, ïîäñòàâèì âûðàæåíèÿ (1.27à,á,â) â (1.24). Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè
[φ(x)]2, φ(x)ψ(y), [ψ(y)]2 â ëåâîé è ïðàâîé ÷àñòÿõ ïîëó÷åííîãî óðàâíåíèÿ, ïîëó÷àåì ñè-
ñòåìó óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ α1 = a11/a12, α2 = a22/a12:

4A0α
2
1 + (2B0 − 1)α1 + C0 = 0, (1.28à)

4(A0α1 + C0α2 +B0α1α2) +B0 − 1 = 0, (1.28á)

4C0α
2
2 + (2B0 − 1)α2 + A0 = 0. (1.28â)

Ðåøàÿ êâàäðàòíûå óðàâíåíèÿ (1.28à), (1.28â), íàõîäèì:

α1 =
1− 2B0 ±

√
D

8A0

, α2 =
1− 2B0 ∓

√
D

8C0

, D = (1− 2B0)
2 − 16A0C0 . (1.29)

Ïîäñòàâèâ íàéäåííûå α1, α2 èç (1.29) â (1.28á), íåòðóäíî óáåäèòüñÿ, ÷òî ïðè äàííîì âû-
áîðå çíàêîâ â (1.29) óðàâíåíèå (1.28á) óäîâëåòâîðÿåòñÿ àâòîìàòè÷åñêè ïðè ïðîèçâîëü-
íûõ A0, B0, C0. Òàêèì îáðàçîì, â ðåçóëüòàòå ïðîâåäåííûõ âûøå ðàññóæäåíèé äîêàçàíà
ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1.3. Ïóñòü êîýôôèöèåíòû óðàâíåíèÿ (1.2) îïðåäåëÿþòñÿ âûðàæåíèÿìè
(1.25), ïðè÷åì D = (1− 2B0)

2 − 16A0C0 ≥ 0. Òîãäà ýòî óðàâíåíèå èìååò ðåøåíèå âèäà:

u(x, y) = a
(
α1[φ(x)]

2 + φ(x)ψ(y) + α2[ψ(y)]
2
)
, (1.30)

ãäå

φ(x) =

∫
f1(x)dx+ c1, ψ(y) =

∫
f2(y)dy + c2, (1.31)

ïðè÷åì α1, α2 îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.29); a, c1, c2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà óðàâíåíèå (1.1) ñîäåðæèò ñòåïåííóþ íåëèíåéíîñòü
ïî èñêîìîé ôóíêöèè ñ ïðîèçâîëüíûì ïîêàçàòåëåì.

Òåîðåìà 1.4. 1. Ïóñòü g(u) = uγ, γ ̸= −1, à êîýôôèöèåíòû óðàâíåíèÿ (1.1) îïðå-
äåëÿþòñÿ âûðàæåíèÿìè:

A(x, y) = A0x
α+1yβ−1, B(x, y) = B0x

αyβ, C(x, y) = C0x
α−1yβ+1, (1.32)

ãäå A0, B0, C0, α, β � çàäàííûå ïàðàìåòðû. Òîãäà óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà:

u(x, y) = U0x
λyµ, (1.33)
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ãäå

λ = − α

1 + γ
, µ = − β

1 + γ
, U0 =

(
A0
α

β
+B0 + C0

β

α

)− 1
1+γ

. (1.33à)

2. Åñëè g(u) = 1/u, à êîýôôèöèåíòû óðàâíåíèÿ (1.1) îïðåäåëÿþòñÿ âûðàæåíèÿìè:

A(x, y) = A0
x

y
, B(x, y) = B0, C(x, y) = C0

y

x
, (1.34)

ãäå ïàðàìåòðû A0, B0, C0 óäîâëåòâîðÿþò óñëîâèþ:

(B0 − 1)2 − 4A0C0 ≥ 0, (1.34)

òî óðàâíåíèå (1.1) èìååò ðåøåíèå âèäà (1.33), ïðè÷åì U0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à
ïîêàçàòåëè λ, µ ñâÿçàíû ñîîòíîøåíèåì:

λ

µ
=

1−B0 ±
√
D0

2A0

, D0 = (B0 − 1)2 − 4A0C0 . (1.35)

� Ïóñòü â óðàâíåíèè (1.1) g(u) = uγ, à êîýôôèöèåíòû óðàâíåíèÿ èìåþò âèä:

A(x, y) = A0x
α11yβ11 , B(x, y) = B0x

α12yβ12 , C(x, y) = C0x
α22yβ22 . (1.36)

Ïîäñòàâëÿÿ (1.36) è (1.33) â (1.1), ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïðèâîäèì ýòî
óðàâíåíèå ê âèäó:

U−1−γ
0 =

λ

µ
A0x

ρ11yσ11 +B0x
ρ12yσ12 +

µ

λ
C0x

ρ12yσ12 , (1.37)

ãäå ïîêàçàòåëè ñòåïåíåé îïðåäåëÿþòñÿ âûðàæåíèÿìè:

ρ11 = α11 − 1 + λ(1 + γ), ρ12 = α12 + λ(1 + γ), ρ22 = α22 + 1 + λ(1 + γ), (1.37à)

σ11 = β11 + 1 + µ(1 + γ), σ12 = β12 + µ(1 + γ), σ22 = β22 − 1 + µ(1 + γ). (1.37á)

Î÷åâèäíî, óðàâíåíèå (1.37) ìîæíî óäîâëåòâîðèòü òîëüêî â òîì ñëó÷àå, åñëè ïîêà-
çàòåëè ñòåïåíåé ïðè x, y âî âñåõ ñëàãàåìûõ â ïðàâîé ÷àñòè ýòîãî óðàâíåíèÿ ðàâíû 0.
Òîãäà èç (1.37à,á) ïîëó÷àåì äâå ñèñòåìû óðàâíåíèé:

α11 − 1 + λ(1 + γ) = 0, α12 + λ(1 + γ) = 0, α22 + 1 + λ(1 + γ) = 0, (1.38à)

β11 + 1 + µ(1 + γ) = 0, β12 + µ(1 + γ) = 0, β22 − 1 + µ(1 + γ) = 0. (1.38á)

Ðàññìîòðèì ðåøåíèå äëÿ êàæäîãî èç ñëó÷àåâ, ïåðå÷èñëåííûõ â óñëîâèè òåîðåìû.
1. Åñëè γ ̸= −1, òî èç ñèñòåì (1.38à,á) íàõîäèì:

α11 = α + 1, α22 = α− 1, λ = − α

1 + γ
, (1.39à)

β11 = β − 1, β22 = β + 1, µ = − β

1 + γ
. (1.39á)

Â (1.39à,á) ââåäåíû îáîçíà÷åíèÿ α12 = α, β12 = β. Ïîäñòàâèâ (1.39à,á) â (1.37), ïî-
ëó÷àåì âûðàæåíèå (1.33à) äëÿ ïîñòîÿííîé U0. Òàêèì îáðàçîì, èç (1.39à,á) ñëåäóåò, ÷òî
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â ñëó÷àå γ ̸= −1 ðåøåíèå âèäà (1.33) ñóùåñòâóåò, åñëè êîýôôèöèåíòû óðàâíåíèÿ (1.1)
îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.32), ïðè ýòîì ïîñòîÿííûå λ, µ, U0, âõîäÿùèå â ðåøåíèå,
îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.33à).

2. Åñëè γ = −1, ò. å. g(u) = 1/u, òî èç ñèñòåì (1.38à,á) ïîëó÷àåì:

α11 = 1, α12 = 0, α22 = −1, β11 = −1, β12 = 0, β22 = 1. (1.40)

Èç óðàâíåíèÿ (1.37) â ýòîì ñëó÷àå ñëåäóåò:

A0

(
λ

µ

)2

+ (B0 − 1)
λ

µ
+ C0 = 0. (1.41)

Ðåøàÿ (1.41) êàê êâàäðàòíîå óðàâíåíèå îòíîñèòåëüíî λ/µ, ïîëó÷àåì ñîîòíîøåíèå (1.35).
Òàêèì îáðàçîì, èç (1.40) ñëåäóåò, ÷òî â ñëó÷àå γ = −1 ðåøåíèå âèäà (1.33) ñóùåñòâó-
åò, åñëè êîýôôèöèåíòû óðàâíåíèÿ (1.1) îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.34), ïîêàçàòåëè
ñòåïåíåé λ, µ äîëæíû óäîâëåòâîðÿòü ñîîòíîøåíèþ (1.35), à ïîñòîÿííàÿ U0 ÿâëÿåòñÿ
ïðîèçâîëüíîé, òàê êàê îíà íå âõîäèò â óðàâíåíèå (1.41). �

2. Ìåòîä Êëàðêñîíà-Êðóñêàëà.
Ñëó÷àé ïðîèçâîëüíîé íåëèíåéíîñòè ïî èñêîìîé ôóíêöèè

Äàííûé ïàðàãðàô ïîñâÿùåí íàõîæäåíèþ áîëåå ñëîæíûõ ðåøåíèé óðàâíåíèÿ (1.1) ñ
ïîìîùüþ ìåòîäà Êëàðêñîíà � Êðóñêàëà [Ïîëÿíèí è äð., 2005], [Clarkson, Kruskal, 1989],
â ñîîòâåòñòâèè ñ êîòîðûì ðåøåíèå ýòîãî óðàâíåíèÿ èùåì â âèäå:

u(x, y) = F (x, y)U(z(x, y)) +G(x, y) . (2.1)

Ïðè ýòîì ôóíêöèè F (x, y), z(x, y), G(x, y) äîëæíû áûòü ïîäîáðàíû òàê, ÷òîáû èñõîä-
íîå óðàâíåíèå (1.2) ñâîäèëîñü ê îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ (ÎÄÓ)
îòíîñèòåëüíî ôóíêöèè U(z). Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèè A(x, y), B(x, y), C(x, y)
îïðåäåëÿþòñÿ âûðàæåíèÿìè (1.25). Äàëåå äëÿ óïðîùåíèÿ àíàëèçà ðàññìîòðèì íåêîòî-
ðûå ÷àñòíûå ñëó÷àè, â êîòîðûõ íàëîæåíû äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà ôóíêöèè
F (x, y), z(x, y), G(x, y).

Ñëó÷àé 1. g(u) ≡ 1.

F (x, y) ≡ 1, z(x, y) = φ(x) + ψ(y), G(x, y) = φ1(x) + ψ1(y). (2.2)

Ïîäñòàâëÿÿ â óðàâíåíèå (1.1) ôóíêöèþ (2.1) ñ ó÷åòîì óñëîâèé (2.2), ïîñëå íåêîòîðûõ
ïðåîáðàçîâàíèé ïîëó÷èì:

U ′′(z) = P2(x, y)[U
′(z)]2 + P1(x, y)U

′(z) + P0(x, y) . (2.3)

Çäåñü ââåäåíû îáîçíà÷åíèÿ:

P2(x, y) = A(x, y)
φ′(x)

ψ′(y)
+B(x, y) + C(x, y)

ψ′(y)

φ′(x)
, (2.4à)

P1(x, y) = 2A(x, y)
φ′
1(x)

ψ′(y)
+B(x, y)

(
ψ′
1(y)

ψ′(y)
+
φ′
1(x)

φ′(x)

)
+ 2C(x, y)

ψ′
1(y)

φ′(x)
, (2.4á)
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P0(x, y) = A(x, y)[φ′
1(x)]

2 +B(x, y)φ′
1(x)ψ

′
1(y) + 2C(x, y)[ψ′

1(y)]
2. (2.4â)

Ïðåäïîëîæèì, ÷òî ôóíêöèè φ(x), ψ(y), φ1(x), ψ1(y) âûáðàíû òàê, ÷òî:

φ1(x) = α1φ(x), ψ1(y) = β1ψ(y), φ′(x) = f1(x), ψ′(y) = f2(y). (2.5)

Ó÷èòûâàÿ âûðàæåíèÿ (1.25) äëÿ êîýôôèöèåíòîâ A(x, y), B(x, y), C(x, y) è ñîîòíîøåíèÿ
(2.5), ïîëó÷àåì:

P2(x, y) = p2 ≡ A0 +B0 + C0, (2.6à)

P1(x, y) = p1 ≡ 2A0α1 +B0(α1 + β1) + 2C0β1, (2.6á)

P0(x, y) = p0 ≡ A0α
2
1 +B0α1β1 + C0β

2
1 . (2.6â)

Ââîäÿ íîâóþ íåèçâåñòíóþ ôóíêöèþ v(z) = U ′(z), ïðåîáðàçóåì óðàâíåíèå (2.3) ê óðàâ-
íåíèþ Ðèêêàòè ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:

v′(z) = p2[v(z)]
2 + p1v(z) + p0 , (2.7)

Â ñëó÷àå p2 = 0 (2.7) ñâîäèòñÿ ê ëèíåéíîìó óðàâíåíèþ:

v′(z) = p1v(z) + p0 . (2.8)

Ðåøàÿ óðàâíåíèå (2.8) è âîçâðàùàÿñü ê ôóíêöèè U(z), íàõîäèì:

U(z) = V0 exp(p1z)−
p0
p1
z + U0 . (2.9)

Ó÷èòûâàÿ (2.1), (2.2) è (2.5), ïîëó÷àåì ðåøåíèå óðàâíåíèÿ (1.1) ïðè p2 = 0:

u(x, y) = V0 exp {p1 (φ(x) + ψ(y))}+
(
α1 −

p0
p1

)
φ(x) +

(
β1 −

p0
p1

)
ψ(y) + U0 , (2.10)

φ(x) =

∫
f1(x)dx, ψ(y) =

∫
f2(y)dy. (2.10a)

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà p2 ̸= 0 � ïðîèçâîëüíîå. Ðåøàÿ (2.7) êàê óðàâíåíèå
ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, âîçâðàùàÿñü ê ôóíêöèè u(x, y), ñ ó÷åòîì (2.1), (2.2)
è (2.5), íàõîäèì:

u(x, y) = U0 −
1

p2
ln ch

(√
D

2
(φ(x) + ψ(y)− z0)

)
+R(x, y), (2.11a)

u(x, y) = U0 −
1

p2
ln

∣∣∣∣cos(√
−D
2

(φ(x) + ψ(y)− z0)

)∣∣∣∣+R(x, y), (2.11á)

u(x, y) = U0 −
1

p2
ln |φ(x) + ψ(y)− z0|+R(x, y), (2.11â)

ãäå

R(x, y) =

(
α1 −

p1
2p2

)
φ(x) +

(
β1 −

p1
2p2

)
ψ(y).
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Âûðàæåíèÿ (2.11à, á, â) ñïðàâåäëèâû äëÿ ñëó÷àåâ D > 0, D < 0, D = 0 ñîîòâåòñòâåí-
íî, D = p21 − 4p0p2.

Ñëó÷àé 2. g(u) = 1/u.

F (x, y) = exp (φ2(x) + ψ2(y)) , z(x, y) = φ(x) + ψ(y), G(x, y) ≡ 0. (2.12)

Òîãäà óðàâíåíèå (1.1) ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé ïðèâîäèòñÿ ê âèäó:

U ′′(z)

U(z)
= P2(x, y)

(
U ′(z)

U(z)

)2

+ P1(x, y)
U ′(z)

U(z)
+ P0(x, y) . (2.13)

Êîýôôèöèåíòû â ïðàâîé ÷àñòè óðàâíåíèÿ (2.13) îïðåäåëÿþòñÿ âûðàæåíèÿìè:

P2(x, y) = A(x, y)
φ′(x)

ψ′(y)
+B(x, y) + C(x, y)

ψ′(y)

φ′(x)
, (2.14à)

P1(x, y) = 2A(x, y)
φ′
2(x)

ψ′(y)
+ (B(x, y)− 1)

(
ψ′
2(y)

ψ′(y)
+
φ′
2(x)

φ′(x)

)
+ 2C(x, y)

ψ′
2(y)

φ′(x)
, (2.14á)

P0(x, y) =
A(x, y)[φ′

2(x)]
2 + (B(x, y)− 1)φ′

2(x)ψ
′
2(y) + 2C(x, y)[ψ′

2(y)]
2

φ′(x)ψ′(y)
. (2.14â)

Ïðåäïîëîæèì, ÷òî ôóíêöèè φ(x), ψ(y), φ2(x), ψ2(y) âûáðàíû òàê, ÷òî:

φ2(x) = α2φ(x), ψ2(y) = β2ψ(y), φ′(x) = f1(x), ψ′(y) = f2(y). (2.15)

Òîãäà, àíàëîãè÷íî ñîîòíîøåíèÿì (2.6à,á,â), íàõîäèì:

P2(x, y) = p2 ≡ A0 +B0 − 1 + C0, (2.16à)

P1(x, y) = p1 ≡ 2A0α2 + (B0 − 1)(α2 + β2) + 2C0β2, (2.16á)

P0(x, y) = p0 ≡ A0α
2
2 + (B0 − 1)α2β2 + C0β

2
2 . (2.16â)

Ââîäÿ íîâóþ íåèçâåñòíóþ ôóíêöèþ v(z) = U ′(z)/U(z), àíàëîãè÷íî ñëó÷àþ 1, ïîëó÷àåì
óðàâíåíèå Ðèêêàòè â âèäå (2.7) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, êîòîðûå îïðåäåëÿþòñÿ
âûðàæåíèÿìè (2.16 à,á,â). Â ñëó÷àå p2 = 0 (2.7) ñâîäèòñÿ ê ëèíåéíîìó óðàâíåíèþ (2.8).
Ðåøàÿ óðàâíåíèå (2.8) è âîçâðàùàÿñü ê ôóíêöèè U(z), íàõîäèì:

U(z) = U0 exp

(∫
v(z)dz

)
= U0 exp

(
V0 exp(p1z)−

p0
p1
z

)
. (2.17)

Ó÷èòûâàÿ (2.1), (2.12) è (2.17), ïîëó÷àåì äëÿ ñëó÷àÿ p2 = 0 ðåøåíèå óðàâíåíèÿ (1.1):

u(x, y) = U0 exp

{
V0 exp {p1 (φ(x) + ψ(y))}+

(
α2 −

p0
p1

)
φ(x) +

(
β2 −

p0
p1

)
ψ(y)

}
,

(2.18)

φ(x) =

∫
f1(x)dx, ψ(y) =

∫
f2(y)dy. (2.18a)
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Äëÿ ñëó÷àÿ ïðîèçâîëüíîãî p2 ̸= 0, ðåøàÿ (2.7) êàê óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ
ïåðåìåííûìè, âîçâðàùàÿñü ê ôóíêöèè u(x, y), ñ ó÷åòîì (2.1), (2.12) è (2.15) íàõîäèì:

u(x, y) = U0

[
ch

(√
D

2
(φ(x) + ψ(y)− z0)

)]−1/p2

S(x, y), (2.19a)

u(x, y) = U0

[
cos

(√
−D
2

(φ(x) + ψ(y)− z0)

)]−1/p2

S(x, y), (2.19á)

u(x, y) = U0 ((φ(x) + ψ(y)− z0))
−1/p2 S(x, y), (2.19â)

ãäå

S(x, y) = exp

{(
α1 −

p1
2p2

)
φ(x) +

(
β1 −

p1
2p2

)
ψ(y)

}
.

Âûðàæåíèÿ (2.19à, á, â) ñïðàâåäëèâû äëÿ ñëó÷àåâ D > 0, D < 0, D = 0 ñîîòâåòñòâåí-
íî, D = p21 − 4p0p2; φ(x), ψ(y) îïðåäåëÿþòñÿ âûðàæåíèÿìè (2.18a).

Òàêèì îáðàçîì, â ðåçóëüòàòå ïðîâåäåííûõ âûøå ðàññóæäåíèé äîêàçàíà ñëåäóþùàÿ
òåîðåìà:

Òåîðåìà 2.1. Ïóñòü ôóíêöèè A(x, y), B(x, y), C(x, y) îïðåäåëÿþòñÿ âûðàæåíèÿìè
(1.25).

1. Åñëè g(u) ≡ 1, òî óðàâíåíèå (1.1) èìååò ðåøåíèÿ, îïðåäåëÿåìûå ñëåäóþùèìè
âûðàæåíèÿìè:
ïðè A0 +B0 + C0 = 0 � âûðàæåíèåì (2.10);
ïðè A0 + B0 + C0 ̸= 0 � âûðàæåíèÿìè (2.11à, á, â) äëÿ ñëó÷àåâ D > 0, D < 0, D = 0
ñîîòâåòñòâåííî.

2. Åñëè g(u) = 1/u, òî óðàâíåíèå (1.1) èìååò ðåøåíèÿ, îïðåäåëÿåìûå ñëåäóþùèìè
âûðàæåíèÿìè:
ïðè A0 +B0 + C0 = 1 � âûðàæåíèåì (2.18);
ïðè A0 + B0 + C0 ̸= 1 � âûðàæåíèÿìè (2.19à, á, â) äëÿ ñëó÷àåâ D > 0, D < 0, D = 0
ñîîòâåòñòâåííî.

Äàëåå ðàññìîòðèì òî÷íûå ðåøåíèÿ óðàâíåíèÿ (1.1) â ñëó÷àå ïðîèçâîëüíîé íåëèíåé-
íîñòè g(u).

Òåîðåìà 2.2. Ïóñòü ñóùåñòâóþò äèôôåðåíöèðóåìûå ôóíêöèè φ(x), ψ(y), óäîâëå-
òâîðÿþùèå óñëîâèþ:

A(x, y)
φ′(x)

ψ′(y)
+B(x, y) + C(x, y)

ψ′(y)

φ′(x)
= K = const . (2.20)

Òîãäà óðàâíåíèå (1.1) èìååò ñëåäóþùåå ðåøåíèå:

φ(x) + ψ(y)− z0 = V0

∫
exp (−KG(u)) du , (2.21)

ãäå z0, V0 � ïðîèçâîëüíûå ïîñòîÿííûå, à G(u) îïðåäåëÿåòñÿ âûðàæåíèåì:

G(u) =

∫
g(u)du. (2.21a)
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� Èñïîëüçóÿ ìåòîä ôóíêöèîíàëüíîãî ðàçäåëåíèÿ ïåðåìåííûõ àíàëîãè÷íî òåîðåìå
1.2, ðåøåíèå óðàâíåíèÿ (1.1) áóäåì èñêàòü â âèäå (1.17). Ïîäñòàâëÿÿ âûðàæåíèå (1.17)
â óðàâíåíèå (1.1), ïðåîáðàçóåì ýòî óðàâíåíèå ê âèäó:

U ′′(z) = g(u)[U ′(z)]2
(
A(x, y)

φ′(x)

ψ′(y)
+B(x, y) + C(x, y)

ψ′(y)

φ′(x)

)
. (2.22)

Ó÷èòûâàÿ äàëåå óñëîâèå (2.20), óðàâíåíèå (2.22) ñâîäèòñÿ ê ÎÄÓ îòíîñèòåëüíî ôóíêöèè
U(z):

U ′′(z) = Kg(u)[U ′(z)]2. (2.23)

Ðàçäåëèâ ïî÷ëåííî (2.23) íà U ′(z), íåòðóäíî ïðèâåñòè ýòî óðàâíåíèå ê âèäó:

d

dz
(lnU ′(z)−KG(U)) = 0, (2.24)

ãäå G(U) îïðåäåëÿåòñÿ âûðàæåíèåì (2.21a).
Èíòåãðèðóÿ óðàâíåíèå (2.24), ïîëó÷àåì:

lnU ′(z)−KG(U) = − lnV0 . (2.25)

Èç (2.25) ïîëó÷àåì óðàâíåíèå ïåðâîãî ïîðÿäêà ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè îòíî-
ñèòåëüíî U(z):

dU

dz
=

1

V0
exp (KG(U)) . (2.26)

Èíòåãðèðóÿ óðàâíåíèå (2.26), íàõîäèì ðåøåíèå â íåÿâíîì âèäå:

z − z0 = V0

∫
exp (−KG(U)) dU, (2.27)

ãäå z0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ó÷èòûâàÿ âûðàæåíèå äëÿ z èç (1.17) è âîçâðàùàÿñü
ê ïåðåìåííîé u, èç (2.27) ïîëó÷àåì ðåøåíèå óðàâíåíèÿ (1.1) â âèäå (2.21). �

Ñëåäñòâèå. Ïóñòü êîýôôèöèåíòû óðàâíåíèÿ (1.1) èìåþò âèä (1.25). Òîãäà óðàâíå-
íèå (1.1) èìååò ðåøåíèå ñëåäóþùåãî âèäà:∫

f1(x)dx+

∫
f2(y)dy = V0

∫
exp (−KG(u)) du, (2.28)

ãäå V0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ,

K = A0 +B0 + C0. (2.28a)

� Ñôîðìóëèðîâàííîå óòâåðæäåíèå ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì òåîðåìû 2.2, åñëè
ôóíêöèè φ(x), ψ(y) âûáðàòü â âèäå:

φ(x) =

∫
f1(x)dx, ψ(y) =

∫
f2(y)dy. �
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Çàêëþ÷åíèå

Òàêèì îáðàçîì, â äàííîé ðàáîòå íàéäåíû òî÷íûå ðåøåíèÿ äâóìåðíîãî íåàâòîíîì-
íîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ, ñîäåðæàùåãî ïðîèçâîëüíóþ íåëèíåéíîñòü îò èñêî-
ìîé ôóíêöèè è êâàäðàòè÷íóþ ôîðìó îò åå ïåðâûõ ïðîèçâîäíûõ ñ ïåðåìåííûìè êîýô-
ôèöèåíòàìè. Â êà÷åñòâå ìåòîäîâ èññëåäîâàíèÿ èñïîëüçîâàíû ìåòîä ðàçäåëåíèÿ ïåðå-
ìåííûõ è ìåòîä Êëàðêñîíà-Êðóñêàëà. Äëÿ ïðîñòåéøèõ íåëèíåéíîñòåé òèïà g(u) ≡ 1,
g(u) = 1/u, ïðè îïðåäåëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû, èñõîäíîå óðàâíåíèå ñâåäå-
íî ê óðàâíåíèþ Ðèêêàòè ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, â ðåçóëüòàòå ÷åãî ïîëó÷åíû
ðåøåíèÿ â ÿâíîì âèäå. Íàéäåíû ðåøåíèÿ â âèäå êâàäðàòè÷íîé ôîðìû îò ôóíêöèé îä-
íîé ïåðåìåííîé, à òàêæå ðåøåíèå â âèäå ïðîèçâåäåíèÿ ñòåïåíåé íåçàâèñèìûõ ïåðåìåí-
íûõ. Äëÿ ñëó÷àÿ ïðîèçâîëüíîé íåëèíåéíîñòè îò èñêîìîé ôóíêöèè ïîëó÷åíî ðåøåíèå â
íåÿâíîì âèäå. Ðåçóëüòàòû ðàáîòû ìîãóò áûòü îáîáùåíû íà íåëèíåéíûå íåàâòîíîìíûå
ãèïåðáîëè÷åñêèå óðàâíåíèÿ ñ ïðàâûìè ÷àñòÿìè áîëåå îáùåãî âèäà.
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Àííîòàöèÿ

Â ðàìêàõ äàííîé ñòàòüè ðàññìàòðèâàåòñÿ òåîðåìà Ì.Ã. Êðåéíà îá óñòîé÷èâîñòè ñåìåéñòâà

ýâîëþöèîííûõ îïåðàòîðîâ, ïîñòðîåííîãî äëÿ îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ

íåïðåðûâíûìè îãðàíè÷åííûìè êîýôôèöèåíòàìè. Ôîðìóëèðóþòñÿ îïðåäåëåíèÿ óñòîé÷èâîãî

ñåìåéñòâà îïåðàòîðîâ, óñòîé÷èâîãî, íåóñòîé÷èâîãî è àñèìïòîòè÷åñêè óñòîé÷èâîãî ëèíåéíîãî

îãðàíè÷åííîãî îïåðàòîðà. Ñôîðìóëèðîâàí è äîêàçàí äèñêðåòíûé àíàëîã òåîðåìû Ì.Ã. Êðåéíà

äëÿ âåêòîðíûõ ðàçíîñòíûõ óðàâíåíèé, êîýôôèöèåíòàìè êîòîðûõ ÿâëÿþòñÿ ëèíåéíûå îãðàíè-

÷åííûå îïåðàòîðû. Ïîìèìî ýòîãî, îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ òåîðåìà îá àñèìïòîòè÷å-

ñêîé óñòîé÷èâîñòè ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà, ðàññìàòðèâàåìîãî â êà÷åñòâå êîýôôè-

öèåíòà âåêòîðíîãî ðàçíîñòíîãî óðàâíåíèÿ.

Abstract

The article under consideration reviews M.G. Krein theorem about stability of family of evolutionary

operators, constructed for homogeneous di�erential equation with ñontinuous bounded coe�cients.

Basic de�nitions of Cauchy's operator function, a stable family of operators, spectral radius of

linear bounded operator, stable linear bounded operator, unstable linear bounded operator and

asymptotically stable linear bounded operator are formulated. Main results of the work are presented

as two proved theorems. The �rst theorem is the discrete analogue of M.G. Krein theorem for

di�erence vector equations with coe�cients presented as linear bounded operators. The second

theorem is an enchanced variant of the �rst theorem. It contains the conditions for asymptotical

stability of the linear bounded operators that are coe�cients of di�erence vector equations. Such

di�erence vector equations with linear bounded operators as coe�cients occur during discretization

of linear di�erential equations in banach's spaces. Special attention is paid to Gelfand's theorem

about spectral radius of operator, which closely related to asymptotical stability of linear bounded

operator.

Êëþ÷åâûå ñëîâà: âåêòîðíîå ðàçíîñòíîå óðàâíåíèå, ëèíåéíûé îãðàíè÷åííûé îïåðàòîð, óñòîé-

÷èâîñòü, àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü, ñïåêòðàëüíûé ðàäèóñ.

Keywords: di�erence vector equation, linear bounded operator, stability, asymptotical stability,

spectral radius.
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1. Òåîðåìà Ì. Ã. Êðåéíà
îá óñòîé÷èâîñòè ñåìåéñòâà ýâîëþöèîííûõ îïåðàòîðîâ

ÏóñòüX � êîìïëåêñíîå áàíàõîâî ïðîñòðàíñòâî è EndX � áàíàõîâà àëãåáðà ëèíåéíûõ
îãðàíè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ â X. Ñèìâîëîì Cb(R+, X) îáîçíà÷èì áàíàõîâî
ïðîñòðàíñòâî íåïðåðûâíûõ îãðàíè÷åííûõ íà R+ ôóíêöèé ñî çíà÷åíèÿìè â X è íîðìîé

||x||∞ = sup
t∈R+

||x(t)||X .

Ðàññìîòðèì îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ïåðåìåííûì îïåðàòîðíûì
êîýôôèöèåíòîì âèäà

ẋ(t) = A(t)x(t), t ≥ 0, (1)

ãäå A ∈ Cb(R+, X).
Îïðåäåëåíèå 1. Ñèëüíî íåïðåðûâíàÿ äèôôåðåíöèðóåìàÿ îïåðàòîðíàÿ ôóíêöèÿ

U : R+ −→ EndX íàçûâàåòñÿ îïåðàòîðíîé ôóíêöèåé Êîøè äëÿ óðàâíåíèÿ (1), åñëè
U(0) = I è äëÿ ëþáîãî t ∈ R+ âûïîëíÿåòñÿ ðàâåíñòâî

U̇(t)x(t) = (A(t)U(t))x(t), t ≥ 0.

Îïåðàòîðíàÿ ôóíêöèÿ Êîøè U(t) ïîçâîëÿåò çàïèñàòü ëþáîå ðåøåíèå çàäà÷è Êîøè
äëÿ óðàâíåíèÿ (1) ñ íà÷àëüíûì óñëîâèåì x(0) = x0 ∈ X â âèäå

x(t) = U(t)x0, t ≥ 0, x(0) = x0.

Ðàññìîòðèì òàêæå ñåìåéñòâî ýâîëþöèîííûõ îïåðàòîðîâ (ïðîïàãàòîð) U = {U(t, s)} :
∆ = {(t, s) ∈ R2

+ : s ≤ t} −→ EndX, äëÿ êîòîðîãî âûïîëíÿþòñÿ ñëåäóþùèå ñâîéñòâà:
1) Ñåìåéñòâî U ñèëüíî íåïðåðûâíî íà ∆;
2) U(t, s)U(s, τ) = U(t, τ), 0 ≤ τ ≤ s ≤ t <∞;
3) U(t, t) = I äëÿ ëþáîãî t ∈ R+;
4) sup

0≤t−s≤1
||U(t, s)|| = K <∞.

Â ÷àñòíîñòè, åñëè A(t) = A ∈ EndX, òî U(t) = eAt è U(t, s) = U(t)U−1(s), t, s ∈ ∆,
ãäå U : R+ −→ EndX � îïåðàòîðíàÿ ôóíêöèÿ Êîøè äëÿ óðàâíåíèÿ (1).

Îïðåäåëåíèå 2. Ñåìåéñòâî îïåðàòîðîâ U íàçûâàåòñÿ óñòîé÷èâûì, åñëè ñóùåñòâóåò
êîíñòàíòà M̃c ≥ 0 è òàêàÿ, ÷òî

sup
s,t∈∆

||U(t, s)|| = M̃c <∞.

Òåîðåìà 1. Ïóñòü íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå

ẋ(t) = A(t)x(t) + f(t), t ∈ R+

ñ íà÷àëüíûì óñëîâèåì x(0) = 0 èìååò ðåøåíèå èç Cb(R+, X) äëÿ ëþáîé ôóíêöèè
f ∈ Cb(R+, X), òîãäà ñåìåéñòâî ýâîëþöèîííûõ îïåðàòîðîâ U(t, s), ïîñòðîåííîå äëÿ îä-
íîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ẋ(t) = A(t)x(t),
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áóäåò ÿâëÿòüñÿ óñòîé÷èâûì.

Áàçîâûì ñëó÷àåì ýòîé òåîðåìû ÿâëÿåòñÿ òåîðåìà îá óñòîé÷èâîñòè ðåøåíèé îäíîðîä-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ íåïðåðûâíûìè îãðàíè÷åííûìè êîýôôèöèåíòàìè
(ñì. [Êðåéí, 1948; Äàëåöêèé, Êðåéí, 1970]). Áàñêàêîâûì [1996] ïîçäíåå áûë ïîëó÷åí
ñîîòâåòñòâóþùèé ðåçóëüòàò äëÿ óðàâíåíèé, îïåðàòîðíûå êîýôôèöèåíòû êîòîðûõ ÿâ-
ëÿþòñÿ çàìêíóòûìè îïåðàòîðàìè.

2. Òåîðåìû îá óñòîé÷èâîñòè è àñèìïòîòè÷åñêîé óñòîé÷èâîñòè
îïåðàòîðîâ â ðàçíîñòíûõ óðàâíåíèÿõ

ÏóñòüX � êîìïëåêñíîå áàíàõîâî ïðîñòðàíñòâî è EndX � áàíàõîâà àëãåáðà ëèíåéíûõ
îãðàíè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ â X. Ñèìâîëîì l∞ = l∞(X,Z+) îáîçíà÷èì
áàíàõîâî ïðîñòðàíñòâî îãðàíè÷åííûõ ïîñëåäîâàòåëüíîñòåé âåêòîðîâ x : Z+ −→ X ñ
íîðìîé

||x||∞ = sup
k∈Z+

||x(k)||X .

Â ðàìêàõ äàííîé ðàáîòû ðàññìàòðèâàåòñÿ ðàçíîñòíîå óðàâíåíèå âèäà

x(k + 1) = Bx(k) + f(k), k ∈ Z+ . (2)

ãäå x ∈ l∞, B ∈ EndX, f ∈ l∞.
Îòìåòèì, ÷òî ðàçíîñòíûå óðàâíåíèÿ (2) âîçíèêàþò ïðè äèñêðåòèçàöèè ëèíåéíûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ. Òàêîé ïîäõîä áûë èñïîëü-
çîâàí â ðàáîòàõ ìíîãèõ àâòîðîâ (ñì. [Áàñêàêîâ, 1990; Áàñêàêîâ, 1992; Áàñêàêîâ, 1994;
Áàñêàêîâ, 1997; Áàñêàêîâ, 2000; Áàñêàêîâ, 2001; Áàñêàêîâ, Ïàñòóõîâ, 2001; Áàñêàêîâ,
×åðíûøîâ, 2001à; Áàñêàêîâ, ×åðíûøîâ, 2001á; Áàñêàêîâ, 2009; Áàñêàêîâ, Ñèíòÿåâ, 2010;
Áàñêàêîâ è äð. 2011; Áàñêàêîâ, 2013; Áàñêàêîâ, Äóïëèùåâà, 2015; Áè÷åãêóåâ, 2008; Áè-
÷åãêóåâ, 2009]).

Îïðåäåëåíèå 3. Îïåðàòîð B ∈ EndX íàçîâåì óñòîé÷èâûì, åñëè ñóùåñòâóåò êîí-
ñòàíòà M̃d ≥ 0 òàêàÿ, ÷òî

sup
n∈Z+

||Bn|| = M̃d <∞, (3)

ò. å. âñå åãî ñòåïåíè ðàâíîìåðíî îãðàíè÷åíû.
Îïðåäåëåíèå 4. Îïåðàòîð B ∈ EndX íàçîâåì àñèìïòîòè÷åñêè óñòîé÷èâûì, åñëè

äëÿ íåãî âûïîëíÿåò óñëîâèå

lim
n→∞

||Bn|| = 0. (4)

Îïðåäåëåíèå 5. Ñïåêòðàëüíûì ðàäèóñîì îïåðàòîðà B íàçûâàåòñÿ ÷èñëî r(B) =
max
λ∈σ(B)

|λ|, ãäå σ(B) � ñïåêòð îïåðàòîðà B.

Ïî òåîðåìå Ãåëüôàíäà î ñïåêòðàëüíîì ðàäèóñå îïåðàòîðà (ñì. [Ãåëüôàíä, Øèëîâ,
1958]) èç óñëîâèÿ (3) ñëåäóåò óñëîâèå

r(B) ≤ 1,

à óñëîâèå (4) ýêâèâàëåíòíî óñëîâèþ
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r(B) < 1 (5)

äëÿ ñïåêòðàëüíîãî ðàäèóñà îïåðàòîðà B.
Â äàííîé ðàáîòå äîêàçûâàåòñÿ ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 2. Ïóñòü óðàâíåíèå (2) ñ íà÷àëüíûì óñëîâèåì x(0) = 0 ðàçðåøèìî äëÿ

ëþáîé ïîñëåäîâàòåëüíîñòè f ∈ l∞, òîãäà îïåðàòîð B ÿâëÿåòñÿ óñòîé÷èâûì.

� Ðàññìîòðèì óðàâíåíèå (2) äëÿ f(k) = 0 ïðè k ̸= 0 è f(0) = y, ãäå y � ïðîèçâîëüíûé
âåêòîð èç X. Ïîñëåäîâàòåëüíî ðàñïèøåì öåïî÷êó ðàçíîñòíûõ óðàâíåíèé

x(1) = Bx(0) + y ⇒ x(1) = y,
x(2) = Bx(1) + f(1) ⇒ x(2) = By,
x(3) = Bx(2) + f(2) ⇒ x(3) = B(By) = B2y,
. . .
x(k) = Bx(k − 1) + f(k − 1) ⇒ x(k) = Bk−1y,
x(k + 1) = Bx(k) + f(k) ⇒ x(k + 1) = Bky.

Òàê êàê ïîñëåäîâàòåëüíîñòü x : Z+ −→ X ÿâëÿåòñÿ îãðàíè÷åííîé, òî èìååì

sup
k∈Z+

||x(k + 1)|| = sup
k∈Z+

||Bkf(0)|| = sup
k∈Z+

||Bky|| <∞,

îòêóäà ñîãëàñíî ïðèíöèïó ðàâíîìåðíîé îãðàíè÷åííîñòè ïîëó÷àåì, ÷òî sup
k∈Z+

||Bk|| <∞.

Ïî îïðåäåëåíèþ 3 ïîëó÷àåì, ÷òî îïåðàòîð B ÿâëÿåòñÿ óñòîé÷èâûì. �
Ïðè äîêàçàòåëüñòâå òåîðåìû áûë èñïîëüçîâàí ïðèíöèï ðàâíîìåðíîé îãðàíè÷åííî-

ñòè, êîòîðûé ôèãóðèðóåò âî ìíîãèõ ðàáîòàõ ïî ôóíêöèîíàëüíîìó àíàëèçó [Äàíôîðä,
Øâàðö, 1958; Ðóäèí, 1973].

Îïðåäåëåíèå 6. Îïåðàòîð B ∈ EndX íàçûâàåòñÿ íåóñòîé÷èâûì, åñëè îí îáðàòèì,
à îïåðàòîð B−1 ÿâëÿåòñÿ óñòîé÷èâûì.

Òåîðåìà 2 ìîæåò áûòü ñóùåñòâåííî óñèëåíà áåç äîáàâëåíèÿ êàêèõ-ëèáî äîïîëíè-
òåëüíûõ óñëîâèé.

Òåîðåìà 3. Åñëè óðàâíåíèå (2) ñ íà÷àëüíûì óñëîâèåì x(0) = 0 ðàçðåøèìî äëÿ
ëþáîé ïîñëåäîâàòåëüíîñòè f ∈ l∞, òîãäà îïåðàòîð B ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé-
÷èâûì.

� Ðàññìîòðèì óðàâíåíèå (2) âèäà

x(k + 1) = (1 + α)Bx(k) + f(k),

ãäå α ∈ R+. Î÷åâèäíî, ÷òî îïåðàòîð (1 + α)B ∈ EndX è äëÿ íåãî áóäóò âûïîëíÿòüñÿ
óñëîâèÿ òåîðåìû 2, òî åñòü îí áóäåò ÿâëÿòüñÿ óñòîé÷èâûì. Òîãäà äëÿ ïðîèçâîëüíîãî
M̃d > 0 èìååì ðàâåíñòâî

sup
k∈Z+

||(1 + α)nBn|| = M̃d <∞,

îòêóäà ïîëó÷àåì íåðàâåíñòâî

||(1 + α)nBn|| ≤ M̃d,
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à èç íåãî
|1 + α|n||Bn|| ≤ M̃d.

Äàííîå íåðàâåíñòâî ïðåîáðàçóåòñÿ â

||Bn|| ≤ M̃d

(1 + α)n
,

ïðàâàÿ ÷àñòü êîòîðîãî îáëàäàåò ñâîéñòâîì

lim
n→∞

M̃d

(1 + α)n
= 0.

Îòñþäà èìååì lim
n→∞

||Bn|| = 0, ÷òî è îçíà÷àåò àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü îïåðàòîðà

B ïî îïðåäåëåíèþ 4. �
Ñëåäñòâèå. Åñëè âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3, òî ñïåêòðàëüíûé ðàäèóñ îïåðà-

òîðà B óäîâëåòâîðÿåò íåðàâåíñòâó

r(B) < 1.

Äàííîå óòâåðæäåíèå íåïîñðåäñòâåííî âûòåêàåò èç ýêâèâàëåíòíîñòè óñëîâèé (4) è (5).
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Àííîòàöèÿ

Ïðè ôîðìèðîâàíèè êîñìè÷åñêîãî èçîáðàæåíèÿ âûñîêîãî ðàçðåøåíèÿ è êîððåêöèè ðåçêîñòè íà

íåì öåëåñîîáðàçíî äëÿ óëó÷øåíèÿ ðåçêîñòè íà èçîáðàæåíèè ïîäêëþ÷àòü ïðîöåññû îáðàáîòêè

èçîáðàæåíèé, ïîñòðîåííûå ñ ó÷åòîì ôèçèêè ðàññåÿíèÿ ñâåòîâûõ ïîòîêîâ íà èññëåäóåìûõ àðå-

àëàõ. Â ðàáîòå ïðåäñòàâëåíû òåõíîëîãèÿ è ðåçóëüòàòû ñîîòâåòñòâóþùåé êîððåêöèè ðåçêîñòè

äëÿ ôðàãìåíòîâ îòîáðàæåíèÿ àðåàëîâ, ïîðîæäàþùèõ ôèçèêó ðàññåÿíèÿ ñâåòîâûõ ïîòîêîâ,

ïîçâîëÿþùóþ èñïîëüçîâàòü ïðåèìóùåñòâåííî ìåòîä âîçìóùåíèé äëÿ ðàññåÿíèÿ ïàäàþùåãî

èçëó÷åíèÿ íà ñòàòèñòè÷åñêè íåðîâíûõ ïîâåðõíîñòÿõ.

Abstract

When forming a high-resolution space image and correcting sharpness on it, it is advisable to enhance

image sharpness in the image to connect image processing processes built with consideration of the

physics of light scattering in the studied areas. The paper presents the technology and the results

of the corresponding sharpness correction for fragments of the display areas, generating physics of

light �ux scattering, which allows using mainly the method of perturbations to scatter the incident

radiation on statistically uneven surfaces.

Êëþ÷åâûå ñëîâà: äåêîíâîëþöèÿ, çîíà Ôðàóíãîôåðà, ìåòîä âîçìóùåíèé, êîíå÷íî-ðàçíîñòíàÿ

ìèãðàöèÿ âîëí, êîñìè÷åñêîå èçîáðàæåíèå, ïðîñòðàíñòâåííî-÷àñòîòíûé ñïåêòð, ðåêóðñèâíîå

ïðîäîëæåíèå ïðîñòðàíñòâåííî-÷àñòîòíîãî ñïåêòðà.

Key words: deconvolution, Fraunhofer zone, perturbation method, �nite-di�erence wave migration,

space image, spatial-frequency spectrum, recursive continuation of the spatial-frequency spectrum.
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Ââåäåíèå

Äëÿ áîëüøèíñòâà êîñìè÷åñêèõ èçîáðàæåíèé è ïðåäñòàâëåííîãî â ðàáîòå èññëåäó-
åìîãî êîñìè÷åñêîãî èçîáðàæåíèÿ ìîæíî îòìåòèòü ñëåäóþùåå: â îáúåêòèâ òåëåñêîïà
êîñìè÷åñêîãî àïïàðàòà (ÊÀ) ïðè ñïîñîáå íàáëþäåíèÿ â íàäèð è ïðè áîêîâîì îáëó÷å-
íèè ñîëíöåì îáúåêòîâ íà àðåàëå ïîïàäàåò ðàññåÿííîå íà ñòàòèñòè÷åñêè íåðîâíîé ïî-
âåðõíîñòè èçëó÷åíèå. Ðàñ÷åòû ïðîãíîçèðóåìûõ è/èëè ñîãëàñóåìûõ ñ âîçìîæíîñòÿìè
îïòèêè èíòåíñèâíîñòåé çàñâåòîê ïèêñåëîâ ÷óâñòâèòåëüíûõ òðàíñïàðàíòîâ (ïðèáîðîâ ñ
çàðÿäîâîé ñâÿçüþ � ÏÇÑ) íà ÊÀ äëÿ ôîðìèðîâàíèÿ öèôðîâûõ èçîáðàæåíèé èññëå-
äóåìûõ àðåàëîâ â îïòè÷åñêîì äèàïàçîíå èçëó÷åíèÿ ïðè ýòîì ðåàëèçóþòñÿ îñíîâíûìè
òðåìÿ ìåòîäàìè � ìåòîäîì âîçìóùåíèé è ïðîäîëæåíèÿ (ìèãðàöèè) èëè äèôðàêöèè
ïîëÿ â êîíå÷íûõ ðàçíîñòÿõ (â âåðõíåå ïîëóïðîñòðàíñòâî) ïðè ìàëûõ ïîëîãèõ íåðîâíî-
ñòÿõ, ìåòîäîì Êèðõãîôà (ìåòîäîì íàõîæäåíèÿ îòðàæåííûõ ëó÷åé) ïðè áîëüøèõ, ãëàä-
êèõ è ïîëîãèõ íåðîâíîñòÿõ è ìåòîäîì äâóõìàñøòàáíîãî ïðåäñòàâëåíèÿ íåðîâíîñòåé â
ñëó÷àå ñîâåðøåííî ïðîèçâîëüíûõ ïî ïàðàìåòðàì ñòàòèñòè÷åñêèõ íåðîâíîñòÿõ [Áàññ,
Ôóêñ, 1972; Ïðýòò, 1982; Òèõîíîâ,1966]. Âñå òðè ìåòîäà ïðè ñèíòåçå èçîáðàæåíèÿ òîëü-
êî ïðèáëèæåííî ñîîòâåòñòâóþò ïðåäåëüíûì òðåáîâàíèÿì îáúåêòèâíîñòè îòîáðàæåíèÿ
àðåàëîâ, îäíàêî ñëåäóåò ó÷åñòü, ÷òî ñàì ôàêò íàëè÷èÿ íà èçîáðàæåíèè ïðè åãî ôîð-
ìèðîâàíèè ïðîñòðàíñòâåííîãî ðàçðåøåíèÿ ñ íåðàâíûì íóëþ ïàðàìåòðîì Ðýëåÿ (ìèíè-
ìóìîì àïåðòóðû ôóíêöèè ðàññåÿíèÿ òî÷êè (ÔÐÒ) íà èçîáðàæåíèè), ñîîòâåòñòâóþùåãî
íà àðåàëå 0,3�2 ì (â íåêîòîðûõ ñëó÷àÿõ 0,15�2 ì) äëÿ ñíèìêîâ, êâàëèôèöèðóåìûõ êàê
ñíèìêè âûñîêîãî è ñâåðõâûñîêîãî ðàçðåøåíèÿ ñ âûñî÷àéøèìè äîñòèæåíèÿìè ïî èõ
ôîðìèðîâàíèþ íàðóøàåò âñå èäåàëüíûå ïîæåëàíèÿ ïî ðàçðåøåíèþ (è, ñîîòâåòñòâåííî,
ðåçêîñòè íà èçîáðàæåíèè). Íà ñîâðåìåííîì ýòàïå îáñóæäàåìàÿ îáúåêòèâíîñòü îòîá-
ðàæåíèÿ ðåãóëèðóåòñÿ íåêîòîðûìè ïîäîãíàííûìè ïîä ðåàëèçóåìîñòü òðåáîâàíèÿìè ïî
îòíîøåíèþ ê ãèïîòåòè÷åñêèì èäåàëüíûì ïðåäåëàì [Park è äð., 2003; Êîíñòàíòèíîâ è
äð., 2014; Êî÷àíîâ è äð., 2010]. Íàáîð òàêèõ òðåáîâàíèé êâàëèôèöèðóåò òàê íàçûâà-
åìóþ âàëèäíîñòü èçîáðàæåíèÿ � ñîîòâåòñòâèå ïàðàìåòðîâ èçîáðàæåíèÿ òðåáîâàíèÿì
ïî ðåçêîñòè, ãåîìåòðè÷åñêèì [Áîáêîâ, Ðîíüøèí, 2010; Æèëåíåâ, Âèíòàåâ, 2011; Ìîñê-
âèòèí, 2003], ÿðêîñòíûì õàðàêòåðèñòèêàì è ò. ä. Îäíàêî ïðè ìîäåëèðîâàíèè ïðîöåññîâ
ðàññåÿíèÿ â âåðõíåå ïîëóïðîñòðàíñòâî ïðè âñåì ñêàçàííîì íà îñíîâàíèè [Áàññ, Ôóêñ,
1972] ïðèíöèïîâ ñóïåðïîçèöèè âîëí ìîæíî íà÷èíàòü ýêñïåðèìåíòèðîâàòü â ÷èñëåííûõ
ðàñ÷åòàõ ñ èçëó÷åíèÿìè ñ ìàñøòàáèðóåìûìè äëèíàìè âîëí â ìîäåëÿõ, ñîîòâåòñòâóþ-
ùèìè óðîâíþ ïîëó÷àåìîãî ðåàëüíîãî ðàçðåøåíèÿ ïî Ðýëåþ íà àðåàëå. Òàêèå äëèíû
âîëí áóäóò ãîðàçäî âûøå äëèí âîëí ðåàëüíîãî îáëó÷åíèÿ ïîâåðõíîñòè â 380�780 íì,
÷òî ñóùåñòâåííî ñíèæàåò îáúåìû âû÷èñëèòåëüíûõ çàòðàò. Î÷åâèäíî, ÷òî â ìîäåëè íà
áàçå îñíîâîïîëàãàþùåãî ïðèíöèïà î äîñòèæåíèè íåêîòîðîãî èëè çàäàííîãî ðàçðåøåíèÿ
ïðè çîíäèðîâàíèè âîëíîâûì ïðîöåññîì íåîáõîäèìî ðàáîòàòü ñ äëèíîé âîëíû, êîòîðàÿ
áóäåò íå âûøå îæèäàåìîãî ïðîñòðàíñòâåííîãî ðàçðåøåíèÿ, è äëÿ ìåòîäà âîçìóùåíèé
ýòî äàåò âîçìîæíîñòü îöåíêè ñðåäíåêâàäðàòè÷íûõ ðàçìåðîâ íåîäíîðîäíîñòåé, ó÷àñòâó-
þùèõ ïðîäóêòèâíî â ðàññåÿíèè èçëó÷åíèÿ [Îñòðèêîâ, 2012]. Ïðè âûáîðå äëèíû âîëíû,
ñîãëàñîâàííîé â ìîäåëè ðàññåÿíèÿ ñ îæèäàåìûì ïðè îáðàáîòêå èñõîäíîãî èçîáðàæåíèÿ
íîâûì óðîâíåì ïðîñòðàíñòâåííîãî ðàçðåøåíèÿ, äîëæíî îáåñïå÷èâàòüñÿ âûïîëíåíèå ïî
òåîðèè ðàññåÿíèÿ íà ìàëûõ íåðîâíîñòÿõ (øåðîõîâàòîñòÿõ) [Áàññ, Ôóêñ, 1972] òðåáîâà-
íèå KQ < 1 (çäåñü K � âîëíîâîé âåêòîð ñ ìîäåëüíîé äëèíîé âîëíû λ, ñîîòâåòñòâóþ-
ùåé îæèäàåìîìó ðàçðåøåíèþ, à Q � ñðåäíåêâàäðàòè÷íûå ðàçìåðû ìàëûõ íåðîâíîñòåé,
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íå íàðóøàþùèõ ïðèâåäåííîãî óñëîâèÿ ïðè ïîäñòàíîâêå â íåðàâåíñòâî èõ ñðåäíåêâàä-
ðàòè÷íîãî çíà÷åíèÿ). Ýòî ïîçâîëÿåò ïîëó÷èòü îöåíêó ñðåäíåêâàäðàòè÷íûõ ðàçìåðîâ
íåðîâíîñòåé, ó÷àñòâóþùèõ â ïðîöåññå ðàññåÿíèÿ èçëó÷åíèÿ â ñòîðîíó îïòèêè KA.

Â äàííîé ðàáîòå ïðåäïðèíÿòà ïîïûòêà ïîñòðîèòü êîððåêöèþ ðåçêîñòè íà èçîáðà-
æåíèè, ôîðìèðóåìîì â ìîäåëè ðàññåÿíèÿ çîíäèðóþùåãî èçëó÷åíèÿ íà èññëåäóåìîì
àðåàëå ñ ïîñëåäóþùåé äîîáðàáîòêîé ìåòîäîì, êîòîðûé ñòðîèòñÿ íà ïîëîæåíèÿõ, ñî-
âåðøåííî íå ñâÿçàííûõ ñ ôàêòóðîé ðàññåèâàþùåé çîíäèðóåìîé ïîâåðõíîñòè, à èìåííî:
äîîáðàáîòêà ñôîðìèðîâàííîãî èçîáðàæåíèÿ ñòðîèòñÿ òàê, ÷òîáû ÷àñòîòíî-êîíòðàñòíàÿ
õàðàêòåðèñòèêà (×ÊÕ) ñëîæèâøåãîñÿ â äàííûé ìîìåíò òðàêòà çîíäèðîâàíèÿ ïðèáëè-
æàëàñü ïî îãèáàþùåé ê êâàçèïðÿìîóãîëüíîé ôîðìå îêíà ïðîïóñêàíèÿ ïðîñòðàíñòâåí-
íûõ ìîä, è äîâåñòè êîòîðóþ äî æåëàåìîãî ñîñòîÿíèÿ ïðÿìîóãîëüíîñòè ïðè âûïîëíÿå-
ìûõ äîîáðàáîòêàõ êîððåêòèðóåìûõ èçîáðàæåíèé íå âñåãäà âîçìîæíî [Ãðóçìàí è äð.,
2002], ò. ê. íà÷èíàåò ìåøàòü ïðîöåññ êîíòðàñòèðîâàíèÿ èçîáðàæåíèÿ, â êîòîðûé ïåðå-
ðîæäàåòñÿ êîððåêöèÿ ðåçêîñòè [Áåéòñ, Ìàê-Äîííåë, 1989; Âèíòàåâ è äð., 2014; Âèíòàåâ,
Óøàêîâà, 2018à; Âèíòàåâ, Óøàêîâà, 2018á]. Ê ýòîìó ïðèâîäèò, êàê ïðàâèëî, íåó÷èòûâàå-
ìûé èëè íåêîððåêòíî èäåíòèôèöèðóåìûé ðîñò àìïëèòóä âåðõíèõ ìîä ïðîñòðàíñòâåííî-
÷àñòîòíîãî ñïåêòðà (Ï×Ñ) íà íåêîòîðûõ âûäåëåííûõ ó÷àñòêàõ êîððåêòèðóåìîãî èçîá-
ðàæåíèÿ [Ðàùóïêèí, 2010]. Ñîîòâåòñòâóþùèõ ¾âîëíîâûõ¿ öèôðîâûõ ìîäåëåé ðàññåÿ-
íèÿ çîíäèðóþùåãî èçëó÷åíèÿ äëÿ êîñìè÷åñêèõ ïëàòôîðì ïîêà íå âûÿâëåíî â ëèòåðà-
òóðíûõ èñòî÷íèêàõ, â ñâÿçè ñ ÷åì ñòàâèòñÿ ýêñïåðèìåíò ïî êîððåêöèè ðåçêîñòè ïîñò-
ôàêòóì ñôîðìèðîâàííîãî èçîáðàæåíèÿ, êàê ìîäåëè èññëåäóåìîãî àðåàëà, çàäàþùåãî
ñòàðòîâûå (ãðàíè÷íûå) çíà÷åíèÿ âîëíîâûõ àìïëèòóä ðàññåèâàåìîãî ïîëÿ, èçîáðàæåíèÿ,
íàñåëåííîãî â áîëüøåé ìåðå ìàëîìàñøòàáíûìè ãëàäêèìè è ïîëîãèìè ñòàòèñòè÷åñêèìè
íåîäíîðîäíîñòÿìè ÿðêîñòè, òðàêòóåìûõ êàê ìîäåëè ìàëûõ íåðîâíîñòåé, äëÿ êîòîðûõ
ïîäáîð äëèí ìîäåëüíûõ âîëí ïîçâîëÿåò ñôîðìóëèðîâàòü ñîîòíîøåíèå ¾KQ < 1¿, ÿâëÿ-
þùååñÿ êðèòåðèåì èñïîëüçîâàíèÿ ïðè ìîäåëèðîâàíèè ìåòîäà ìèãðàöèè (ïðîäîëæåíèÿ)
ïîëÿ â ðàìêàõ ñîîòâåòñòâóþùåé òåîðèè âîçìóùåíèé [Áàññ, Ôóêñ, 1972].

2. Ìåòîä èññëåäîâàíèÿ

Èñõîäÿ èç âûøåñêàçàííîãî, ñòðîèì ïðåäïîëîæåíèå î äîñòèæåíèè íà ìåòîäå âîç-
ìóùåíèé ïîääåðæêè ïðîñòðàíñòâåííîãî ðàçðåøåíèÿ âòðîå ëó÷øåãî, ÷åì íà èñõîäíîì
ñíèìêå, ò. å. áóäåì ðåàëèçîâûâàòü ìèãðàöèþ ðàññåÿííîãî ïîëÿ ñ äëèíîé âîëíû â ìîäåëè
λ=0,3 ì. Äëÿ âîëíîâîãî âåêòîðà ñ äëèíîé âîëíû Λ =0,3 ì ñîîòíîøåíèå KQ < 1 âûïîë-
íÿåòñÿ äëÿ ñòàòèñòè÷åñêèõ íåðîâíîñòåé ñî ñðåäíåêâàäðàòè÷íûì ðàçìåðîì Q, ìåíüøèì
(20, 9)−1 ì, ò. å. ìåíüøèì 4,7 ñì. Ôèçèêà, ïîääåðæèâàþùàÿ èññëåäîâàíèÿ, ñëåäóþùàÿ:
íà èçîáðàæåíèè ñ ðàçðåøåíèåì â 1 ì ñòîõàñòè÷åñêèå äåòàëè â 4,7 ñì âûñîòîé ïî ïðàâè-
ëó òðåõ σ (òðåõ ñèãì) ìîãóò áûòü ïðåäñòàâëåíû êàê èìåþùèå ãàóññîïîäîáíóþ ôîðìó
ñ àïåðòóðîé ïÿòêè 14,1 ñì, ò. å. â 7 ðàç ìåíüøå êðèòåðèÿ Ðýëåÿ ïðè çàäàííîì ðàçðå-
øåíèè. Â ïàëëèàòèâå è â ïåðâîì ïðèáëèæåíèè ìîæíî ñ÷èòàòü, ÷òî íà ïðèâåäåííîì
èçîáðàæåíèè òàêèå äåòàëè ïîäàâëåíû ïî ÿðêîñòè ïðèìåðíî â 7 ðàç è óâåëè÷åíèå ðåç-
êîñòè â îæèäàåìûå òðè ðàçà ïî àíàëîãè÷íûì ðàññóæäåíèÿì ïîçâîëèò êîíñòàòèðîâàòü
ïðèñóòñòâèå âûÿâëåííûõ äåòàëåé â 4,7 ñì ñ ïîäàâëåíèåì èõ ÿðêîñòè ïðèìåðíî â 2,3 ðàçà
îòíîñèòåëüíî ñðåäíåãî çíà÷åíèÿ ÿðêîñòè íà ïîëó÷åííîì èçîáðàæåíèè. Ýòî ñâèäåòåëü-
ñòâóåò î âîçìîæíîì óâåëè÷åíèè ñòåïåíè äåòàëüíîñòè íà èçîáðàæåíèè ñ èñïîëüçîâàíèåì
ìåòîäà ìèãðàöèè ïîëÿ íà äëèíå âîëíû λ = 0,3 ì.
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Êàê ïðàâèëî, ïðàêòè÷åñêè íà âñåõ ñíèìêàõ è íà ïðåäúÿâëåííîì ñíèìêå èìåþòñÿ
êðîìå ìàëûõ íåîäíîðîäíîñòåé è êðóïíîìàñøòàáíûå (ãëàäêèå) íåðîâíîñòè, äàþùèå ïî-
âîä äëÿ ðàñ÷åòà ðàññåÿíèÿ ïî ïðàâèëàì Êèðõãîôà, íî ïðàêòèêà ðàñ÷åòîâ èíòåíñèâíî-
ñòåé çàñâåòîê ïèêñåëîâ ÏÇÑ [Øîâåíãåðäò, 2010] ïîêàçûâàåò, ÷òî ïðèìåíåíèå è ê òàêèì
ó÷àñòêàì àðåàëîâ ìåòîäà âîçìóùåíèé äëÿ óãëîâ ïîïàäàíèÿ â îïòèêó ÊÀ ñ ó÷åòîì ñóì-
ìèðîâàíèÿ â òî÷êàõ ïðèåìà ïî ïðàâèëàì ñóïåðïîçèöèè âîëí ñî ñëó÷àéíîé ôàçîé íå
ìåíÿåò êàðòèíó èíòåíñèâíîñòåé äëÿ ôîðìèðîâàíèÿ èçîáðàæåíèÿ, äîáàâëÿÿ ëèøü íåêî-
òîðûé îáúåì âû÷èñëåíèé äëÿ óãëîâ ðàññåÿíèÿ, áëèçêèõ ê óãëàì îòðàæåíèÿ îò ñïðÿì-
ëÿåìûõ ïëîùàäîê (ïî Êèðõãîôó). Â öåëîì ïðàêòèêà ðàñ÷åòîâ çàñâåòîê ïèêñåëîâ íå
èäåíòè÷íà ïðàêòèêå ôîðìèðîâàíèÿ ïîëíîãî èçîáðàæåíèÿ èçó÷àåìîãî ó÷àñòêà ìåñòíî-
ñòè çà ñ÷åò âûñîêîãî ðàçëè÷èÿ îáúåìà ñóììèðóåìûõ ñî ñëó÷àéíîé ôàçîé âîëí [Óäîä,
2002; Óøàêîâà, 2004; Óøàêîâà, Âèíòàåâ, 2017] äëÿ çîíû Ôðàóíãîôåðà (âûñîòà îðáèòû
áîëåå 200 êì) ó÷èòûâàåìûõ ó÷àñòêîâ ðàññåÿíèÿ â ìåòîäå ìèãðàöèè äëÿ ðàñ÷åòà çàñâåòîê
è äëÿ ôîðìèðîâàíèÿ ïîëíîãî èçîáðàæåíèÿ.

Èñïîëüçóåì óòèëèòû ïîñòðîåíèÿ èçîáðàæåíèÿ ñðåä ïàêåòà FINES, ïðåäíàçíà÷åííîãî
äëÿ îáðàáîòêè è àíàëèçà ïðîôèëåé â ñåéñìîðàçâåäêå è ÿâëÿþùåãîñÿ ñâîáîäíî ðàñïðî-
ñòðàíÿåìûì ïðîãðàììíûì ïðîäóêòîì èç ñåéñìè÷åñêîãî êîìïëåêñà SPS [Ïðîãðàììíûé
êîìïëåêñ SPS-PC (SeismicProcessingSystem), 2004]: ñåëåêöèþ âîëí ìåòîäîì ÐÍÏ (ðå-
ãóëèðóåìûì íàïðàâëåííûì ïðèåìîì) è óòèëèòó êîíå÷íî-ðàçíîñòíîé ìèãðàöèè âîëí è
ó÷òåì ïðè ñîñòàâëåíèè çàäàíèÿ êîìïëåêñó SPS, ÷òî êîëè÷åñòâî ãðàíèö ðàçäåëà ñðåä
äëÿ ïîñòðîåíèÿ ìîäåëè ðàññåÿíèÿ ðàâíî åäèíèöå (ñ âûñîêîé ñòåïåíüþ ïðîçðà÷íîñòè
ñðåäû ïåðåäà÷è èçëó÷åíèÿ è îòñóòñòâèåì ðåôðàêöèé è îáúåìíûõ ðàññåÿíèé, ÷åãî íåëü-
çÿ ñ óâåðåííîñòüþ ñêàçàòü ïðè îñîáûõ ïîãîäíûõ óñëîâèÿõ â àòìîñôåðå, ïðåäñòàâèìûõ
òàê íàçûâàåìûìè êàïåëüíûìè ìîäåëÿìè [Øîâåíãåðäò, 2010]).

Ò. ê. ìû íå ìîæåì âîñïîëüçîâàòüñÿ âûñîêîýôôåêòèâíîé óòèëèòîé êîãåðåíòíîé ôèëü-
òðàöèè èç êîìïëåêñà SPS èç-çà çàìåíû â ìîäåëè ïðîöåññà èíòåðôåðåíöèè âîëí â ëó-
÷àõ íà ñóììèðîâàíèå ÿðêîñòåé â ëó÷àõ â ðåæèìå ñëó÷àéíîé ôàçû, òî ñòîëêíóâøèñü
ïðè ýòîì ñ âûñîêîýíåðãåòè÷åñêîé ñðåäíåêâàäðàòè÷íîé ñîñòàâëÿþùåé íà èçîáðàæåíèè
ïðè íàêîïëåíèè ñèãíàëà íà êàæäîì ôîðìèðóåìîì ïèêñåëå, èìåþùåé ¾íèçêî÷àñòîòíûé¿
Ï×Ñ ñ îöåíåííûì âûøå óðîâíåì ïîäàâëåíèÿ ÿðêîñòè ìàëûõ äåòàëåé, áóäåì âûíóæäåíû
âûïîëíÿòü äëÿ ïîäàâëåíèÿ âîçíèêàþùåé ñðåäíåêâàäðàòè÷íîé ñîñòàâëÿþùåé ÿðêîñòè
èçîáðàæåíèÿ îïèñàííóþ âûøå íå ñâÿçàííóþ ñ ôèçèêîé ðàññåÿíèÿ ëó÷åé äåêîíâîëþöèþ
èçîáðàæåíèÿ ïîëó÷åííîãî íà ìåòîäå âîçìóùåíèé ïðè ïîñòðîåíèè ìèãðàöèè ïîëÿ.

Äëÿ âûïîëíåíèÿ äåêîíâîëþöèè è ïîâûøåíèÿ ðåçêîñòè è ðàçðåøåíèÿ, ÷òî ýêâèâà-
ëåíòíî ñíèæåíèþ èëè ïîäàâëåíèþ ïî÷òè ïîñòîÿííîãî ñðåäíåêâàäðàòè÷íîãî ôîíà öåëå-
ñîîáðàçíî îñóùåñòâèòü ïðîäîëæåíèå Ï×Ñ èçîáðàæåíèÿ â ñòîðîíó ðàñïîëîæåíèÿ âûñ-
øèõ ìîä ïîñëå åãî ñèíòåçà ìåòîäîì ìèãðàöèè âîëíîâîãî ïîëÿ íà äëèíå âîëíû λ =
0,3 ì.

Ýêñïåðèìåíòû ïîêàçûâàþò, ÷òî àíàëèòè÷åñêîå ïðîäîëæåíèå ñïåêòðà çà äèôðàêöè-
îííûé ïðåäåë KQ = 1 (÷òî ñîîòâåòñòâóåò ìàêñèìàëüíîìó ðàäèóñó ×ÊÕ ñôîðìèðîâàí-
íîãî òðàêòà çîíäèðîâàíèÿ) âîçìîæíî ñ âîññòàíîâëåíèåì âñåãî íåñêîëüêèõ ïðîñòðàí-
ñòâåííûõ ÷àñòîò, åñëè ýíåðãåòè÷åñêîå îòíîøåíèå âèäà ñèãíàë/øóì íà èçîáðàæåíèè áû-
ëî íå íèæå 1000/1 [Ïðýòò, 1982]. Äëÿ ñíèìêîâ âûñîêîãî ðàçðåøåíèÿ ýòî óñëîâèå ÿâëÿåò-
ñÿ ïðàêòè÷åñêè íèæíåé ãðàíèöåé. Àëüòåðíàòèâíî ìåòîäàì àíàëèòè÷åñêîãî ïðîäîëæå-
íèÿ ñïåêòðîâ ðàçðàáîòàííûé ìåòîä äåêîíâîëþöèè â âèäå ðåêóðñèâíîãî ïðîäîëæåíèÿ
Ï×Ñ ïðèâîäèò ê ýôôåêòó ïðîäîëæåíèÿ ñïåêòðîâ ñ ðàñøèðåíèåì ïîëîñ ñïåêòðîâ (óâå-
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ëè÷åíèåì ðàäèóñîâ Ï×Ñ) [Âèíòàåâ, Óøàêîâà, 2018à; Âèíòàåâ, Óøàêîâà, 2018á] äî 2�4
ðàç.

Ðåøåíèå çàäà÷è êîððåêöèè ðåçêîñòè èçîáðàæåíèé áåç ó÷åòà ôèçèêè ðàññåÿíèÿ âîëí
íà àðåàëàõ â äèñòàíöèîííîì çîíäèðîâàíèè öåëåñîîáðàçíî íà÷èíàòü ñ ïîñòðîåíèÿ ×ÊÕ
ñëîæèâøåãîñÿ äëÿ äàííîãî èçîáðàæåíèÿ òðàêòà çîíäèðîâàíèÿ ñ ïîñëåäóþùåé åå îïòè-
ìèçàöèåé ïîä êâàçèïðÿìîóãîëüíîå ïî ôîðìå îãèáàþùåé îêíî ïðîïóñêàíèÿ Ï×Ñ ãèïî-
òåòè÷åñêèõ èçîáðàæåíèé. Ñòàðòîâàÿ äëÿ ïîñëåäóþùåé îïòèìèçàöèè ×ÊÕ îïðåäåëÿåòñÿ
êàê ÷àñòíîå îò äåëåíèÿ Ï×Ñ ðåãèñòðèðóåìîãî èçîáðàæåíèÿ è Ï×Ñ âîçìóùåííîãî äî-
ñòàòî÷íî ìàëî â ñòîðîíó óñèëåíèÿ âûñøèõ ìîä Ï×Ñ çàðåãèñòðèðîâàííîãî èçîáðàæåíèÿ.

Îïòèìèçàöèÿ ×ÊÕ ïðîâîäèòñÿ ìèíèìèçàöèåé ôóíêöèîíàëîâ, ñôîðìóëèðîâàííûõ
íà òðåáîâàíèÿõ:

� ìèíèìèçàöèè òåíäåíöèè ñïàäà è ðîñòà àïïëèêàò ×ÊÕ âïëîòü äî ïðèáëèæåíèÿ ê
âûñøèì ñïåêòðàëüíûì ìîäàì â çàäàííûõ ïðåäåëàõ;

� ìàêñèìàëüíî âîçìîæíîé ãëàäêîñòè îãèáàþùåé ïîâåðõíîñòè ×ÊÕ;
� íàèáîëåå êðóòîãî ñïàäà ×ÊÕ â îáëàñòè âûñøåé ñïåêòðàëüíîé ìîäû òðàêòà;
� ìàæîðèðîâàíèÿ îãèáàþùåé ×ÊÕ−1 îãèáàþùóþñïåêòðàëüíîãî ïðåäñòàâëåíèÿ îïå-

ðàòîðà äåêîíâîëþöèè (ÑÏÎÄ) äàæå ñ âîçìóùàþùåé äîáàâêîé;
� âïèñûâàíèÿ îãèáàþùåé ñïåêòðàëüíîãî ïðåäñòàâëåíèÿ íàáëþäàåìîãî íà èçîáðàæå-

íèè îïîðíîãî îðèåíòèðà (ÎÎ) â îãèáàþùóþ ×ÊÕ;
� íå ïðåâûøåíèÿ çíà÷åíèåì ïîðÿäêà îáîáùåííîãî ãðàäèåíòíîãî îïåðàòîðà ïîðîãà

(ïîðÿäîê îïåðàòîðà 0,25 [Âèíòàåâ, Óøàêîâà, 2018à; Âèíòàåâ, Óøàêîâà, 2018á], ïðè êîòî-
ðîì ðåçèäåíòíî ìîãóò ïðèñóòñòâîâàòü ãëîáàëüíîå êîíòðàñòèðîâàíèå è äàëåå âûäåëåíèå
êîíòóðîâ â ïåðâîì øàãå êîððåêöèè � àääèòèâíîé êîððåêöèè, âûïîëíÿåìîé â âèäå ñî-
îòíîøåíèÿ

SÈ = SR + a gradα(SR) , (1)

ãäå SR � ôîðìèðóåìîå (íàáëþäàåìîå) èçîáðàæåíèå; SÈ � âîññòàíàâëèâàåìîå èçîáðà-
æåíèå, a � âàðüèðóåìûé ïðè îïòèìèçàöèè ×ÊÕ êîýôôèöèåíò àääèòèâíîé êîððåêöèè
ðåçêîñòè, ïðè èñïîëüçîâàíèè îáîáùåííîãî ãðàäèåíòíîãî îïåðàòîðà gradαβ(S) â âèäå
gradαα(S) = gradα(S), ãäå ãðàäèåíòíûé îïåðàòîð êîíñòðóèðóåòñÿ â âèäå íîðìû âåêòîðà
(Dα

xS(x, y), D
α
yS(x, y)), ò. å.

gradαβ(S) =
(
(Dα

xS)
2 + (Dβ

yS)
2
)1/2

, (2)

à îïåðàöèÿ Dα èìååò íåöåëûé íåîòðèöàòåëüíûé ïîðÿäîê.
Ââèäó òîãî, ÷òî âîññòàíàâëèâàåìîãî èçîáðàæåíèÿ ìû ìîæåì è íå çíàòü ïðèíöèïè-

àëüíî, òî, ó÷èòûâàÿ ïðåäñòîÿùèé ïîñëåäóþùèé ïðîöåññ îïòèìèçàöèè ×ÊÕ ñ ïðàêòè÷å-
ñêè äîñòîâåðíîé íåçàâèñèìîñòüþ ýòîãî ïðîöåññà îò íà÷àëüíîé ôîðìû îãèáàþùåé ×ÊÕ,
öåëåñîîáðàçíî ãèïîòåòè÷åñêîå èçîáðàæåíèå ïîëó÷èòü èç íàáëþäàåìîãî, ñëàáî âîçìóùàÿ
åãî â ñòîðîíó óëó÷øåíèÿ ðåçêîñòè ñîîòíîøåíèåì (1).

Â òåðìèíàõ òåîðèè îïåðàòîðîâ � îïåðàòîð (gradα) èìååò ïîðÿäîê α, à äëÿ îïåðàòîðà
(1 + a (gradα)), ò. ê. îí èìååò òåíäåíöèþ ê ðîñòó àìïëèòóä ãàðìîíèê â âûñøèõ ìîäàõ
ñïåêòðà, ìîæíî ïîäîáðàòü ýôôåêòèâíûé ïîðÿäîê. Ýòî áóäåò ïîðÿäîê îáîáùåííîãî ãðà-
äèåíòíîãî îïåðàòîðà, ñïåêòð êîòîðîãî àïïðîêñèìèðóåò ñïåêòð îïåðàòîðà (1 + a gradα)
ïî ìåòîäó íàèìåíüøèõ êâàäðàòîâ ñ ìèíèìàëüíûì çíà÷åíèåì íåâÿçêè.

Â ñîîòâåòñòâèè ñ óïîìèíàåìîé âûøå âîçìîæíîñòüþ êîìïåíñàöèè ïðîâàëà â âåðõíèõ
ìîäàõ ×ÊÕ òðàêòà, èñïîëüçóÿ gradαβ(S) â âèäå gradαα(S) = gradα(S) öåëåñîîáðàçíî
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ðåàëèçîâàòü êîððåêöèþ SR â âèäå (1) ñ ðåêóðñèâíûì èñïîëüçîâàíèåì îïåðàòîðà (1 +
a gradα), îòñëåæèâàÿ è ïðåäîòâðàùàÿ ïðåîáðàçîâàíèå ïðîöåññà êîððåêöèè ðåçêîñòè â
êîíòðàñòèðîâàíèå.

Ïðîèçâîäíûå íåöåëîãî ïîðÿäêà ðåàëèçóåì íà áàçå ïðÿìîãî ïðîäîëæåíèÿ íà âåùå-
ñòâåííûå çíà÷åíèÿ ïîðÿäêà ñïåêòðàëüíîãî ïðåäñòàâëåíèÿ îïåðàöèè äèôôåðåíöèðîâà-
íèÿ � Dα

x , D
α
y (0 ≤ α, β ≤ 1), îïðåäåëÿåìîãî äëÿ äîïóñêàþùèõ Ôóðüå-ïðåäñòàâëåíèå

ôóíêöèé âèäå:

Dα
x , D

α
yS(x, y) =

∫
(Jωx)

α(Jωy)
βFS(ωx, ωy)e

(J(xωx+yωy))dωxdωy . (3)

Ïåðâè÷íàÿ ñòàðòîâàÿ êîððåêöèÿ (a priori âûïîëíÿåìàÿ ñ ÿâíîé íåäîñòàòî÷íîñòüþ
âîññòàíîâëåíèÿ èëè óâåëè÷åíèÿ ðåçêîñòè (áåç ðåçèäåíòíîãî êîíòðàñòèðîâàíèÿ)) â âè-
äå àääèòèâíîé êîððåêöèè ñ äàëüíåéøèìè ìàíèïóëÿöèÿìè ïî òåõíîëîãèè ïðîäîëæåíèÿ
Ï×Ñ èçîáðàæåíèÿ ïðè âûïîëíåíèè óñëîâèé îòñóòñòâèÿ ¾÷ðåçìåðíîãî¿ óñèëåíèÿ âûñ-
øèõ ìîä Ï×Ñ ðåàëèçóåòñÿ ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ à è àëüôà â ñîîòíîøåíèè
(1), íå âûçûâàþùèõ ýôôåêòîâ êîíòðàñòèðîâàíèÿ èçîáðàæåíèÿ.

Äëÿ ïîëó÷åíèÿ ñòàðòîâîãî èçîáðàæåíèÿ ñ êîððåêöèåé ñîîòíîøåíèåì (1) âûáèðàåòñÿ
ïîñëåäîâàòåëüíî ìåòîäîì ïîëîâèííîãî äåëåíèÿ èíòåðâàëà 0,01-0,5 ðÿä çíà÷åíèé êîýô-
ôèöèåíòà àääèòèâíîé êîððåêöèè a ñ óñëîâèåì îòñóòñòâèÿ ïðèçíàêîâ êîíòðàñòèðîâàíèÿ
ïðè ìèíèìàëüíîì çíà÷åíèè ïîðÿäêà α ãðàäèåíòíîãî îïåðàòîðà. Ìèíèìàëüíîå çíà÷åíèå
ïðè íàáîðå â ïîâòîðíîé êîððåêöèè ýôôåêòèâíîãî ïîðÿäêà îïåðàòîðà çíà÷åíèÿ íå áîëåå
0,25 âûáèðàåòñÿ ïðè èñïîëüçîâàíèè àääèòèâíîé êîððåêöèè ñ ïåðâîíà÷àëüíûì ïîðÿä-
êîì (0, 25)0,5 è ò. ä. Î÷åâèäíî, ÷òî ïðè óâåëè÷åíèè äëèíû ðåêóðñèè â L ðàç íåîáõîäèìî
âûáèðàòü ñòàðòîâîå çíà÷åíèå a ïîðÿäêà îïåðàòîðà àääèòèâíîé êîððåêöèè (0,25)0,5/ L.
Î÷åâèäíî, ÷òî ñ óâåëè÷åíèåì ñòàðòîâîãî çíà÷åíèÿ a è α óìåíüøàåòñÿ ÷èñëî L, îãðàíè-
÷èâàåìîå ÿâíûìè ïðèçíàêàìè êîíòðàñòèðîâàíèÿ èçîáðàæåíèÿ, íî ðàñòåò ðèñê ïðîïóñêà
ëó÷øåãî ðåçóëüòàòà ïî ðåçêîñòè. Äëÿ ñëèøêîì ìàëûõ ñòàðòîâûõ çíà÷åíèé ïàðàìåòðîâ
ôîðìóëû àääèòèâíîé êîððåêöèè ðåçêîñòè ðåêóðñèâíûé ïðîöåññ ïëàâíî ñ ìàëûì øàãîì
äèñêðåòíîñòè ïðè âû÷èñëåíèÿõ ïðèáëèæàåòñÿ ïî ðåçóëüòàòó ê èçîáðàæåíèþ ñ ëó÷øåé
ðåçêîñòüþ, íî öåíà ýòîãî ïîäõîäà � âûñîêèé èëè ñëèøêîì âûñîêèé îáúåì âû÷èñëåíèé.
Òàê êàê ñþæåòû è äèñïåðñèÿ èõ ïðåîáðàçîâàíèÿ íà èçîáðàæåíèÿõ ïñåâäîñëó÷àéíû, òî
âûâåñòè íåêóþ îïòèìàëüíóþ ôîðìóëó ïî ÷èñëó ðåêóðñèé íåò âîçìîæíîñòè, ò. ê. âñå
îöåíêè îïåðàòîðîâ äåêîíâîëþöèè ìîæíî ñòðîèòü íà óðîâíå âû÷èñëåíèÿ èõ íîðì, êî-
òîðûå ìîãóò áûòü îäèíàêîâûìè êðîìå òîãî è äëÿ ðàçíûõ ñþæåòîâ íà èçîáðàæåíèÿõ
[Êîëëàòö, 1969; Öèáàíîâ, 2008]. Îäíàêî â èíòåðàêòèâíîì ðåæèìå ïðîöåññ êîððåêöèè
ðåçêîñòè äîñòàòî÷íî ëåãêî îöåíèâàåòñÿ, ãëàâíûì îáðàçîì â ïåðñïåêòèâå, ò.å. â íàïðàâ-
ëåíèè, êóäà îí äâèæåòñÿ � ê ïîâûøåíèþ ðåçêîñòè èëè ê ïî÷òè íåêîíòðîëèðóåìîìó
ïîâûøåíèþ âåðõíèõ ìîä Ï×Ñ. Òàêèì îáðàçîì îðãàíèçóåòñÿ ðåêóðñèâíîå ïðîäîëæåíèå
ïðîñòðàíñòâåííî-÷àñòîòíîãî ñïåêòðà èçîáðàæåíèÿ.

3. Ðåçóëüòàòû èññëåäîâàíèÿ

Íà ðèñóíêå 1 ïðèâåäåí ôðàãìåíò êîñìè÷åñêîãî èçîáðàæåíèÿ âûñîêîãî ðàçðåøåíèÿ
(Ikonos_sandiego_usa_1m) ñî ñïóòíèêà Ikonos (1 ì ðàçðåøåíèÿ íà ìåñòíîñòè) òåððè-
òîðèè ã. Ñàí-Äèåãî â ÑØÀ, øòàò Êàëèôîðíèÿ è åãî Ï×Ñ. Âèäíî, ÷òî ôàêòóðà çîí-
äèðóåìîé ïîâåðõíîñòè íà 80 % ïî ïëîùàäè èçîáðàæåíèÿ çàñåëåíà ìàëîìàñøòàáíûìè
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è ïîëîãèìè íåðîâíîñòÿìè. Óãîë ìåñòà ñîëíöà ñîîòâåòñòâóåò îòêëîíåíèþ âåêòîðà îáëó-
÷åíèÿ îò âåðòèêàëè ïðèìåðíî íà 30 ãðàäóñîâ (ïî îöåíêå ðàçìåðîâ òåíåé îò îáúåêòîâ ñ
ïðèáëèçèòåëüíî èçâåñòíîé âûñîòîé).

Ðèñ. 1. Èñõîäíîå èçîáðàæåíèå Ikonos_sandiego_usa_1m è åãî Ï×Ñ

Fig. 1. Original Image Ikonos_sandiego_usa_1m and its PCP

Íà ðèñóíêå 2 (Ikonos_sandiego_usa_1m) ïðèâåäåí âàðèàíò ðåêóðñèâíîãî ïðîäîëæå-
íèÿ ñïåêòðà íà èçîáðàæåíèè ñ öåëüþ óëó÷øåíèÿ ðåçêîñòè (ïðîäîëæåíèÿ Ï×Ñ) èçîáðà-
æåíèÿ íà ôîðìóëå àääèòèâíîé êîððåêöèè ðåçêîñòè ñ îñòàíîâîì ïðîöåññà ïðè ïîÿâëåíèè
ïðèçíàêîâ ïåðåðîæäåíèÿ êîððåêöèè ðåçêîñòè â êîíòðàñòèðîâàíèå. Ïîëó÷åí çàìåòíûé
ðåçóëüòàò â ðàñøèðåíèè ðàäèóñà Ï×Ñ èçîáðàæåíèÿ.

Ðèñ. 2. Ikonos_sandiego_usa_1m è åãî Ï×Ñ: ðåçóëüòàò àäàïòèâíîé äåêîíâîëþöèè
èçîáðàæåíèÿ íà âàðèàíòå ðåêóðñèâíîãî ïðîäîëæåíèÿ ñïåêòðà (ïðîäîëæåíèÿ Ï×Ñ)

èçîáðàæåíèÿ íà ôîðìóëå àääèòèâíîé êîððåêöèè ðåçêîñòè

Fig. 2. Ikonos_sandiego_usa_1m and its PNP: the result of adaptive deconvolution of the image

on the variant of the recursive continuation of the spectrum (continuation of PNP) of the image

on the formula of additive sharpness correction

Íàèáîëåå óñïåøíîå ðàñøèðåíèå ðàäèóñà Ï×Ñ ïðèâåäåíî íà ðèñóíêå 3 ïðè èñïîëüçî-
âàíèè ìåòîäà âîçìóùåíèé â ìîäåëè ìèãðàöèè ðàññåÿííîãî ïîëÿ ñ ìîäèôèêàöèåé ìåòîäà
âîçìóùåíèé è âû÷èñëåíèÿ ðåçóëüòàòîâ ìèãðàöèè ïîëÿ â èñïîëüçóåìîì ïàêåòå íà íàêîï-
ëåíèå ñèãíàëîâ, ïðåäñòàâëåííûõ ñî ñëó÷àéíîé ôàçîé ñ äëèíîé âîëíû 0,3 ì, ñ âûïîëíå-
íèåì ïîñëåäóþùåé äîîáðàáîòêè èçîáðàæåíèÿ îïåðàòîðîì äåêîíâîëþöèè ïîñòðîåííîì
íà îñíîâå îïòèìèçèðîâàííîé ×ÊÕ òðàêòà çîíäèðîâàíèÿ.
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Ðèñ. 3. Ikonos_sandiego_usa_1m è åãî Ï×Ñ ïðè èñïîëüçîâàíèè ìåòîäà âîçìóùåíèé è
ìèãðàöèè ïîëÿ äëÿ êîððåêöèè îïåðàöèè óëó÷øåíèÿ ðåçêîñòè ñ âûïîëíåíèåì íåîáõîäèìîé

äîîáðàáîòêè îïåðàòîðîì äåêîíâîëþöèè

Fig. 3. Ikonos_sandiego_usa_1m and its PNP using the perturbation method and �eld migration

to correct the sharpness improvement operation with the necessary additional processing by the

deconvolution operator

4. Çàêëþ÷åíèå

Ïðèìåíåíèå ìåòîäà âîçìóùåíèé ïðè ðàñ÷åòå â ìîäåëè ðàññåÿíèÿ íà ìàëûõ ñòàòè-
ñòè÷åñêèõ íåðîâíîñòÿõ, çîíäèðóþùåãî àðåàë èçëó÷åíèÿ ñ ìîäåëèðóåìîé äëèíîé âîëíû
â 0,3 ì äëÿ ïîäñòèëàþùåé ïîâåðõíîñòè, ñôîðìèðîâàííîé êàê èçîáðàæåíèå ñ ðàçðå-
øåíèåì, ñîîòâåòñòâóþùèì 1 ì íà àðåàëå ñ ïîñëåäóþùåé àäàïòèâíîé äåêîíâîëþöèåé
ôîðìèðóåìîãî èçîáðàæåíèÿ ìåòîäîì ðåêóðñèâíîãî ïðîäîëæåíèÿ ñïåêòðà, ðåàëèçóåò
èçìåíåíèå äåòàëüíîñòè è ôàêòóðû ïîëó÷åííîãî èçîáðàæåíèÿ (Ðèñ. 3), îòëè÷àþùèåñÿ â
ëó÷øóþ ñòîðîíó îò äåòàëüíîñòè è ôàêòóðû èçîáðàæåíèé ïðè ôîðìàëüíî îáúåêòèâíûõ
ìåòîäàõ ïîääåðæêè êâàçèïðÿìîóãîëüíîñòè ×ÊÕ òðàêòà çîíäèðîâàíèÿ (Ðèñ. 2).

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷íî-

ãî ïðîåêòà �18-07-00201 ¾Ðàçðàáîòêà ôóíäàìåíòàëüíûõ îñíîâ ìÿãêîãî ñèñòåìíî-

ãî àíàëèçà è ìîäåëèðîâàíèÿ ñèñòåì ôîðìèðîâàíèÿ è âåðèôèêàöèè êîñìè÷åñêèõ

èçîáðàæåíèé âûñîêîãî è ñâåðõâûñîêîãî ðàçðåøåíèÿ ïî äàííûì ñ ãðóïïèðîâîê îð-

áèòàëüíûõ àïïàðàòîâ â íåîïðåäåëåííûõ è ïðåäåëüíî äîïóñòèìûõ óñëîâèÿõ îðáè-

òàëüíûõ ñúåìîê¿ è íàó÷íîãî ïðîåêòà �19-07-00697 ¾Ðàçðàáîòêà îñíîâ ñèñòåìíîãî

àíàëèçà è ìîäåëèðîâàíèÿ êîððåêöèè ðåçêîñòè êîñìè÷åñêèõ èçîáðàæåíèé ñâåðõ-

âûñîêîãî ðàçðåøåíèÿ íà áàçå ìîäåðíèçàöèè òåîðåòèêî-òèïîâûõ ìàòåìàòè÷åñêèõ

è ñåìàíòè÷åñêèõ ïîäõîäîâ äëÿ ïðîãíîçà è ðåàëèçàöèè ìàêñèìàëüíî âîçìîæíûõ

õàðàêòåðèñòèê ïî ïðîñòðàíñòâåííîìó ðàçðåøåíèþ¿.
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Àííîòàöèÿ

Â ðàáîòå íà îñíîâå äèôôåðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà ðàññìîòðåíî âëèÿíèå

ôðàêòàëüíîñòè ñðåäû íà ñóáëèìàöèîííûé ðîñò îáëà÷íûõ ëåäÿíûõ ÷àñòèö. Ïðîâåäåíû ÷èñ-

ëåííûå ýêñïåðèìåíòû äëÿ îöåíêè âëèÿíèÿ ôðàêòàëüíîñòè ñðåäû íà ðîñò îáëà÷íûõ ÷àñòèö

ïðè ðàçëè÷íûõ ñî÷åòàíèÿõ ìèêðîôèçè÷åñêèõ ïàðàìåòðîâ. Îïðåäåëåíà îáùàÿ çàâèñèìîñòü ðî-

ñòà îáëà÷íûõ ëåäÿíûõ ÷àñòèö îò ðàçëè÷íûõ ïàðàìåòðîâ ôðàêòàëüíîñòè ñðåäû. Îáíàðóæåíû

çîíû ïðîÿâëåíèÿ ôðàêòàëüíîãî ýôôåêòà â ïðîöåññå ñóáëèìàöèè ëåäÿíûõ ÷àñòèö.

Abstract

On the basis of di�erential equations of fractional order are considered, the in�uence of fractality

of the environment on the sublimation growth of cloud ice particles. Numerical experiments are

performed to assess the impact of the fractality of the medium on the growth of cloud particles

at di�erent combinations of microphysical parameters. Determined the General dependence of the

growth of cloud ice particles on various parameters of fractality of the environment.

Êëþ÷åâûå ñëîâà: ñóáëèìàöèÿ, ëåäÿíàÿ ÷àñòèöà, ôðàêòàëüíàÿ ðàçìåðíîñòü, ìàòåìàòè÷åñêàÿ

ìîäåëü, îáëàêî.

Key words: sublimation, ice particle, fractal dimension, mathematical model, cloud.

Ââåäåíèå

Â ïîñëåäíèå ãîäû èññëåäîâàòåëè, ðàáîòàþùèå â îáëàñòè ôèçèêè îáëàêîâ, ïðîÿâëÿ-
þò çíà÷èòåëüíûé èíòåðåñ ê âîïðîñó ôîðìèðîâàíèÿ è ñòåïåíè âëèÿíèÿ ôðàêòàëüíîñòè
îáëà÷íîé ñðåäû íà ðàçëè÷íûå ãåîïðîöåññû [Iudin è äð. 2003]. Îäíèì èç òàêèõ ïðîöåññîâ
ÿâëÿåòñÿ ñóáëèìàöèîííûé ðîñò ëåäÿíûõ ÷àñòèö, êîòîðûé èãðàåò ñóùåñòâåííóþ ðîëü â
âîçíèêíîâåíèè ãðîçîâûõ îáëàêîâ, êîãäà âîäíîñòü îáëà÷íîé ñðåäû âåëèêà è ïðîòåêàåò
ïðîöåññ ïåðåêà÷êè âîäÿíîãî ïàðà ñ îáëà÷íûõ êàïåëåê íà ëåäÿíûå ÷àñòèöû [Ìó÷íèê,
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1974]. Èçâåñòíî òàêæå, ÷òî êðèñòàëëèêè ëüäà èãðàþò âàæíóþ ðîëü â ðàñïðîñòðàíåíèè
ñîëíå÷íîé è çåìíîé ðàäèàöèè, êîòîðàÿ îêàçûâàåò áîëüøîå âëèÿíèå íà ïîãîäíûå óñëîâèÿ
è êëèìàò Çåìëè. Ïîýòîìó ïîëó÷åíèå áîëåå ïîëíîé èíôîðìàöèè î ñâîéñòâàõ ëåäÿíûõ
÷àñòèö ñ èñïîëüçîâàíèåì ôðàêòàëüíîãî àíàëèçà ïîçâîëèò íàèáîëåå òî÷íî îñóùåñòâèòü
ìîäåëèðîâàíèå ðàçëè÷íûõ ïðîöåññîâ â àòìîñôåðå.

Èññëåäîâàíèåì ñóáëèìàöèîííîãî ðîñòà ëåäÿíûõ ÷àñòèö äëÿ ïîëèäèñïåðñíîãî îáëàêà
çàíèìàëèñü ìíîãèå ó÷åíûå, â ÷èñëå êîòîðûõ Øèôðèí Ê.Ñ., Ïåðåëüìàí À.ß., ðåøåíè-
åì çàäà÷è ïåðåãîíêè âîäÿíîãî ïàðà ñ ëüäèíîê íà ñôåðè÷åñêèå ëåäÿíûå ÷àñòèöû äëÿ
ïîëèäèñïåðñíîãî îáëàêà çàíèìàëñÿ Áóéêîâ Ì.Â., íàä âîïðîñîì êðèñòàëëèçàöèè ïîëè-
äèñïåðñíîãî ïåðåîõëàæäåííîãî îáëàêà áëàãîäàðÿ çàìåðçàíèþ ëüäèíîê ðàáîòàëè Êîëåñ-
íèêîâ À.Ã. è Áåëÿåâ Â.È., èç çàðóáåæíûõ � Ôîëüìåð Ì., Õàóòîí Õ., Ìåéñîí Äæ. è äð.
Âñå ýòè èññëåäîâàíèÿ âåëèñü áåç ó÷åòà ôðàòàëüíîñòè îáëà÷íîé ñðåäû.

Â íàñòîÿùåé ðàáîòå ïðîâîäèòñÿ èññëåäîâàíèå îñîáåííîñòåé ñóáëèìàöèîííîãî ðîñòà
îáëà÷íûõ ëåäÿíûõ ÷àñòèö èñõîäÿ èç ôðàêòàëüíîñòè ñðåäû.

2. Ïîñòàíîâêà è ðåøåíèå çàäà÷è

Îáëàñòü âîçíèêíîâåíèÿ ëåäÿíûõ ÷àñòèö â îáëà÷íîé ñðåäå çàêëþ÷åíà ìåæäó óïðó-
ãîñòüþ íàñûùåíèÿ íàä âîäîé è óïðóãîñòüþ íàñûùåíèÿ íàä ëüäîì è îïèñàíèå èçìåíå-
íèÿ ãåîìåòðè÷åñêèõ ðàçìåðîâ êðèñòàëëîâ âñëåäñòâèå ñóáëèìàöèè âîäÿíîãî ïàðà âåñüìà
çàòðóäíåíî. Ïîýòîìó îáû÷íî îãðàíè÷èâàþòñÿ îïèñàíèåì äèôôóçèîííîãî ðîñòà ìàññû
ëåäÿíîé ÷àñòèöû, èñïîëüçóÿ ýëåêòðîñòàòè÷åñêóþ àíàëîãèþ [Øèøêèí, 1964]. Ñóáëèìà-
öèîííûé ïðîöåññ ñóùåñòâåííî çàâèñèò îò ñîîòíîøåíèÿ êîëè÷åñòâà è ðàçìåðîâ ëüäèíîê.
Â ñëó÷àå ðàçëè÷íûõ ðàçìåðîâ íàïðàâëåíèå ïåðåãîíêè âîäÿíîãî ïàðà çàâèñèò îò ðàçìå-
ðîâ ïëîòíîñòåé íàñûùàþùåãî ïàðà íàä ïîâåðõíîñòÿìè ÷àñòèö.

Ðàññìîòðèì ëåäÿíóþ ÷àñòèöó ñôåðè÷åñêîé ôîðìû, ðîñò êîòîðîé îñóùåñòâëÿåòñÿ
ïî óïðîùåííîé ñõåìå â óñëîâèÿõ âîäÿíîãî íàñûùåíèÿ. Âîñïîëüçîâàâøèñü àíàëîãèåé
ìåæäó óðàâíåíèåì äèôôóçèè âîäÿíîãî ïàðà ê ÷àñòèöå è óðàâíåíèåì ýëåêòðè÷åñêîãî
ïîòåíöèàëà çàðÿæåííîé ÷àñòèöû â îäíîðîäíîì äèýëåêòðèêå è âûðàæàÿ ìàññó ëüäèíêè
÷åðåç ðàäèóñ, ìîæåì çàïèñàòü

dr

dt
=

3Dcf (qw − q)

r2ρ
, (1)

ãäå r � ðàäèóñ ÷àñòèöû, (qw − q) � ðàçíîñòü ïëîòíîñòåé âîäÿíîãî ïàðà â îêðóæàþùåì
ïðîñòðàíñòâå è ó ïîâåðõíîñòè ëüäèíêè, f � âåòðîâîé ìíîæèòåëü, A � ýëåêòðîåìêîñòü,
D � êîýôôèöèåíò äèôôóçèè âîäÿíîãî ïàðà â âîçäóõå.

Ïî ñõåìå Ìåéñîíà [Øèøêèí, 1964], ó÷èòûâàÿ, ÷òî ïëîòíîñòü âîäÿíîãî ïàðà q ñâÿçàíà
ñ åãî óïðóãîñòüþ p

q =
pM

RT
, (2)

ãäå M � ìîëåêóëÿðíûé âåñ âîäû, R � óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ, T � òåìïåðà-
òóðà ñðåäû, äëÿ ñêîðîñòè ðîñòà ðàäèóñà ÷àñòèöû (1) çàïèøåì

dr

dt

r2ρ

3Dcf

RT

M
= pw (T )− p (Ti) , (3)

ãäå Ti � òåìïåðàòóðà ïîâåðõíîñòè ëüäèíêè.
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Ïðèíèìàÿ âî âíèìàíèå óðàâíåíèå áàëàíñà òåïëîòû, â êîòîðîé âûäåëåíèå ñêðûòîé
òåïëîòû ñóáëèìàöèè äîëæíî êîìïåíñèðîâàòüñÿ òåïëîîòäà÷åé â îêðóæàþùóþ ñðåäó çà-
ïèøåì

L
dr

dt
=

3ckf

r2ρ
(Ti − T ) . (4)

Çàâèñèìîñòü óïðóãîñòè ïàðà, íàñûùåííîãî íàä ëüäîì, îò òåìïåðàòóðû ïîëó÷àåì èç
ôîðìóëû Êëàéïåðîíà-Êëàóçèóñà

1

p

dp

dT
=
LM

RT 2
. (5)

Èíòåãðèðóÿ (5), ïîëó÷èì:

ln
p (Ti)

p (T )
=
LM

R

Ti − T

TTi
. (6)

Ïðèíèìàÿ T ≈ Ti
p (Ti)− p (T )

p (T )
=
LM

R

Ti − T

T 2
. (7)

Ñ ó÷åòîì (4), (7) ïðèìåò âèä

p (Ti)− p (T ) =
LM

R

p (T )

T 2

Lr2ρ

3ckf

dr

dt
. (8)

Ñêëàäûâàÿ (3) è (8) ñ ó÷åòîì, ÷òî pw(T )−p(T )
p(T )

= ε � îòíîñèòåëüíîå ïåðåñûùåíèå ïî
îòíîøåíèþ êî ëüäèíêå ïðè òåìïåðàòóðå T , ïîëó÷àåì:

dr

dt
=

3cfε

r2ρ
(

RT
DMp(T )

+ L2M
RT 2k

) . (9)

Â (9) âûðàæåíèå
ε

RT

DMp (T )
+
L2M

RT 2k

= B, (10)

áûëî âû÷èñëåíî Á.Äæ. Ìåéñîíîì, ïðè âëàæíîñòè âîçäóõà, ñîîòâåòñòâóþùåé íàñûùå-
íèþ íàä âîäîé.

Óðàâíåíèå (1) ñ ó÷åòîì âûøåñêàçàííîãî ìîæíî ïðèâåñòè ê âèäó

dr

dt
=

3cfB

r2ρ
, (11)

ãäå B = ε
/(

RT
DMp(T )

+ L2M
RT 2k

)
� ïîêàçàòåëü Ìåéñîíà (âû÷èñëåíî Á. Äæ. Ìåéñîíîì),

ε = pw(T )−p(T )
p(T )

� îòíîñèòåëüíîå ïåðåñûùåíèå ïî îòíîøåíèþ êî ëüäèíêå ïðè òåìïåðàòóðå
T .

Óðàâíåíèå äâèæåíèÿ (11) íå ó÷èòûâàåò, ÷òî îáëàêî, êàê ïðàâèëî èìååò ôðàêòàëüíóþ
ñòðóêòóðó [Feder, 1988; Rys, Waldfogel, 1985]. Ó÷åò ýòîãî ôàêòîðà ïðèíöèïèàëüíî ìåíÿåò
óðàâíåíèå (11), ïðåâðàùàÿ åãî â äèôôåðåíöèàëüíîå óðàâíåíèå ñóáëèìàöèîííîãî ðîñòà
äðîáíîãî ïîðÿäêà.
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Ïî àíàëîãèè ñ ðàáîòàìè [Êóìûêîâ, 2016] ââåäåì ýôôåêòèâíóþ ñêîðîñòü èçìåíå-
íèÿ ðàäèóñà ÷àñòèöû ñ èñïîëüçîâàíèåì àïïàðàòà òåîðèè äðîáíîãî äèôôåðåíöèðîâàíèÿ,
ó÷èòûâàþùóþ ôðàêòàëüíîñòü ñðåäû⟨

dr (t)

dt

⟩
=

1

τ
Dα−1

0t

dr (t)

dt
=

1

τ
∂α0tr (t) , 0 < α < 1, (12)

ãäå Dα
at � îïåðàòîð äðîáíîãî èíòåãðî�äèôôåðåíöèðîâàíèÿ Ðèìàíà-Ëèóâèëëÿ, êîòîðàÿ

îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

Dα
atr (t) =


sign(t−a)
Γ(−α)

t

∫
a

r(s)ds

|t−s|α+1 , α < 0,

r (t) , α = 0,

signn (t− a) ∂n

∂tn
Dα−n

at r (t) , n− 1 < α ≤ n, n ∈ N,

, ãäå (z) � ãàììà-ôóíêöèÿ Ýéëåðà, ∂α0tr (t) � äðîáíàÿ ïðîèçâîäíàÿ ïî Êàïóòî (∂
α
atr (t) =

signn (a− t)Dα−n
at

∂nr(t)
∂tn

, n − 1 < α ≤ n, n ∈ N), α � ôåíîìåíîëîãè÷åñêèé ïàðàìåòð (â
íàøåì ñëó÷àå � ïîêàçàòåëü ôðàêòàëüíîñòè ñðåäû), τ � õàðàêòåðíîå âðåìÿ ïðîöåññà, à
òàêæå çàìåíÿÿ â (10) D íà Df � êîýôôèöèåíò ôðàêòàëüíîé äèôôóçèè, ïðè êîòîðîì B
ïåðåõîäèò â Bf � ôðàêòàëüíûé ïîêàçàòåëü Ìåéñîíà, (11) ïðèíèìàåò âèä

∂α0tr (t) =
3cfτBf

ρr2 (t)
, 0 < α < 1. (13)

Çàïèøåì îáùóþ ñõåìó, ýêâèâàëåíòíóþ óðàâíåíèþ (13), êîòîðàÿ ïîçâîëèò îïðåäå-
ëèòü áîëåå ýôôåêòèâíóþ ìîäåëü ðîñòà ÷àñòèöû ïðè ðàçëè÷íûõ óñðåäíåíèÿõ â âèäå

∂α0tr
n (t) = n rn−3 (t) γ, (14)

ãäå n � ñòåïåíü óñðåäíåíèÿ.
Ïðè n = 1îòíîñèòåëüíî ñõåìû (14) óðàâíåíèå (13) ïåðåïèøåì â âèäå

∂α0tr (t) = r−2 (t) γ, 0 < α < 1, (15)

ãäå γ =
3cfτBf

ρ
.

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ äðîá-
íîãî ïîðÿäêà (15) ñ íà÷àëüíûìè óñëîâèÿìè

r (0) = r0. (16)

Çàäà÷à òèïà Êîøè äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äðîáíîé ïðîèçâîäíîé Ðèìàíà�
Ëèóâèëëÿ èññëåäîâàíà â ðàáîòå [Ñàìêî è äð. 1987].

Äëÿ íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ äàííîé çàäà÷è âîñïîëüçóåìñÿ ðàçíîñòíûì
ìåòîäîì, ïðåäëîæåííûì â ðàáîòå [Shkhanukov-La�shev, 2006]. Ñ ýòîé öåëüþ íà îòðåçêå
[0, T ] ââåäåì ñåòêó ω̄h = {jh, j = 0, 1, 2...N} ñ øàãîì h = T/N ïî âðåìåíè, ãäå N �
íàòóðàëüíîå ÷èñëî.

Äèôôåðåíöèàëüíîé çàäà÷å (15)�(16) ïîñòàâèì â ñîîòâåòñòâèå ñëåäóþùóþ ðàçíîñò-
íóþ ñõåìó:

1

Γ(2− α)

j∑
s=0

(t1−α
j−s+1 − t1−α

j−s )yt,s = f(tj, yj), j = 1, 2, ...N, (17)
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y0 = r0, (18)

ãäå ∆α
0tj
y = 1

Γ(2−α)

∑j
s=0(t

1−α
j−s+1 − t1−α

j−s )yt̄,s � äèñêðåòíûé àíàëîã äðîáíîé ïðîèçâîäíîé,

yt,s =
ys+1−ys

h
� ïðàâàÿ ðàçíîñòíàÿ ïðîèçâîäíàÿ,f(tj, yj) =

3AfτBf

ρy2j
.

Ñõåìà (17) � (18) ÿâëÿåòñÿ ÿâíîé:

yj+1 = yj + hαΓ(2− α)
[
f(tj, yj)− 1

Γ(2−α)

∑j−1
s=0(t

1−α
j−s+1 − t1−α

j−s )yt,s

]
,

j = 0, 1, 2, ...N − 1.
(19)

Ðåøåíèå ðàçíîñòíîé çàäà÷è y ñõîäèòñÿ ê ðåøåíèþ r ñîîòâåòñòâóþùåé äèôôåðåíöè-
àëüíîé çàäà÷è ñî ñêîðîñòüþ O(hα).

Èñõîäÿ èç òîãî, ÷òî ïðîöåññû è ñèñòåìû, îïèñûâàþùèåñÿ ñ ïîìîùüþ ïðîèçâîäíûõ
äðîáíîãî ïîðÿäêà, ÿâëÿþòñÿ ôðàêòàëüíûìè, ðàññìàòðèâàåìûé â äàííîé ðàáîòå ïðîöåññ
ñóáëèìàöèîííîãî ðîñòà ëåäÿíûõ ÷àñòèö òîæå ÿâëÿåòñÿ ôðàêòàëüíûì. Òàêèå ïðîöåññû
ðàññìîòðåíû â ðàáîòàõ [Êóìûêîâ, 2015; Êóìûêîâ, Ïàðîâèê, 2015], â êîòîðûõ ïðîâî-
äèëîñü ìîäåëèðîâàíèå èçìåíåíèÿ çàðÿäà îáëà÷íûõ êàïåëü âî ôðàêòàëüíîé îáëà÷íîé
ñðåäå ñ èñïîëüçîâàíèåì àïïàðàòà äðîáíîãî èñ÷èñëåíèÿ.

Ïðè n = 2 îòíîñèòåëüíî ñõåìû (14) óðàâíåíèå (13) ïðèìåò ñëåäóþùèé âèä

∂α0tr
2 (t) =

2γ

r (t)
, 0 < α < 1. (20)

Îáîçíà÷èì r2 (t) = y. Òîãäà óðàâíåíèå (20) ïðèìåò âèä:

∂α0tC =
2γ√
C
, 0 < α < 1. (21)

Ñ èñïîëüçîâàíèåì îïåðàòîðà Ðèìàíà � Ëèóâèëëÿ óðàâíåíèå (21) ïðèìåò âèä

Dα−1
0t C ′ =

2γ√
C
, 0 < α < 1. (22)

Ïîäåéñòâóåì íà (22) îáðàòíûì îïåðàòîðîì D1−α
0t . Òîãäà ïîëó÷àåì

C ′ = 2γD1−α
0t C− 1

2 , 0 < α < 1. (23)

Ïðè ïîìîùè ôîðìóëû äðîáíîãî äèôôåðåíöèðîâàíèÿ äëÿ ñòåïåííûõ ôóíêöèé [Ïñõó,
2005] óðàâíåíèå (23) ïðèíèìàåò âèä

C ′ = 2γ

√
π

Γ
(
α− 1

2

)Cα− 3
2 , 0 < α < 1. (24)

Ïåðåïèøåì ïîñëåäíåå â ñëåäóþùåì âèäå:

Γ
(
α− 1

2

)
2γ

√
π

C−α+ 3
2dy = dt, 0 < α < 1. (25)

Âîçüìåì èíòåãðàë îò îáåèõ ÷àñòåé ïîñëåäíåãî ðàâåíñòâà:

Γ

(
α− 1

2

)
1

2γ
√
π

∫
C−α+ 3

2dy =

∫
dt, 0 < α < 1. (26)
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Îáùåå ðåøåíèå (26) èìååò âèä

y =
5
2−α

√
γ
√
π (5− 2α) t

Γ
(
α− 1

2

) + C2 , (27)

ãäå C2 =
C1γ

√
π(5−2α)

Γ(α− 1
2)

, C1 =const.

Ñ ó÷åòîì (27) ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (20) ñ íà÷àëüíûì óñëîâèåì

r (0) = r0 (28)

èìååò âèä

r (t) = 5−2α

√
γ
√
π (5− 2α)

Γ
(
α− 1

2

) (t+ C1). (29)

Ïðè n = 3 îòíîñèòåëüíî ñõåìû (14) óðàâíåíèå (13) ïðèíèìàåò ñëåäóþùèé âèä:

∂α0tr
3 (t) = 3γ, 0 < α < 1. (30)

Ðåøåíèå çàäà÷è Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî
ïîðÿäêà (30) ñ íà÷àëüíûì óñëîâèåì

r (0) = r0. (31)

èìååò âèä

r (t) = 3

√
3γ

tα

Γ (α + 1)
+ r0. (32)

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò ïðîâåñòè ñðàâíèòåëüíûé àíàëèç ïîâåäåíèÿ ñóá-
ëèìàöèîííîãî ðîñòà ëüäèíîê âî ôðàêòàëüíîé îáëà÷íîé ñðåäå ïî ñðàâíåíèþ ñî ñïëîøíîé
ñðåäîé. Âèäíî, ÷òî ãðàôèêè ðåøåíèé çàäà÷è (31)�(32) ïðè ðàçëè÷íûõ α ðàçâèâàþòñÿ
ìåäëåííåå, ÷åì ñ àíàëîãè÷íûì ïðîöåññîì â ñïëîøíîé ñðåäå. Çîíà ôðàêòàëüíîãî ýôôåê-
òà íàõîäèòñÿ íèæå è áîëåå ñêîíöåíòðèðîâàíà â îòëè÷èå îò ðåçóëüòàòîâ çàäà÷è (15)�(16).

Âèäíî, ÷òî ïðè èçìåíåíèè ñòåïåíè óñðåäíåíèÿ n ãðàôèêè ñóáëèìàöèîííîãî ðîñòà
ëüäèíîê ïðè îäèíàêîâûõ ïîêàçàòåëÿõ ïàðàìåòðà α âåäóò ñåáÿ àíîìàëüíî. Ïðè α = 1
è α = 0, 9 ãðàôèêè ïðàêòè÷åñêè èäåíòè÷íûå, à ïðè α = 0, 6 è α = 0, 3 íàáëþäàåòñÿ
ðåçêèé ñêà÷îê è äàëüíåéøåå çàìåäëåíèå â äèíàìèêå ðîñòà ÷àñòèöû.

3. Ðåçóëüòàòû ìîäåëèðîâàíèÿ

×èñëåííîå ìîäåëèðîâàíèå ïðîâîäèëîñü ñ ïîìîùüþ ïðîãðàììû Maple 18. Íà ðèñ. 1
ïîêàçàíû ãðàôèêè ïðèáëèæåííûõ ðåøåíèé çàäà÷è (15)�(16) ïðè ðàçëè÷íûõ çíà÷åíèÿõ
ïîêàçàòåëÿ ôðàêòàëüíîñòè α. Ïðè ýòîì ôóíêöèè áûëè ïðèâåäåíû ê áåçðàçìåðíîìó
âèäó, ãäå â êà÷åñòâå õàðàêòåðíîé äëèíû âçÿòî íà÷àëüíîå çíà÷åíèå r0.
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Ðèñ. 1. Ãðàôèêè ðåøåíèé çàäà÷è (15)�(16) ïðè ðàçëè÷íûõ α

Fig. 1. Graphs of solutions to the problem (15)�(16) for di�erent α

Èç ðèñóíêà âèäíî, ÷òî ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà α ïðîèñõîäèò ðåçêèé ñêà÷îê
ðàäèóñà ëåäÿíûõ ÷àñòèö, à çàòåì, ïîñëå ïåðåõîäà ÷åðåç çîíó äåéñòâèÿ ôðàêòàëüíîãî ýô-
ôåêòà, çàìåäëÿåòñÿ. Ïîä çîíîé ôðàêòàëüíîãî ýôôåêòà ïîíèìàåì îáëàñòü, â êîòîðûõ
ãðàôèêè, ëåæàùèå â îáëàñòè 0 < α < 1, ïåðåñåêàþòñÿ ñ ãðàôèêîì ïðè α = 1. Ýòî îá-
ëàñòü, â êîòîðîé íà÷èíàåòñÿ ïðîÿâëåíèå ôðàêòàëüíûõ ñâîéñòâ. Èñõîäÿ èç ýòîãî, ìîæíî
ñäåëàòü ïðåäïîëîæåíèå, ÷òî ïðîöåññû âî ôðàêòàëüíûõ îáëà÷íûõ ñðåäàõ ïðîòåêàþò çíà-
÷èòåëüíî ìåäëåííåå, íåæåëè â ñïëîøíûõ. Îòìåòèì, ÷òî àíàëîãè÷íûå ðåçóëüòàòû ìîæíî
ïîëó÷èòü ñ ïîìîùüþ ïðèáëèæåííîé ôîðìóëû äëÿ äðîáíîé ïðîèçâîäíîé, ïîëó÷åííîé â
ðàáîòå [Sweilam è äð. 2012].

Ðèñ. 2. Ãðàôèêè ðåøåíèé çàäà÷è (20)-(28) ïðè ðàçëè÷íûõ α

Fig. 2. Graphs of solutions to the problem (20)�(28) for di�erent α

Íà ðèñóíêå 2 ïðåäñòàâëåíû ãðàôèêè ÷èñëåííîãî ðåøåíèÿ çàäà÷è äëÿ ðàçíûõ çíà÷å-
íèé α (α = 0, 3; α = 0, 6; α = 0, 9; α = 1) ñ èñïîëüçîâàíèåì Matlab 2017.

Èç ðèñóíêà âèäíî, ÷òî ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà α ïðîèñõîäèò ðåçêèé ñêà÷îê
ðàäèóñà ëüäèíîê, à çàòåì, ïîñëå ïåðåõîäà ÷åðåç çîíó äåéñòâèÿ ôðàêòàëüíîãî ýôôåêòà,
çàìåäëÿåòñÿ. Èç ðåçóëüòàòîâ, ïðåäñòàâëåííûõ íà ðèñóíêå 2, ìîæíî ñäåëàòü âûâîä, ÷òî
ïðåäëîæåííàÿ ìîäåëü íàõîäèòñÿ â õîðîøåì ñîãëàñèè ñ òî÷íûì ðåøåíèåì.

Íà ðèñ. 3 ïîêàçàíû ãðàôèêè ïðèáëèæåííûõ ðåøåíèé çàäà÷è (31)�(32) ïðè ðàçëè÷-
íûõ çíà÷åíèÿõ ïîêàçàòåëÿ ôðàêòàëüíîñòè α. Âèäíî, ÷òî ïðè èçìåíåíèè ïîêàçàòåëÿ
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ïàðàìåòðà α ãðàôèêè èäåíòè÷íû ãðàôèêàì, ïîëó÷åííûì âûøå. Òàêæå ìîæíî çàìå-
òèòü íà ðèñóíêàõ 1�3, ÷òî ïðè ðàçëè÷íûõ ïîêàçàòåëÿõ n çîíû äåéñòâèÿ ôðàêòàëüíîãî
ýôôåêòà ëåæàò íà ðàçíûõ óðîâíÿõ (÷åì áîëüøå n, òåì íèæå óðîâåíü çîíû).

Ðèñ. 3. Ãðàôèêè ðåøåíèé çàäà÷è (31)�(32) ïðè ðàçëè÷íûõ α

Fig. 3. Graphs of solutions to the problem (31)�(32) for di�erent α

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò ïðîâåñòè ñðàâíèòåëüíûé àíàëèç ïîâåäåíèÿ ñóá-
ëèìàöèîííîãî ðîñòà ëüäèíîê âî ôðàêòàëüíîé îáëà÷íîé ñðåäå ïî ñðàâíåíèþ ñî ñïëîøíîé
ñðåäîé. Âèäíî, ÷òî ãðàôèêè ðåøåíèé çàäà÷è (31)�(32) ïðè ðàçëè÷íûõ α ðàçâèâàþòñÿ
ìåäëåííåå, ÷åì ñ àíàëîãè÷íûì ïðîöåññîì â ñïëîøíîé ñðåäå. Çîíà ôðàêòàëüíîãî ýôôåê-
òà íàõîäèòñÿ íèæå è áîëåå ñêîíöåíòðèðîâàíà â îòëè÷èå îò ðåçóëüòàòîâ çàäà÷è (15)�(16).

4. Çàêëþ÷åíèå

Â ðàáîòå ñ ïîìîùüþ ÷èñëåííûõ ìåòîäîâ áûë èññëåäîâàí ïðîöåññ ñóáëèìàöèîííîãî
ðîñòà ëåäÿíûõ ÷àñòèö ñ ó÷åòîì ôðàêòàëüíîñòè îáëà÷íîé ñðåäû. Ñóáëèìàöèîííûé ðîñò
ëåäÿíûõ ÷àñòèö èãðàåò ñóùåñòâåííóþ ðîëü ïðè çàðîæäåíèè ãðîçîâûõ îáëàêîâ, à ôðàê-
òàëüíîñòü ñàìîé ñðåäû íåïîñðåäñòâåííî îêàçûâàåò âëèÿíèå íà ïðîöåññ ñóáëèìàöèè.

Ìîæíî îòìåòèòü, ÷òî ïîëó÷åííûå ÷èñëåííûå ðåçóëüòàòû ïðè ñóáëèìàöèîííîì ðî-
ñòå ëåäÿíûõ ÷àñòèö íàõîäÿòñÿ â õîðîøåì ñîãëàñèè ñ òî÷íûì ðåøåíèåì. Ïðåäñòàâëåí-
íûå ôîðìóëû ìîãóò áûòü èñïîëüçîâàíû äëÿ ðàñ÷åòà èçìåíåíèÿ ðàäèóñà ÷àñòèö îáëàêà
ïîä âëèÿíèåì ïðîöåññà ñóáëèìàöèè ëüäèíîê ñ çàäàííûìè ïàðàìåòðàìè ñ ó÷åòîì ôðàê-
òàëüíîñòè ñðåäû. Ïðîâåäåííûå ÷èñëåííûå ýêñïåðèìåíòû äëÿ îöåíêè âëèÿíèÿ ôðàê-
òàëüíîñòè ñðåäû íà ðîñò ëåäÿíûõ ÷àñòèö ïðè ðàçëè÷íûõ ñî÷åòàíèÿõ ìèêðîôèçè÷åñêèõ
ïàðàìåòðîâ ïîêàçàëè îáùóþ çàâèñèìîñòü ðîñòà ëüäèíîê îò ïàðàìåòðà ôðàêòàëüíîñòè
ñðåäû, âûðàæàþùóþñÿ â ðåçêîì ñêà÷êå, à çàòåì â óìåíüøåíèè ñêîðîñòè ðîñòà ïðè
ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà ôðàêòàëüíîñòè. Ïðè ðàçëè÷íûõ çíà÷åíèÿõ ôðàêòàëü-
íîñòè ñðåäû âûÿâëåíû çîíû íà÷àëà äåéñòâèÿ ôðàêòàëüíîãî ýôôåêòà íà âåëè÷èíó ëå-
äÿíûõ ÷àñòèö.
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Abstract

The signal-to-noise ratio is a measure used in engineering and science that compares the level of

a desired signal to the level of background noise. This parameter is one of the main features of

the spectrometer devices. In this experimental study, a homemade photoacoustic layout used to

detect chloroform vapour in the presence of krypton bu�er gas. The system limit of detection for

detecting chloroform was measured 475ppb at the 0.49W carbon dioxide laser power, 605Hz resonant

frequency and in the presence of 1bar krypton gas. Also the system signal-to-noise ratio variations

for 690 mTorr chloroform vapours in the presence of three bu�er gases (krypton, N2 and He) at

the various laser power and barometric pressure was measured. Results show that signal-to-noise

ratio increase, when the carbon dioxide laser power increases. Also when He used as bu�er gas,

signal-to-noise ratio is the lowest.

Àííîòàöèÿ

Îòíîøåíèå ñèãíàë/øóì ÿâëÿåòñÿ ìåðîé, èñïîëüçóåìîé â òåõíèêå è íàóêå, êîòîðàÿ ñðàâíè-

âàåò óðîâåíü ïîëåçíîãî ñèãíàëà ñ óðîâíåì ôîíîâîãî øóìà. Ýòîò ïàðàìåòð ÿâëÿåòñÿ îäíîé

èç îñíîâíûõ îñîáåííîñòåé ïðèáîðîâ ñïåêòðîìåòðà. Â ýòîì ýêñïåðèìåíòàëüíîì èññëåäîâàíèè

èñïîëüçîâàëàñü ñàìîäåëüíàÿ ôîòîàêóñòè÷åñêàÿ ñõåìà, èñïîëüçóåìàÿ äëÿ îáíàðóæåíèÿ ïàðîâ

õëîðîôîðìà â ïðèñóòñòâèè áóôåðíîãî ãàçà êðèïòîíà. Ñèñòåìíûé ïðåäåë îáíàðóæåíèÿ äëÿ

îáíàðóæåíèÿ õëîðîôîðìà áûë èçìåðåí â 475 ÷àñòåé íà ìèëëèàðä ïðè ìîùíîñòè ëàçåðà íà

óãëåêèñëîì ãàçå ìîùíîñòüþ 0,49 Âò, ðåçîíàíñíîé ÷àñòîòå 605 Ãö è â ïðèñóòñòâèè 1 áàð êðèï-

òîíîâîãî ãàçà. Òàêæå áûëè èçìåðåíû èçìåíåíèÿ îòíîøåíèÿ ñèãíàë/øóì ñèñòåìû äëÿ ïàðîâ

õëîðîôîðìà 690 ìÒîðð â ïðèñóòñòâèè òðåõ áóôåðíûõ ãàçîâ (êðèïòîí, àçîò è ãåëèé) ïðè ðàç-

ëè÷íîé ìîùíîñòè ëàçåðà è áàðîìåòðè÷åñêîì äàâëåíèè. Ðåçóëüòàòû ïîêàçûâàþò, ÷òî îòíîøå-

íèå ñèãíàë/øóì óâåëè÷èâàåòñÿ, êîãäà óâåëè÷èâàåòñÿ ìîùíîñòü ëàçåðà íà óãëåêèñëîì ãàçå.

Òàêæå, êîãäà ãåëèé èñïîëüçóåòñÿ â êà÷åñòâå áóôåðíîãî ãàçà, îòíîøåíèå ñèãíàë/øóì ÿâëÿåòñÿ

ñàìûì íèçêèì.

Key words: Laser photoacoustic method, Signal-to-noise ratio, Krypton gas, Chloroform, Carbon

dioxide laser power.
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Êëþ÷åâûå ñëîâà: Ëàçåðíûé ôîòîàêóñòè÷åñêèé ìåòîä, îòíîøåíèå ñèãíàë/øóì, êðèïòîí-ãàç,

õëîðîôîðì, ìîùíîñòü ëàçåðà íà óãëåêèñëîì ãàçå.

Introduction

The photoacoustic e�ect was discovered by A. G. Bell in 1880 [Bell, 1880]. Bell focused
intensity-modulated light (by chopped sunlight) falling on an optically absorbing solid sub-
stance produced an audible acoustic [Dumitras et.al., 2007]. Then in 1881, light absorption
was detected with its acoustic e�ect in gases, solids and liquids by A. G. Bell [Bell, 1881]
and other researchers such as J. Tyndall [Tyndall, 1881], W. C. Rontgen [Rontgen, 1881],
and W. H. Preece [Preece, 1881]. After these scientists, a wide range of scientists studied the
various aspects of this method [Kaiser, 1881; Dibaee et. al. 2015; Kreuzer, 1971; Xiong et.
al., 2018; Mohebbifar et. al., 2014, Dewey et. al., 1973, Bruce and Pinnick, 1977; Terhune
and Anderson, 1977]. The high selectivity and sensitivity, high accuracy and precision, large
dynamic range, good temporal resolution, ease of use, versatility, reliability, robustness, and
multicomponent capability are the most important features for a gas sensor. Gas chroma-
tographs are neither fast enough nor sensitive. Although there is no ideal instrument that
would ful�ll all the requirements mentioned above, a spectroscopic method and particularly
the simple setup of LPAS provide several unique advantages, notably the multicomponent
capability, high sensitivity and selectivity, immunity to electromagnetic interferences, wide
dynamic range, convenient real time data analysis, relative portability, operational simplicity,
easy calibration, relatively low cost per unit, and generally no need for sample preparation.
LPAS is primarily a calorimetric technique and, as such, di�ers completely from other
previous techniques, as the absorbed energy can be determined directly, instead of via
measurement of the intensity of the transmitted or backscattered radiation. This method
has a ppb (parts per billion)-grade or even ppt (parts per trillion)-grade sensitivity. For
this reason, this technique is used to detect partial leakage in various industries, especially
advanced industries. One of the most important features of a spectrometer is the signal-
to-noise ratio. The signal-to-noise ratio is a measure used in engineering and science that
compares the level of a desired signal to the level of background noise. Signal-to-noise ratio
is de�ned as the ratio of signal power to the noise power, often expressed in decibels. The
ability of the spectrometer to make accurate measurements depends on the quality of the
signal obtained from the detector and the subsequent electrical circuits. The signal-to-noise
ratio provides a measure of the signal quality. The signal-to-noise ratio compares the average
power available in the signal to the average power contained in the noise, which includes
any signal from sources other than the target signal source. Chloroform is one of the most
serious pollutants in the environment. Prolonged exposure to chloroform vapors could cause
severe health e�ects such as headache, eyesight disturbance, kidney damage, lung congestion,
cancer, and so on. Therefore, accurate and sensitive detection of chloroform is very important
in di�erent environments. One of the most sensitive methods to detect chloroform vapors
is laser photoacoustic spectroscopy method [Mohebbifar , 2014]. In this paper the system
limit of detection for detecting chloroform was measured. Then the system signal-to-noise
ratio variations for chloroform vapours in the presence krypton, N2 and He as bu�er gas at
the various carbon dioxide laser powers at atmospheric pressure and room temperature was
measured.
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Theory

The photoacoustic process is mainly the consequences of the modulated light interaction
with gas species to generate acoustic signal. A molecule that absorbs laser radiation is
excited to a higher quantum state (electronic, vibrational or rotational state). The excited
state loses its energy by radiation processes, such as spontaneous emission or stimulated
emission, and by collisional relaxation, in which energy is converted into translational energy.
In this technique, radiative emission and chemical reactions do not play an important role
in the case of vibrational excitation, because the radiative lifetimes of the vibrational levels
are long compared with the time needed for collisional deactivation at pressures used in
photoacoustics, and the photon energy is too small to induce chemical reactions. Thus, in
practice the absorbed energy is completely released via either �uorescence or collisions. The
latter give rise to a gas temperature increase due to energy transfer to translation as heat,
appearing as translational energy of the gas molecules. The deposited heat power density is
proportional to the absorption coe�cient and incident light intensity. As shows in the �gure
(1) the modulated laser beam leads to produce acoustic waves which in turn can be detected
by a sensitive microphone in the center of photoacoustic cell. It gives us a measure of gas
concentration.

Fig. 1. A common block diagram of the laser photoacoustic spectrometer

In the laser photoacoustic spectroscopy method, the heat generation rate in the gas
sample which irradiated by modulated laser, is given by Equation (1) [Dibaee et. al., 2015]:

dŃ/dt = σϕ(N − Ń)− Ń/τ . (1)

Where in the two levels atomic model, N , σ, ϕ and τ are the atomic energy density of
atomic level, cross section, incident �ux and relaxation time of atomic levels respectively.
After modulation of incident �ux ϕ is given by Equation (2) and �nally the heat generation
rate will be as Equation (3):



ÍÀÓ×ÍÛÅ ÂÅÄÎÌÎÑÒÈ Ñåðèÿ: Ìàòåìàòèêà. Ôèçèêà. 2019. Òîì 51, �3 447

ϕ = ϕ0[1 + exp(iωt)], (2)

dŃ/dt = Nσϕ0[1 + exp(iωt)]− Ń/τ. (3)

In the resonance spectroscopic systems, the laser is modulated by a chopper at the
resonance frequency of acoustic resonator, and a phase-sensitive ampli�er is locked at the
chopper frequency and �nally pressure changes (acoustic wave) measured by a sensitive
microphone. This signal is called photoacoustic signal (Equation (4)) [Mohebbifar et. al.,
2014]:

S = [αCj(ωj)P0F exp(iωt)]/[
√
(1 + ω2τ 2)]. (4)

Where Cj(ωj) is the cell constant in the resonant frequency of acoustic resonator, is the
microphone responsivity, is laser power and is the absorption coe�cient.

Results and discussion

In order to design an optimum acoustic resonator, the resonant frequency and the cell
dimensions were well chosen at �rst [Mohebbifar, 2019]. After simulation and optimization,
160mm for resonator length and 3mm for resonator radius was found as optimal acoustic
resonator size and eventually home-made acoustic cell was fabricated. This resonator was
made of stainless steel such that a couple of ZnSe windows were located at the both ends
of the bu�er volumes in order to suppress noise, coupled with the acoustic resonator. The
resonator is connected to the bu�er volumes to suppress the noise. The experimental setup
including a continues wave carbon dioxide laser at the wave length of 10.6µm and di�erent
power from 0.05 to 1 watt, Knowles EK-3024 microphone, mechanical chopper with frequency
up to 10 kHz, continues wave power meter and rotary pump. The photoacoustic signal is
measured in time and frequency domain by TDS3034 Tektronix oscilloscope and the SR850
Stanford Research Systems Company lock-in ampli�er [Mohebbifar, 2019]. As the �rst step,
system limit of detection to detect chloroform was measured by using Equation (5):

Cmin = C/signal − to− noise− ratio. (5)

Where C is the concentration of incoming gas sample and signal-to-noise ratio is given
by Equation (6):

signal − to− noise− ratio = Photoacoustic− signal/Noise− signal. (6)

The system limit of detection for detecting chloroform was measured 475ppb at 0.49W
carbon dioxide laser power with 10.6µm wavelength, 605Hz resonant frequency of mechanical
chopper and 1 bar krypton as bu�er gas. All measurements were performed at room tem-
perature. In the next step of experiments, the system signal-to-noise ratio variations for
chloroform vapour in terms of carbon dioxide laser power were performed. For this purpose
system signal-to-noise ratio variations for 690 mTorr chloroform vapours in the presence of
1bar pressure of three bu�er gases (krypton, N2 and He) at the carbon dioxide laser power
from 0.05W to 1W was measured (�gures 2-4). The carbon dioxide laser output power was
continuously measured by continues wave power meter (EPM300 model-Coherent Company).
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Fig. 2. Variation of the Signal-to-noise ratio of Chloroform + krypton in terms of various carbon

dioxide laser powers

Fig. 3. Variation of the Signal-to-noise ratio of Chloroform + N2 in terms of various carbon

dioxide laser powers
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Fig. 4. Variation of the Signal-to-noise ratio of Chloroform + He in terms of various carbon

dioxide laser powers

These results show that signal-to-noise ratio increases, when the carbon dioxide laser
power increases. These experimental data were in agreement with the theory of laser photo-
acoustic spectroscopy method. Actually increasing laser power leads to an increase collisional
non-radiative processes, and thus increase photo-acoustic signal and signal-to-noise ratio.
Moreover results show that when He used as bu�er gas, signal-to-noise ratio of chloroform
is the lowest. The di�erent behaviour of He is because, �rstly Molar mass of He is less than
other bu�er gases and secondly thermal di�usion of He is much faster than the other bu�er
gases.

Conclusion

This experimental study describes an experimental setup to detect chloroform vapor. For
0.49 watts of carbon dioxide laser power, 605Hz resonant frequency and in the presence of
1bar krypton as bu�er gas system limit of detection to detect chloroform vapor was measured
475ppb. Also the system signal-to-noise ratio variations for 690 mTorr chloroform vapors in
the presence of krypton, N2 and He bu�er gases at the various carbon dioxide laser power
and barometric pressure was measured. Results show that signal-to-noise ratio increase,
when the carbon dioxide laser power increases. Furthermore, increasing laser power leads
to an increase collision non-radiative processes, and thus increase photo-acoustic signal and
signal-to-noise ratio. Also when He used as bu�er gas, signal-to-noise ratio is the lowest. The
di�erent behaviour of He is because, �rstly Molar mass of He is less than other bu�er gases
and secondly thermal di�usion of He is much faster than the other bu�er gases.
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Àííîòàöèÿ

Â ñòàòüå àíàëèçèðóåòñÿ âðåìåííîé ðàñïàä äëÿ îïöèîííîé ñòðàòåãèè ñòðýääë (straddle). Ìî-

äåëèðîâàíèå îñóùåñòâëÿåòñÿ íà ïðèìåðå äâóõ ìîäåëåé: Sircar-Papanicolaou (1998) è Janda�cka-
�Sev�covi�c (2005). Ïåðâàÿ ìîäåëü ó÷èòûâàåò ýôôåêòû îáðàòíîé ñâÿçè îò îïåðàöèé êðóïíûõ

òðåéäåðîâ, âòîðàÿ ó÷èòûâàåò íàëè÷èå òðàíçàêöèîííûõ èçäåðæåê. Ïîñòðîåíû ãðàôèêè, ïîêà-

çûâàþùèå îòëè÷èå â öåíàõ è â ñêîðîñòè âðåìåííîãî ðàñïàäà äëÿ èññëåäóåìûõ íåëèíåéíûõ ìî-

äåëåé îò êëàññè÷åñêîé ëèíåéíîé ìîäåëè Áëýêà-Øîóëçà ïðè èñïîëüçîâàíèè ñòðàòåãèè straddle.

Abstract

The article analyzes time decay for the option strategy ¾straddle¿. The simulation is carried out

on the example of two models: the model of R.K. Sircar and G.Papanicolaou (1998) and the model

of M. Janda�cka and D. �Sev�covi�c (2005). The �rst model takes into account the feedback e�ects of

the operations of large traders, the second model takes into account the transaction costs. The

results are presented in the form of graphs, showing the di�erence in prices of and time decay for

the nonlinear models under study from the classical linear model of Black-Scholes, when using the

strategy straddle.

Êëþ÷åâûå ñëîâà: òðàíçàêöèîííûå èçäåðæêè; íåëèíåéíûå óðàâíåíèÿ òèïà Áëýêà-Øîóëçà;

öåíîîáðàçîâàíèå îïöèîíîâ; ñòðýääë.

Key words: transaction costs; nonlinear Black � Scholes equations; option pricing; straddle.

Ââåäåíèå

Êëàññè÷åñêàÿ ëèíåéíàÿ ìîäåëü öåíîîáðàçîâàíèÿ Áëýêà-Øîóëçà ñ ïîñòîÿííîé (òàê
íàçûâàåìîé èñòîðè÷åñêîé) âîëàòèëüíîñòüþ áûëà ïðåäëîæåíà â ðàáîòå [5]. Ìîäåëü áûëà
âûâåäåíà ñ èñïîëüçîâàíèåì íåñêîëüêèõ îãðàíè÷åíèé, òàêèõ êàê íåïðåðûâíàÿ òîðãîâëÿ,

1) Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷íîãî ïðîåêòà 19-01-
00244.
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îòñóòñòâèå òðàíçàêöèîííûõ èçäåðæåê è àáñîëþòíàÿ ëèêâèäíîñòü. Ñîãëàñíî ýòîé òåîðèè
öåíîîáðàçîâàíèÿ îïöèîíîâ öåíà u(x, t) óñëîâíîãî òðåáîâàíèÿ, ãäå öåíà áàçîâîãî àêòèâà
x > 0 è ìîìåíò âðåìåíè t ∈ [0, T ], ÿâëÿåòñÿ ðåøåíèåì ëèíåéíîãî ïàðàáîëè÷åñêîãî
óðàâíåíèÿ:

ut +
1

2
σ2x2uxx + rxux − ru = 0, (1)

ãäå r > 0 � áåçðèñêîâàÿ ïðîöåíòíàÿ ñòàâêà, à σ � ïîñòîÿííàÿ èñòîðè÷åñêàÿ âîëàòèëü-
íîñòü áàçîâîãî àêòèâà.

Îäíàêî ïðàêòè÷åñêèé àíàëèç ðûíî÷íûõ äàííûõ ïîêàçûâàåò íåîáõîäèìîñòü ïîñòðî-
åíèÿ áîëåå ðåàëèñòè÷íûõ ìîäåëåé, êîòîðûå ó÷èòûâàþò âûøåóïîìÿíóòûå íåäîñòàòêè
êëàññè÷åñêîé òåîðèè Áëýêà-Øîóëçà. Ýòî ñòèìóëèðîâàëî ðàçðàáîòêó ðàçëè÷íûõ íåëè-
íåéíûõ ìîäåëåé öåíîîáðàçîâàíèÿ îïöèîíîâ, â êîòîðûõ ôóíêöèÿ âîëàòèëüíîñòè áîëüøå
íå ÿâëÿåòñÿ ïîñòîÿííîé.

Íàèáîëåå îáùåé ìîäåëüþ, ó÷èòûâàþùåé íåäîñòàòî÷íóþ ëèêâèäíîñòü, ÿâëÿåòñÿ ìî-
äåëü Ñèðêàðà-Ïàïàíèêîëàó [16]. Â äàííîé ìîäåëè äëÿ îïèñàíèÿ öåíîîáðàçîâàíèÿ îïöè-
îíîâ èñïîëüçóåòñÿ ïîíÿòèå ñîâîêóïíîãî äîõîäà ¾ðåôåðàëüíûõ¿ òðåéäåðîâ. Àâòîðàìè
ïîëó÷åíî ñåìåéñòâî íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-
íûõ, â ñëó÷àå îòñóòñòâèÿ ïðîãðàììíûõ òðåéäåðîâ (ρ→ 0, ρ � äîëÿ êðóïíûõ òðåéäåðîâ)
ñâîäÿùååñÿ ê êëàññè÷åñêîìó óðàâíåíèþ Áëýêà-Øîóëçà:

ut +
1

2

[
V (1− ρux)U

′(V (1− ρux))

V (1− ρux)U ′(V (1− ρux))− ρxuxx

]2
σ2x2uxx + r(xux − u) = 0. (2)

Çäåñü V (·) = U−1(·), à U(·) � ôóíêöèÿ îòíîñèòåëüíîãî ñïðîñà ðåôåðàëüíûõ òðåéäåðîâ.
Àâòîðû ìîäåëè, Ð. Ñèðêàð è Ã. Ïàïàíèêîëàó, ïîäðîáíî ðàññìàòðèâàëè ñëó÷àé ëèíåéíîé
ôóíêöèè U(z) = βz, β > 0, â ýòîì ñëó÷àå óðàâíåíèå èìååò âèä

ut +
1

2

[
1− ρux

1− ρux − ρxuxx

]2
σ2x2uxx + r(xux − u) = 0, (3)

è ïðîâåëè ÷èñëåííîå èññëåäîâàíèå ïîâåäåíèÿ ìîäåëè â ìîìåíòû, áëèçêèå ê ýêñïèðàöèè
îïöèîíîâ.

Çàìå÷àíèå. Ïðîâåäåííàÿ ãðóïïîâàÿ êëàññèôèêàöèÿ óðàâíåíèÿ (2) (ñì. [7,10]) ïîç-
âîëèëà âûäåëèòü äâå ñïåöèôèêàöèè, êîòîðûì ñîîòâåòñòâóþò ëîãàðèôìè÷åñêàÿ ôóíê-
öèÿ ñïðîñà ðåôåðàëüíûõ òðåéäåðîâ U(z) = 1

β
ln z + A è ñòåïåííàÿ ôóíêöèÿ ñïðîñà

U(z) = Az1/β, ãäå A � êîíñòàíòà èíòåãðèðîâàíèÿ. Â ýòîì ñëó÷àå ìîäåëü âûãëÿäèò êàê

ut +
1

2
[1− xv(ux)uxx]

−2 σ2x2uxx + r(xux − u) = 0 .

Ïðè ýòîì ñâîáîäíûé ýëåìåíò v(ux) ïðèíèìàåò çíà÷åíèÿ v(ux) = β (ëîãàðèôìè÷åñêàÿ
ôóíêöèÿ ñïðîñà) èëè v(ux) = β/ux äëÿ ñòåïåííîé ôóíêöèè ñïðîñà. Çäåñü β � ïîñòîÿí-
íàÿ. Â ñëó÷àå, êîãäà v(ux) = 0, ïîëó÷àåòñÿ ëèíåéíàÿ ìîäåëü Áëýêà-Øîóëçà, êîòîðàÿ,
çàìåòèì, ìåòîäàìè ñèììåòðèéíîãî àíàëèçà áûëà èññëåäîâàíà â ðàáîòå [11].

Ìåòîäîëîãèÿ öåíîîáðàçîâàíèÿ ñ ïîïðàâêîé íà ðèñê (risk adjusted pricing methodo-
logy, ñîêðàùåííî RAPM), ó÷èòûâàþùàÿ íå òîëüêî òðàíçàêöèîííûå èçäåðæêè, íî è
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ðèñê, âîçíèêàþùèé èç-çà íåäîñòàòî÷íîé ÷àñòîòû áàëàíñèðîâêè ïîðòôåëÿ ïðè äåëüòà-
õåäæèðîâàíèè, áûëà îáîáùåíà â [14]. Â ýòîé ìîäåëè óðàâíåíèå èìååò âèä

ut +
1

2

[
1− µ (xuxx)

1
3

]
σ2x2uxx + r(xux − u) = 0, (4)

ãäå µ = 3 (C2
0R/2π)

1
3 , C0, R ≥ 0 � íåîòðèöàòåëüíûå ïîñòîÿííûå, ïðåäñòàâëÿþùèå ïîêà-

çàòåëü ñòîèìîñòè òðàíçàêöèè è ïîêàçàòåëü ïðåìèè çà ðèñê ñîîòâåòñòâåííî. Â ÷èñëåííûõ
ðàñ÷åòàõ àâòîðû áðàëè ïîêàçàòåëü µ = 0.2.

Ñóùåñòâóåò ìíîãî ðàçëè÷íûõ îïöèîííûõ ñòðàòåãèé, íàïðàâëåííûõ íà ðåøåíèå çà-
äà÷ ìàêñèìèçàöèè ïðèáûëè, ñòðàõîâàíèÿ ïîðòôåëÿ èëè óïðàâëåíèÿ ðèñêîì [4]. Îäíà
èç íèõ, ÷àñòî èñïîëüçóåìàÿ íà ïðàêòèêå, ïîëó÷èëà íàçâàíèå straddle (¾ñòåëëàæ¿). Îíà
ñîñòîèò â îäíîâðåìåííîé ïîêóïêå èëè ïðîäàæå îïöèîíà êîëë (call) è îïöèîíà ïóò (put),
íà îäíó äàòó èñïîëíåíèÿ (äàòà ýêñïèðàöèè, expire date) è ñ îäíîé öåíîé èñïîëíåíèÿ
(ñòðàéê, strike price). Åñëè îæèäàåòñÿ, ÷òî öåíà áàçîâîãî àêòèâà ñóùåñòâåííî âûðàñòåò
èëè óïàäåò, ïîêóïàþòñÿ äâà îïöèîíà, êîëë è ïóò. È íàîáîðîò, åñëè îæèäàåòñÿ, ÷òî öåíà
áàçîâîãî àêòèâà îñòàíåòñÿ íà ìåñòå, òðåéäåð ïðîäàåò äâà îïöèîíà, êîëë è ïóò, ñ îäíèìè
ñòðàéêîì è äàòîé ýêñïèðàöèè.

Òàê êàê öåíà îïöèîíà â ñîîòâåòñòâèè ñ ìîäåëüþ Áëýêà-Øîóëçà çàâèñèò ïîìèìî
ïðî÷åãî îò âðåìåíè, îñòàâøåãîñÿ äî èñòå÷åíèÿ îïöèîíà, óìåíüøåíèå öåíû íàçûâàåò-
ñÿ âðåìåííûì ðàñïàäîì öåíû îïöèîíà. Âî ìíîãîì äîõîäíîñòü îïåðàöèé ñ îïöèîíàìè
çàâèñèò îò ñêîðîñòè, ñ êàêîé óìåíüøàåòñÿ öåíà îïöèîíà ïðè ñîõðàíÿþùèõñÿ îñòàëü-
íûõ ïàðàìåòðàõ. Ïîêàçàòåëåì, õàðàêòåðèçóþùèì âðåìåííîé ðàñïàä, ÿâëÿåòñÿ ÷àñòíàÿ
ïðîèçâîäíàÿ öåíû îïöèîíà u ïî âðåìåíè t:

Theta = −∂u
∂t

. (5)

Çíàê ìèíóñ ïåðåä ïðîèçâîäíîé ñòàâÿò, ÷òîáû ïîä÷åðêíóòü óìåíüøåíèå ñòîèìîñòè ñî
âðåìåíåì. Â ðûíî÷íîì ñîîáùåñòâå ýòîò è ïîäîáíûå ïîêàçàòåëè ïîëó÷èëè îáùåå íà-
çâàíèå ¾ãðåêè¿ èëè ¾ïîêàçàòåëè ÷óâñòâèòåëüíîñòè¿ (Greeks, sensitivities). Íà ïðàêòèêå
èñïîëüçóåòñÿ îêîëî 30 òàêèõ ïîêàçàòåëåé. Íàèáîëåå ïîäðîáíîå, ïî-âèäèìîìó, èõ îïè-
ñàíèå è àíàëèç äëÿ ëèíåéíîé ìîäåëè ïðèâåäåíû â êíèãå [13, Òàáë 2.1, ñòð 22]. Äëÿ
íåêîòîðûõ íåëèíåéíûõ ìîäåëåé ïîäîáíûå ðåçóëüòàòû ïðèâåäåíû â [8,9].

1. ×èñëåííîå ðåøåíèå

1.1. Íà÷àëüíî-êðàåâàÿ çàäà÷à. Ïåðâîíà÷àëüíîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ
íàõîæäåíèå ÷èñëåííîãî ðåøåíèÿ êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ

ut +
1

2
σ̂2x2uxx + r(xux − u) = 0, (x, t) ∈ [0,+∞)× [0, T ], (6)

ïðè ðàçëè÷íûõ ìîäèôèöèðîâàííûõ âîëàòèëüíîñòÿõ σ̂ è ãðàíè÷íûõ óñëîâèÿõ äëÿ ñòðà-
òåãèè straddle.

Òàê êàê ãðàíè÷íûå óñëîâèÿ äëÿ ñòðàòåãèè ÿâëÿþòñÿ ñóììîé ãðàíè÷íûõ óñëîâèé
äëÿ âõîäÿùèõ â íåå îïöèîíîâ, â ñëó÷àå, íàïðèìåð, ¾äëèííîãî ñòðýääëà¿ (long straddle),
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ñîñòîÿùåãî èç äâóõ êóïëåííûõ îïöèîíîâ êîëë è ïóò, ïîëó÷àåì ñëåäóþùèå ãðàíè÷íûå
óñëîâèÿ:

longcall : u(0, t) = 0, lim
x→∞

u(x, t)

x−Ke−r(T−t)
= 1 , u(x, T ) = max{x−K, 0} ,

longput : u(0, t) = Ke−r(T−t), lim
x→∞

u(x, t) = 0, u(x, T ) = max{K − x, 0} ,

longstraddle : u(0, t) = Ke−r(T−t) , lim
x→∞

u(x, t)

x−Ke−r(T−t)
= 1, u(x, T ) = |x−K| ,

ãäå öåíà ñòðàéê äëÿ îïöèîíîâ K > 0, èñòîðè÷åñêàÿ âîëàòèëüíîñòü áàçîâîãî àêòèâà
σ > 0 è áåçðèñêîâàÿ ïðîöåíòíàÿ ñòàâêà r ≥ 0.

Â äàííîé ðàáîòå áûëà âûïîëíåíà çàìåíà íàïðàâëåíèÿ âðåìåíè t′ = T − t è óñå÷åíèå
îáëàñòè îïðåäåëåíèÿ ñïðàâà. Óñå÷åíèå îáëàñòè îïðåäåëåíèÿ x áûëî ñäåëàíî â ñîîòâåò-
ñòâèè ñ ìåòîäîì, èçëîæåííîì â [15]. Â ðåçóëüòàòå ïîëó÷àåì íà÷àëüíî�êðàåâóþ çàäà÷ó
(îáîçíà÷èâ íîâîå âðåìÿ ñíîâà êàê t)

ut −
1

2
σ̂2x2uxx − r(xux − u) = 0 , (x, t) ∈ [0, 1]× [0, 1] , (7)

u(0, t) = Ke−rt, u(1, t) = 1−Ke−rt, t ∈ [0, 1] , (8)

u(x, 0) = |x−K|, x ∈ [0, 1] . (9)

1.2. Âûáîð øàáëîíà. ×èñëåííûå ðåøåíèÿ ïîëó÷åíû äëÿ òðåõ ìîäåëåé:

σ̂2 =


σ̂2
BS = σ2, ëèíåéíàÿ ìîäåëü Áëýêà-Øîóëçà;

σ̂2
SP = σ2

(
1− ρux

1− ρux − ρxuxx

)2

, íåëèíåéíàÿ ìîäåëü Sircar-Papanicolaou;

σ̂2
JS = σ2

(
1− µ (xuxx)

1
3

)
, íåëèíåéíàÿ ìîäåëü Janda�cka-�Sev�covi�c.

(10)

Èçâåñòíàÿ óñòîé÷èâîñòü íåÿâíûõ ñõåì è íàëè÷èå îãðàíè÷åíèé íà âåëè÷èíó øàãà τ ïî
âðåìåíè t â ÿâíûõ ñõåìàõ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ïðåäïîëàãàëè âûïîëíåíèå
ðàñ÷åòîâ ñ èñïîëüçîâàíèåì òîëüêî íåÿâíîé ñõåìû. Îäíàêî ÿâíàÿ ñõåìà îáëàäàåò òåì
ïðåèìóùåñòâîì, ÷òî ïîìèìî îòíîñèòåëüíî áûñòðîãî ñ÷åòà âñå âåëè÷èíû â (10) ìîãóò
áûòü âûðàæåíû ÷åðåç çíà÷åíèÿ ñ îäíîãî è òîãî æå âðåìåííîãî ñëîÿ è íåò íåîáõîäèìîñòè
ïðèáåãàòü ê äîïîëíèòåëüíûì äîïóùåíèÿì ïðè âû÷èñëåíèÿõ.

Â òî æå âðåìÿ èñïîëüçîâàíèå ÷èñòî íåÿâíîé ñõåìû è ïîñëåäóþùåå ïðèìåíåíèå ìå-
òîäà ïðîãîíêè, ÿâëÿþùåãîñÿ ÷àñòíûì ñëó÷àåì ìåòîäà èñêëþ÷åíèÿ Ãàóññà, êàê ðàç çà-
òðóäíåíî èç-çà íàëè÷èÿ íåëèíåéíûõ ÷ëåíîâ â óðàâíåíèè (7). Ïîýòîìó áûëî ïðèíÿòî
ðåøåíèå áðàòü çíà÷åíèÿ u(x, t) äëÿ íåëèíåéíûõ ÷ëåíîâ óðàâíåíèé ñ ïðåäûäóùåãî âðå-
ìåííîãî ñëîÿ. Â ñèëó íåëèíåéíîñòè óðàâíåíèé îòìåòèì òàêæå íåîáõîäèìîñòü óñòàíîâ-
ëåíèÿ îãðàíè÷åíèé íà øàã ïî âðåìåíè τ .

Â äàííîé ñèòóàöèè óäîáíî âîñïîëüçîâàòüñÿ äâóõñëîéíûì íåÿâíî-ÿâíûì øåñòèòî-
÷å÷íûì øàáëîíîì ñ âåñàìè (ñì. [3, ñ. 193], [1, ñ. 370�372], [12]), êîãäà çíà÷åíèÿ èñêîìîé
ôóíêöèè um+1

n íà (m + 1)-ì ñëîå èìåþò âåñ ω, à çíà÷åíèÿ c ïðåäûäóùåãî m-ãî ñëîÿ
ó÷èòûâàþòñÿ ñ âåñîì 1 − ω. Ïîëó÷àåìàÿ ñ åãî ïîìîùüþ ðàçíîñòíîé ñõåìû íàçûâàåòñÿ
íåÿâíî-ÿâíîé ðàçíîñòíîé ñõåìîé ñ âåñàìè è â ñëó÷àå, êîãäà ω = 1/2, ïîëó÷èëà íàçâàíèå
ñõåìû Êðàíêà-Íèêîëüñîí [6].
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Äëÿ ëèíåéíîãî óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà ñ ïîñòîÿííûì êîýôôèöèåíòîì ut =
auxx, a > 0, òàêàÿ ñõåìà áåçóñëîâíî óñòîé÷èâà ïðè 1/2 ≤ ω ≤ 1. Ïðè 0 ≤ ω < 1/2
ñõåìà óñòîé÷èâà, åñëè øàã ïî âðåìåíè âûáðàí òàêèì, ÷òîáû τ ≤ h2

2a(1−2ω)
. Â ðàáîòå

[12] ïðîâåäåíî èññëåäîâàíèå îøèáîê àïïðîêñèìàöèè, óñòîé÷èâîñòè è ñõîäèìîñòè äàííîé
êîíå÷íî-ðàçíîñòíîé ñõåìû äëÿ ëèíåéíîãî óðàâíåíèÿ Áëýêà-Øîóëçà.

Äëÿ íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ óðàâíåíèÿ (7) èñïîëüçîâàëèñü ñëåäóþùèå
ðàçíîñòíûå ïðåäñòàâëåíèÿ ôóíêöèè u(x, t) è åå ïðîèçâîäíûõ:

u ∼ ωum+1
n + (1− ω)umn , ut ∼

um+1
n − umn

τ
,

ux ∼ ω
um+1
n+1 − um+1

n

h
+ (1− ω)

umn+1 − umn
h

,

uxx ∼ ω
um+1
n+1 − 2um+1

n + um+1
n−1

h2
+ (1− ω)

umn+1 − 2umn + umn−1

h2
,

(11)

ãäå τ � øàã ïî ïåðåìåííîé t, h � øàã ïî ïåðåìåííîé x.
Îáùèì äëÿ âñåõ ðàñ÷åòîâ ÿâëÿåòñÿ òîò ôàêò, ÷òî ïåðâîíà÷àëüíûì âûáèðàëñÿ øàã

τ , íå ïðåâûøàþùèé øàãà, íåîáõîäèìîãî äëÿ óñòîé÷èâîé ðàáîòû ÿâíîé ñõåìû äëÿ ëè-
íåéíîãî óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà ut = uxx, ò. å. τ ≤ τmax. Â ñëó÷àå ïåðåìåííîé
âåëè÷èíû øàãà τ ïðåäóñìîòðåíî, ÷òî â ïðîöåññå ñ÷åòà τ íå ìîæåò ïðåâûñèòü ýòîé âå-
ëè÷èíû. Ñëåäóþùèé øàã ïî âðåìåíè âûáèðàëñÿ êàê

τm+1 = min
{
τmax,

h2

2max
k

(Am
k )

}
, Am

n =
1

2
(σ̂m

n )
2 h2n2,

ãäå Am
k ðàññ÷èòûâàåòñÿ äëÿ êàæäîé èññëåäóåìîé ìîäåëè (10) â óçëå k â ñëîå m.

1.3. Ðåøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé. Ïîäñòàâèâ â óðàâíåíèå (7) ñîîò-
âåòñòâóþùèå ðàçíîñòíûå ïðåäñòàâëåíèÿ (11), ïîëó÷èì ñëåäóþùóþ ñèñòåìó ëèíåéíûõ
óðàâíåíèé:

anu
m+1
n−1 − bnu

m+1
n + cnu

m+1
n+1 = dn, n = 1, 2, . . . , N − 1, m = 1, 2, . . . ,M − 1,

ãäå

an = −1

2
ω (σ̂m

n )
2 n2h2,

bn = −
[
1

τ
+ ω (σ̂m

n )
2 n2h2 + ωrn+ rω

]
,

cn = −1

2
ω (σ̂m

n )
2 n2h2 − ωrn,

dn =
1

τ
umn + (1− ω) (σ̂m

n )
2 n2h2

(
umn+1 − 2umn + umn−1

)
−

−r (1− ω)umn + r(1− ω)n
(
umn+1 − umn

)
,

è (σ̂m
n )

2 ÿâëÿåòñÿ ìîäèôèöèðîâàííîé âîëàòèëüíîñòüþ äëÿ êàæäîé ìîäåëè èç (10). Íà-
ïîìíèì, ÷òî â ôîðìóëàõ äëÿ âîëàòèëüíîñòè èñïîëüçóþòñÿ çíà÷åíèÿ ñ ïðåäûäóùåãî
âðåìåííîãî ñëîÿ.

Ïîëó÷åííàÿ ñèñòåìà ðåøàëàñü ìåòîäîì ïðîãîíêè. Ìåòîä ïðîãîíêè ïðèìåíèì â äàí-
íîì ñëó÷àå, ïîñêîëüêó âûïîëíÿåòñÿ (ïðè÷åì ñòðîãî) óñëîâèå ïðåîáëàäàíèÿ äèàãîíàëü-
íûõ ýëåìåíòîâ |bn| ≥ |an|+ |cn| (íåò äåëåíèÿ íà íîëü).
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1.4. Ïàðàìåòðû äëÿ ðàñ÷åòîâ. Äëÿ âûïîëíåíèÿ ðàñ÷åòîâ íåîáõîäèìî âûáðàòü
êîýôôèöèåíòû ðàçíîñòíîé ñõåìû è çàäàòü íåñêîëüêî ïàðàìåòðîâ ìîäåëåé.

Äëÿ äâóõñëîéíîãî íåÿâíî-ÿâíîãî øåñòèòî÷å÷íîãî øàáëîíà âåñîâîé êîýôôèöèåíò
äëÿ çàäàíèÿ âåñà âåðõíåãî ñëîÿ â øàáëîíå âûáðàí êàê ω = 0, 9. Êîëè÷åñòâî óçëîâ ïî
îñè x ïðèíÿòî ðàâíûì N = 200. Ñëåäîâàòåëüíî, øàã ïî îñè x, ó÷èòûâàÿ âûïîëíåííîå
óñå÷åíèå îáëàñòè äî [0, 1], ðàâåí h = 1/N .

Äëÿ íåëèíåéíîé ìîäåëè Ñèðêàðà-Ïàïàíèêîëàó íåîáõîäèìî çàäàòü äîëþ êðóïíûõ
(ïðîãðàììíûõ) òðåéäåðîâ â îïåðàöèÿõ ρ. Ñëåäóÿ àâòîðàì ìîäåëè, ïîëàãàåì ρ = 0, 1.
Äëÿ ðàñ÷åòîâ â íåëèíåéíîé ìîäåëè ßíäà÷êè-Øåâ÷îâè÷à âîñïîëüçóåìñÿ çíà÷åíèåì êî-
ýôôèöèåíòà µ = 0, 2, êîòîðîå òàêæå áûëî èñïîëüçîâàíî àâòîðàìè ìîäåëè.

Äëÿ ïðèáëèæåíèÿ ðåçóëüòàòîâ ìîäåëèðîâàíèÿ ê ôàêòè÷åñêèì äàííûì ïîëàãàåì ïðè
ìîäåëèðîâàíèè σ = σBS = 0, 299688. Äàííîå ÷èñëîâîå çíà÷åíèå ïîëó÷åíî äëÿ âîëàòèëü-
íîñòè ôüþ÷åðñà BR-8.19 íà íåôòü ñîðòà Brent [2]. Çà âîëàòèëüíîñòü ïðèíÿòî ñòàíäàðò-
íîå îòêëîíåíèå öåí çàêðûòèÿ çà ïåðèîä ñ 13.03.2016 ïî 20.06.2019 (69 òîðãîâûõ äíåé),
ïðèâåäåííîå ê ãîäîâîìó èñ÷èñëåíèþ (250 òîðãîâûõ äíåé). Âðåìÿ, îñòàâøååñÿ äî ïîãà-
øåíèÿ îïöèîíîâ (îíè èñòåêàþò 26.07.2019), ôàêòè÷åñêè ñîñòàâëÿåò 26 ðàáî÷èõ äíåé èëè
t = 26/250 = 0, 104.

×òîáû íàãëÿäíî ïðîäåìîíñòðèðîâàòü ýôôåêòû îò âðåìåííîãî ðàñïàäà, ó÷òåì öåíû
ïðèîáðåòåíèÿ èëè ïðîäàæè îïöèîíîâ â ñòðàòåãèè. Öåíû ïîëó÷åíû èç ìîäåëè Áëýêà-
Øîóëçà è ðàññ÷èòàíû äëÿ ôàêòè÷åñêèõ âîëàòèëüíîñòè è îñòàâøåãîñÿ âðåìåíè äî èñ-
ïîëíåíèÿ. Â ìîäåëè öåíà îïöèîíà call ñîñòàâèëà 0, 015612, à äëÿ îïöèîíà put � 0, 015237.

Ïîñêîëüêó áàçîâûì àêòèâîì â èññëåäîâàíèè âûñòóïàåò ôüþ÷åðñ, à íå àêöèÿ, è îïöè-
îíû ÿâëÿþòñÿ ìàðæèðóåìûìè (futures-style options), òî áåçðèñêîâàÿ ïðîöåíòíàÿ ñòàâêà
äîëæíà áûòü ïðèíÿòà äëÿ ðàñ÷åòîâ êàê r = 0, 0.

2. Ðåçóëüòàòû

Íèæå íà ðèñóíêàõ ïðåäñòàâëåíû ïîëó÷åííûå ðåçóëüòàòû ðàñ÷åòîâ. Íà ðèñóíêå 1
ïðåäñòàâëåíû âðåìåííûå ñðåçû äëÿ öåíû ñôîðìèðîâàííîé ñòðàòåãèè long straddle è
âðåìåííûå ñðåçû ñêîðîñòè èçìåíåíèÿ öåíû ñî âðåìåíåì äëÿ ðàçëè÷íûõ öåí áàçîâîãî
àêòèâà â ìîäåëè ßíäà÷êè-Øåâ÷îâè÷à. Äëÿ ìîäåëè Ñèðêàðà-Ïàïàíèêîëàó ðåçóëüòàòû
ïðåäñòàâëåíû íà ðèñóíêå 2.

Ðèñ. 1. Âðåìåííûå ñðåçû öåíû êóïëåííîãî straddle (ñëåâà) è äëÿ Theta (ñïðàâà) â ìîäåëè

ßíäà÷êè-Øåâ÷îâè÷à
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Ðèñ. 2. Âðåìåííûå ñðåçû öåíû êóïëåííîãî straddle (ñëåâà) è äëÿ Theta (ñïðàâà) â ìîäåëè

Ñèðêàðà-Ïàïàíèêîëàó

Èç ãðàôèêîâ âèäíî, ÷òî â ïîëíîì ñîîòâåòñòâèè ñ òåîðèåé è ïðàêòèêîé âðåìåííîé
ðàñïàä ïî÷òè îòñóòñòâóåò ïðè öåíå áàçîâîãî àêòèâà x, îòñòîÿùåé äàëåêî 2) îò ñòðàéêà
K = 0, 4, ïî êîòîðîé ñôîðìèðîâàí straddle. Ðàññòîÿíèå ìåæäó ëèíèÿìè íà ðèñóíêàõ
ñîîòâåòñòâóåò ïðèìåðíî îäíîìó êàëåíäàðíîìó ìåñÿöó. Ñîãëàñíî ãðàôèêàì çà ïîñëåäíèé
ìåñÿö öåíà èç-çà âðåìåííîãî ðàñïàäà ñèëüíî óáûâàåò è äåëàåò ñòðàòåãèþ óáûòî÷íîé äëÿ
êóïëåííîãî straddle, ñôîðìèðîâàííîãî áëèçêî ê öåíòðàëüíîìó ñòðàéêó.

Íà ðèñóíêå 3 ïðåäñòàâëåíî ñðàâíåíèå ïîêàçàòåëÿ Theta äëÿ ðàññìàòðèâàåìûõ â ðà-
áîòå ìîäåëåé çà îäèí ãîä äî èñòå÷åíèÿ îïöèîíîâ (t = 0). Âèäíî, ÷òî èç-çà ýôôåêòîâ
íåäîñòàòî÷íîé ëèêâèäíîñòè, ó÷èòûâàåìûõ ìîäåëüþ Ñèðêàðà-Ïàïàíèêîëàó, âðåìåííîé
ðàñïàä ñóùåñòâåííî ìåíüøå, ÷åì â êëàññè÷åñêîé ëèíåéíîé ìîäåëè Áëýêà-Øîóëçà è ìî-
äåëè ßíäà÷êè-Øåâ÷îâè÷à, ó÷èòûâàþùåé òðàíçàêöèîííûå èçäåðæêè.

Ðèñ. 3. Ñðàâíåíèå Theta äëÿ ìîäåëåé ßíäà÷êè-Øåâ÷îâè÷à (JS), Ñèðêàðà-Ïàïàíèêîëàó (SP) è ìîäåëè

Áëýêà-Øîóëçà (BSM) â ìîìåíò t = 0

2) x < 0, 2 èëè x > 0, 8, ò. å. îïöèîíû íàõîäÿòñÿ ëèáî ãëóáîêî ¾âíå äåíåã¿ (out of the money, OTM),
ëèáî ãëóáîêî ¾â äåíüãàõ¿ (in the money, ITM).
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3. Çàêëþ÷åíèå

Â ðàáîòå ðàññìîòðåíû äâå ìîäåëè, îòëè÷íûå îò ìîäåëè Áëýêà-Øîóëçà, îäíà èç êîòî-
ðûõ ó÷èòûâàåò ýôôåêòû íåäîñòàòî÷íîé ëèêâèäíîñòè, à äðóãàÿ � íàëè÷èå òðàíçàêöèîí-
íûõ èçäåðæåê. Äëÿ êàæäîé èç ìîäåëåé ïîñòðîåíû ãðàôèêè, ïðåäñòàâëÿþùèå èçìåíåíèå
ñêîðîñòè, ñ êîòîðîé öåíà îïöèîííîé ñòðàòåãèè straddle ìåíÿåòñÿ ïî ìåðå ïðèáëèæåíèÿ
ñðîêà èñòå÷åíèÿ îïöèîíà. Òàêæå ïðåäñòàâëåí ãðàôèê, íàãëÿäíî äåìîíñòðèðóþùèé ðàç-
íèöó â ñêîðîñòè âðåìåííîãî ðàñïàäà äëÿ ðàçíûõ ìîäåëåé â ñðàâíåíèè ñ êëàññè÷åñêîé
ëèíåéíîé ìîäåëüþ Áëýêà-Øîóëçà.
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