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AnHoTanudA. VsyuyaeTcs aHaIUTHUeCKOe IIPOAOKeHMe JIOKAIbHO 3aJaHHOM PMMaHOBOM aHAIMTUUECKO METPUKIL 1O
MEeTPUKM HENPOI0JKaeMbIX MHOroo0pasuit. ViccienyroTcs pasinyHble KIacchl JOKAIBHO M30METPUYHBIX PUMAaHOBBIX
aHATUTUYECKMX MHOTr006pasuii. B KaIoM TakoM Kiacce ONpemesaTcs IIOHATIE TaK Ha3bIBAEMOTO IICEBJOIIOTTHOTO MHOTO-
06pasus, obob1aroliee IIOHATHE ITOTHOTEI MHOT006pasus. PMMaHOBO aHaIMTIUeCKOE OJHOCBA3HOE OPMEHTIPOBAHHOE
MHOroo6pasne, HasbIBaeTCs IICEBIOIOTHBIM, eCIIM HEeNPOJO/DKAeMO, a TakKe He CYILECTBYeT JIOKAIBLHO M30MeTpuue-
CKOTO COXPAHSIOIIEr0 OPMEHTAIMI0 HAKPBIBAIOLIIETO OTOOPaKEeHMS C OMHOCBA3SHBIM PMMAaHOBBIM MHOro6pasmem. Cpenn
IICEBJIOTIOJIHBIX MHOT00OPas3Nil BBIJENNM «Hamuboiee CUMMeTPUYHbIe» IIPaBUIIbHbIE IICEBIONIOIHbIE MHOI000pasms.

KiroueBble cJIOBa: pUMaHOBO aHAIUTIYECKOe MHOTOOpasiue, aHaIUTIUeCKoe IPOofoJLKeHe, anredpa Jlu u rpymmna Jln,
BeKTOpHOe noje Kunnnnra

st mutuposanms: [Tomos B. A. 2023. IlceBaomosHbIe pyIMaHOBBI aHAIUTIYECKIE MHOT000pasns. [IpukiagHas MaTeMaTKa
& Pusmka, 55(1): 5-11. DOI 10.52575/2687-0959-2023-55-1-5-11
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PSEUDOCOMPLEET RUMANIAN ANALYTIC MANIFOLD
Vladimir Popov
(Article submitted by a member of the editorial board S. M. Sitnik)

Financial University under the Government of the Russian Federation,
Moscow, 115054, Russia
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Abstract. We study the analytic extension of a locally given Riemannian analytic metric to the metric of non-extendable
manifolds. Various classes of locally isometric Riemannian analytic manifolds are studied. In each such class, the notion of the
so-called pseudocomplete manifold is defined, which generalizes the notion of the completeness of a manifold. Riemannian
analytic simply connected oriented manifold M is called pseudocomplete if it has the following properties. M is unextendable.
There is no locally isometric orientation-preserving covering map f : M — N, where N is a simply connected oriented
Riemannian analytic manifold and f(M) is an open subset of N not equal to N. Among the pseudocomplete manifolds, we
single out the “most symmetric” regular pseudocomplete manifolds.

Keywords: Riemannian Analytic Manifold, Analytic Extension, Lie Algebra and Lie Group, Killing Vector Field

For citation: Popov Vladimir. 2023. Pseudocompleet Romanian Analytic Manifolds. Applied Mathematics & Physics, 55(1):
5-11. (in Russian) DOI 10.52575/2687-0959-2023-55-1-5-11

1. BBemeHMe. Y>xe OCTATOYHO JaBHO ObIIa HAyUYHO 060CHOBaHA «KPUBOIMHEIHOCTh» HAIIIEr0 IIPOCTPAHCTBA.
TeoMeTpus HAIETO TPOCTPAHCTBA HE TIOAUMHSIETCS 3aKOHAM €BKJIMIOBOI T€OMETPUM, & OTIPENENIeTCs 00IIM
[TOHSATIEM PUMAHOBOV MeTpuky. OTHAKO, €CIIM MBI MOYKEM OIIPENENUTh JIOKAIbHbIE CBOVICTBA OKPYKAIOIIIETO
MPOCTPAHCTBA, III06ATBHOE YCTPOIICTBO BCEIIEHHOI B 1{EJIOM IIPeNCTAaBUTh OUeHb CI0KHO. [Ipeobiagaer MHEHNE,
BBICKa3aHHOE BeJMKNM yueHbIM A. ITyaHkape, UTO 110 aHAJIIOTMY C IIOBEPXHOCTBIO 3€MIIN, BCEJIEHHAs IIPeCTaB-
ssieT U3 cebs 3aMKHYyTOe (KOMIIAKTHOE) IIPOCTPAHCTBO, 00JIafarolliee CBOMICTBOM OQHOCBI3HOCTH (T. €. Jrobast
(KpMBONIMHETIHAS) OKPY>KHOCTh OTPAHMUYMBAET «KPUBOJIMHETHBI» KPYT Ha 3TOM mpocTtpaHcTBe. A. [Tyankape
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6 Icesdononrvie pumaHo6bl MHO2006pa3Us

BBIABIHYJI TUIIOTE3Y, COTJIACHO KOTOPOJI 3aMKHYTO€E OJHOCBSI3HOE TPEXMEPHOE IIPOCTPAHCTBO TOIIOJIOTMYECKI
9KBUBAJIEHTHO TPeXMepHOII cdepe, UTO MPMBOAUT K HEKOTOPOII aHATIOIMY CTPOEHMSI BCEJIEHHO CO CTPOeHMeM
IIOBEPXHOCTM 3eMJIN. B HemaBHee BpeMs UMCTO MaTeMaTHuecKas ruIoTesa IlyaHkape 6pLI1a OKOHUATEIBHO
nokasaHa poccuiickuM MateMmatukoM I'. f. Ilepensmanom.

IToMMMO TOITOJIOTMUECKOTO IIOJIX0a BO3MOKEH aHAJIMTUYECKII ITOAX0M K M3yUEeHIIO II00aThHBIX CBOJICTB
pMMaHOBa IIPOCTPAHCTBA. ITOT IOXO CBSI3aH C T€M, UTO PMMAHOB TEH30p 3aaeTCs aHAINTIYUECKUMI (QYHK-
LUSIMM, KOTOpbIe MMEIOT CBOJICTBO O{HO3HAUHOTO aHAIMTIYECKOrO IIPOKOIIKeHMsI. PaccMoTpuM prMaHOBO
aHanuTIYeckoe MHoroobpasme M m map U C M manoro papmyca ¢ LEeHTPOM B HEKOTOPOIL TOuke Xy € M.
ITox aHANMUTUYECKUM IIPOJOIDKEHIEM JIOKAIBHO 3aaHHOM MeTpMKU OymeM Iogpa3yMeBaTh JII000e pUMaHOBO
aHAJIUTIUECKOe MHOT00Opasue N Takoe, UTo CyIecTByeT aHaIuTndyeckas usomerpus ¢ : U — M. IlocraBum
3aauy HailTy HauboJjee eCTECTBEHHOE aHAINTIUYECKOE IIPOIOJDKEHNIE JaHHO MeTpuKI. EcTecTBEeHHBIM Tpebo-
BaHMEM SIBJISIETCS CBOVICTBO HEIIPOJO/DKAEMOCTI MICKOMOTO MHOT000pa3nsi, BBEXEHHOI'O eIlé B KIaCCUUECKIX
moHorpapusax Xenracora [1] u C. Ko6osicu, III. Homunasy [2]. OgHako HempogosKaeMble MHOTOOOPA3yst MOTYT
ObITh BecbMa HeecTecTBeHHbIMM. Harpumep, 0qHOCBA3HAs HAKPBIBAIOIIAS IPABOJL IIOJIYIZIOCKOCTY BBIKOJIOTHIMI
TOYKaMMU (% %) k,neN.

B mccnemoBaHUAX 110 TeOMETPUY PMMAaHOBBIX IIPOCTPAHCTB B IIEJIOM, KaK IIPaBUJIO, CYILleCTBEHHBIM Tpe-
OoBaHMEM SIBIISIETCS IIOJIHOTA PacCMaTpMBAaeMOTO MHOroo0pasus. [{JIsl MOJIHOTO OJHOCBSI3HOTO pUMaHOBA
AHAIUTIYECKOTO MHOT000pasus obas uzomerpus ¢ : U — V Mexay AByMs CBI3HBIMY OTKPBITHIMI ITO{MHO-
xecrBamu U C M, V C M aHanutu4ecKu IponospKaercs Ko nsomerpuu ¢ : M — M [1].

OpnHaxo, B 06111eM ciryuae ap U puMaHOBa aHAIUTIUECKOTO MHOT000pasust Helb3sl M30MEeTPUUECKY BJIOKIATh
B IIOJIHOE PMMAHOBO aHAJIMUTUYECKOe MHOT000pasme, T. €., BOOOII[e TOBOPS, JIOKAIBHO 3aJaHHas PUMaHOBa
MeTpUKa aHATUTUUECKN He IIPOIOJDKAeTCs O METPUKY IIOJIHOTO pMMaHOBa MHOroo0pasus. BosHukaer Bompoc
06 0600611[eHNY IOHATHS TTOJIHOTHL. EcTecTBEHHBIM 06001IIeHIIEM TAKOTO POLa SIBJISETCI HEIIPONO/KAeMOCTh
pPUMaHOBA aHAIUTIYIECKOr0 MHOroobpasms. OgHako HEMpogopKaeMble MHOTOOOpasusi MOTyT ObITh BeCcbMa
HeeCcTeCTBEHHBIMMU.

3agagyMcsi BOIIPOCOM, MOYKHO JIM 110 3aaHHBIM JIOKAJIBHBIM CBOJICTBAM PUMAHOBOV aHAJIMTUUECKO
METpPUKI, T. €. METPUKI, 3aJJaHHOJ Ha MayioM I1ape U, IOCTPOUTH pUMaHOBO aHAJIIMTIUECKOEe MHOT0o0pasue
M, conmepxaritee U B KauecTBe OTKPBITOTO IIOJAMHOYKECTBA, I JOIIYCKAIOIIIET0 aHAIIMTIYECKOe IIPOIOJIKeHIIe
JIOKAJIBHBIX M30METPUIL 10 M30MeTpMii Bcero MHoroobpasms. T. e. nobast msomerpus ¢ : U — V mexny
IBYMsI CBI3HBIMU OTKPBITHIMU IoAMHOXecTBaMyt U C M, V' C M aHaIUTUUECKY IPOOJKAETCS N0 M30METPUN
¢ : M — M. HeripeoqoMBbIM IIPEISTCTBIEM I TAKOTO IIPOXOJDKEHNS SIBIsieTcs cienyommit ¢pakrt. [Iycts g -
anrebpa JIu Bcex BeKTOpHBIX moJelt KmnnHara Ha piMaHOBOM aHAJIMTUUECKOM MHOroobpasun M u b C g -
eé craumoHapHas noganredpa, s puxkcuposansoit Toukn p € M X € h X(p) = 0. Ilycrs G — ogHOCBsI3HAS
MTOTPYIIIIA, HOPOKIAEHHAs anrebpoii g, u H — eé moarpymma, mopoxaénnas noganredpoit h. Ilycrs G peiicteyer
Ha OJHOCBA3HOM MHOroo6pasmu M, Torga opoura QUKCHPOBAHHOI TOUKM p € M SBIISETCI IOAMHOroobpasmem
nsoMetpuuHbIM daktop rpynne G/H. Ho dakrop rpynna G/H saBiageTcsas MHOroo6pasueM JINIIb B CIyUae
3aMKHyTOCTU ITOArpynnsl H B G, a 9TO BIIIOJHIETCS He BCETTa.

Ilenbio maHHOI PabOTHI ABISETCS OIIpe/esleHe IICEBIOIIOTHOI0 MHOT000pa3sus, IBJISI0IIeecs «Hanuboee
IIOJIHBIM» aHAIUTUYECKUM IIPOIOJDKEHIIEM IIPOM3BOJIBHOI JIOKAIBHO 3aaHHOI PYMAHOBON aHAINTIUECKO
MeTpuku. V3yuaercs aHanuTIIeCKoe IPOJOJDKEeHNe JIOKAIbHO 3aJaHHOV pUMMaHOBO MeTpukn. PaccmoTpum
CIIyuany BIIOJHEe HEOTHOPOIHOI METPYUKIL ¥ METPUKI, IJIst KOTOPOIt anrebpa JIu Bcex BeKTOpHBIX moJeit Kunuara
He MMeeT LeHTpa. B aTux ciiyvasx maguM oIpefeseHye KBa3UIIOJTHOTO MHOTooOpasus M, 00Jagaroiiero
CBOJICTBOM €IVIHCTBEHHOCT ¥ IIPOOJDKAEMOCTI BCeX JIOKAIbHBIX n3omerpuit f : U — V, rme U, V — cBs3HbIe
OTKpBIThIE ITOAMHOKECTBA MHOroo6pasus M, mo nsomerpunu f : M — M. OpreHTUpOBaHHOE PIMAaHOBO
AHAINTIYECKOEe MHOro00pasue, ajuredpa BEKTOPHBIX IIOJIE)I KOTOPOTO MIMeET HYJIEBOI I[€HTpP, Ha3bIBAETCSH
KBa3UIIOTHBIM, €CJIM OHO HEIIPOIO0JKaeMo I He JOMYyCKaeT HeTPUBUATIBHBIX COXPAHSIOIINX OPMEHTALIIIO U BCE
BeKTOpHBIe oI KynmHra noKaJbHBIX M30MeTPUIL B ceOsl.

IIpuBenem orpeeneHne ICEBIOIOIHOIO MHOro06pasus, MPUBOIIIIee K «Harboee IIOTHOMY» IPOI0JDKe-
HMUIO JIOKQJIBHO 3aJaHHOJ METPUKU U IPUMeHUMOe K IIPOM3BOJIBHOM JIOKAIBHO 3aJJaHHOJ MeTpuKe. PuMaHOBO
aHAJINTNUECKOe OJHOCBI3HOE OPMEHTMPOBAaHHOE MHOroo6pasme M Ha3bIBaeTCs IICEBIOIOJIHBIM, €CIIM OHO
obiamaeT cieqyromymMy cBoiictBamu. M Hemponoipkaemo. He cylijecTByeT T0KaabHO M30METPUUECKOTO CO-
XpaHSIOIIero OpMEeHTAIMI0 HaKpbIBatollero orobpaxenus f : M — N, rne N — 0HOCBSI3HOEe PUMaHOBO
aHAJNNUTIUECKOe MHOT000pasne, a f(M) orkperroe mogMuoxectBo B N, He paBHOoe N. Cpeu 1CeBIOIIOIHBIX
MHOT000pasmnit BEIIENUM «Haubolee CUMMETPUUHbIE» IIPABUJIbHBIE IICEBIOIIOIHbIE MHOTO0OPA3N.

ToHATME aHATUTIYECKOTO IIPOROJDKEHNS PMMAaHOBOM aHAIMTIYUECKOV METPUKIY IIPUCYTCTBOBAJIO B KIJIACCHU-
yeckux MoHorpadusx Xenaracona [1] u C. Ko6osicu, III. Homuasy [2], HO pa3sBuTHS He MOIYUNIIO.

IIpyHIMINATBHBIM SIBJISETCS MICCIIeOBaHYE CIyuas BIIOJIHE HEOTHOPOIHO PUMaHOBOI METPUKI, T. €.
METPUKI He JOIYCKAaIell HUKakux ABypKeHuiI (rmoseit Kyumuara). B atom ciyuae ymaéres onpenennTts Tak
HasbIBaeMOe KBa3MIIOJIHOe MHOroo0pasue, obagariiiee CBOMCTBOM HEMPOLOKAEMOCTH U € JMHCTBEHHOCTH
I KaXKOOJ JIOKAJIIbHO 3aJaHHOJ BIIOJIHE HEOTHOPOAHOM METPUKU [3, 4, 5]. AmanuTuueckoe IpPOIOJIKEHNE
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BITOJIHE HEOTHOPOIHOI PUMAHOBOI METPUKI U3yUanoch Takke B quccepranuu [. X. Cmura [6]. Onpenenerue
KBa3MUIIOJHOIO MHOroobpasus ymaércs o0oOIMTh HA ciiydail, Korga ainrebpa JIu Bcex BEKTOPHBIX ITOJIEN
Kunusra miis 3ajaHHOI JIOKAIBHO OMPENeTEHHOM PUMAHOBON aHAMTUUECKOI METPUKY HE IMEET LIEHTpa,
[3, 4, 5]. Takoe mHOTOOGpa3mue M o6Gamaer CBOVICTBOM MaKCUMAJIBHO BO3MOKHON CHMMETPUM, T. €. JII00ast
nsoMetpus f : U — V MeXOy CBASHBIMU OTKPBITHIMI IIOAMHOKECTBAMIU MHOT000pasus M aHaIuTIYeCcKn
npomospkaercss Ko msomerpuu f : M — M. OpgHako KBa3WMIIOJNHOEe MHOroofpasue of1agaer He TOJIBKO
Te€M HEIOCTATKOM, UTO OHO OIPEeeIeHO He I IPOU3BOJBHON JOKAIBHO 3aJaHHON METPUKU, HO OHO B
OIIpeNeIEHHOM CMBICJIE He SIBIISIETCS «CaMbIM ITONHBIM». [109TOMY Hajee M MPOU3BOJIBHON JIOKAIBHO
3a[TaHHONl PUMMAHOBOI METPUKMU MBI NPUBENEM IOHATHE IICEBIOIIOIHOTO MHOTOOOPA3US, UCCIENYEM €TO0
CBOJICTBA U CBA3H C KBA3UIIOJIHBIM MHOT000pasueM.

2. AHAIUTHYECKOe IIPOOHKEHNE PIMAHOBBIX MHOT000pa3mii 1 06001eHIIe IIOHSATUS IIOJIHOTHI.
Kiracc Bcex JIOKaNbHO M30METPUUHBIX PUMAHOBBIX aHATUTUUECKUX MHOroo0pasnii 6yeM Ha3bIBaTh TAKKe
KJIAaCCOM MHOTr0oO00pasmii, IIPOMCXONALINX M3 JaHHOTO POCTKAa PMMaHOBA aHAIUTUYECKOIO MHOr0oo6pasus,
a KOHKpeTHOe MHOT000pasye M3 9Toro Kiacca OyxeM HasbIBaTh aHAIMTUYECKUM IIPOJOJDKEHIIEM TaHHOIO
poctka. EcTecTBeHHBIM TpeGoBaHMEM K aHAUTUUECKOMY MIPOIOJLKEHIUIO POCTKA IBIIAETCS HEMIPOLOKAEMOCTh
IIOJIYYEHHOTO MHOT000pasus. [lepeiimeM K TOUHBIM OIpeqeseHUsM 1 (OPMYINPOBKAM.

Onpepenenue 1. AHaTUMuuecKUM NPoooHeHUeM PUMAHOBA AHATTUMUYECK020 MH02000pasus M Ha306ém
PUMAHO60 aHarumuueckoe MHozoo6pasue N makoe, umo cyujecmeyem ananumuueckoe enoxcerue M ¢ N kax
cOBCMBeHH020 OMKPLIMO20 NoOMHONecmaa. MHoeoobpasue, He donyckaroujee aHATUMUUECKO20 NPOOOTIHEHUS,
HA3bl6AeMCA HENPOOOIIH AEMbIM.

Omnpenenenue 2. JIokanvHol usoMempueti Mexcoy 06YMs PUMAHO8bIMU AHATTUMUYECKUMU MHO02000pasusmu M
u N Hasvieaemcst usomempus ¢ : U — V mexncdy omkpoimuvimu noomuoxcecmeamu U C M,V C N. MHozoob6pa3susi,
Mexn0y KOmopuiMU cyujecmeyem JIOKATbHAS UBOMEMPUSL, HA306EM JIOKATLHO UOMETPUUHBIMU.

JIro6oe BekTOpHOE Tosie X € § aHATUTUYECKN IIPOIOJLKAETCS BIOJb JII000I KpUBOIL Ha MHOTO6Opasunu M, 1,
TeM caMbIM, anrebpa Jlu g onpenenser anre6py JIu g BeKTOpHBIX mmoselt Knnuara Ha 1:060M OJHOCBA3HOM
MHOT000pasuu N JoKanpHO m3oMeTpuuHOM M. ITOT dakT BepeH Taxke sl MHOroobpasuit adpduHHON
casHocTi. ChopMynupyeM 3TOT PaKT B BIAE JIEMMBI, JOKa3aTeIbCTBO KOTOPOII NIPUBeIEHO B [5].

Jlemma 1. [Tycmov M — ananumuueckoe MHo2000pasue apPurnnoti césiznocmu, X — uHpuHumMe3eManvHoe apPurHoe
npeo6pasogarue, 3adannoe 6 obmacmu U C M, u nycmb y(t), 0 < t < 1, HenpepvisHas kpueast 6 M makas, umo
y(t) € U . Toeda sexmopHoe nose anarumuuecku npodomiaemo 600 y(t) . Ecru kpusve y(t) ud(t),0 <t < 1,
y(0) = 6(0), y(1) = 8(1) = x1 2oMomonHbL, Mo NPoJOIHEHUS BEKMOPHLX NOJIETi 6 MOUKY X1 G00TIb IMUX KPUBbIX
cognaoawm.

[IpMHUMOMATBHBIM SIBJISIETCS VICCIENOBaHME CIIyYasi BIIOJIHE HEOJHOPOIHON PUMAHOBOI METPUKI, T. €.
MeTpuku 6e3 BeKTOpHBIX noJeit Kuyunara. B atom ciryuae ynaéres ompenennTs KBa3UIIOIHOEe MHOI006pasue,
olJrafaroree CBOMICTBOM HEIIPONOJKAEMOCTI U € JUHCTBEHHOCTY IS KaKIOM JIOKAJIBHO 3aJaHHOI BIIOJIHE
HEOJHOPOIHON METPUKH, [6].

Omnpenenenne 3. Pumanoso ananumuteckoe MH02000pa3ue HA3bl6aemcs 6NoIHe He0OHOPOOHBIM MH02000pA3UeM,
ecyTU Ha HEM He Cyujecmeyem 6eKmopHbLx noseti Kunnunea. Pumanosy mempuxy 6nosiHe He0OHOPOOH020 MHO2006pa3ust
HA306éM 6NOTTHE HEOOHOPOOHOU MeMPUKOT.

ITo temme 1 Bce MHOT006pasus JTOKAJIBHO M30METPUYHbIE BIIOJHE HEOHOPOLHOMY MHOI000pasIIO ABISIOTCS
BITOJIHE HEOTHOPOMHBIMI.

Onpenenenue 4. Bnonte He0OHOPOOHOE OPUEHIMUPOBAHHOE PUMAHOB0 AHATTUTNUHECKOE MH02000pa3ue Ha3bi-
6aemcsi KBA3UNOTHbIM, €CITU OHO HENPOOOJIHAeMO U He OONYCKaem HempPUGUAIbHbIX COXPAHTIOUUX OPUEHMAYUI
JIOKATTbHbIX U30Memputl 6 ceOs.

IIpuBenéM OCHOBHBIE CBOJCTBA BIIOJIHE HEOTHOPOLHBIX KBA3UITOJIHBIX MHOTOOOpasmil, JOKa3aTeIbCTBO
KOTOPBIX COmepKMTcst B [5]. [ MpoM3BOJIBHOTO BIIOJIHE HEOTHOPOLHOIO MHOroofpasus M paccMoTpum
MHOXeCTBO S C M BceX BCEBO3MOKHBIX HEIIONBIVDKHBIX TOUEK COXPAHSIOIIMX OPMEHTALNIO JIOKAJIBHBIX
n3oMeTpuilt MHOroOpasus B cebsl.

Teopema 1. /[ npou3sosvHoz0 6nomHe HeOOHOPOOHO20 PUMAHO6A AHATUMUUECKO20 MH02000paA3UsL MHONECTE0
S C M sgnsemcst aHanumuuecKuM nOOMHONCECTME0M KOPA3MEePHOCMU He MeHbue, uem 2. Credosamernvho, M \ S
SBTACMNCS C6I3HBIM MHO02000DA3UEM.

Teopema 2. [[ns 1106020 6nosmHe HEOOHOPOOHO20 PUMAHO6A AHATUMUHECK020 MHO2000pasus M’ cyuecmeyem Jio-
KAQJIbHO U30MempuuHoe eMy K6a3unoiHoe MHozo6pasue M u 1oxanvHo usoMempuuexoe HaKpvigawwee omoopaiceHue
f: M \'S — M. Takum o6pasom, kea3unosHoe MHoz000pasue obadaem c60UCME0M eOUHCTNEEHHOCMU OJISL KANCOOT
6NnOJTHE HEOOHOPOOHOT JIOKATTLHO 3A0AHHOT PUMAHOB0T AHATUMUYECKOU MEMPUKU.

OrmpenerneHne KBasMIIOIHOTO MHOroobpasus ymaércs o00OIMTHh Ha ciydait, Korga aiare6pa Jlu Bcex
BEKTOPHBIX IoJieit Kyunmara [ 3aaHHOI JIOKaIbHO OIIpe/IesIEHHO PUMaHOBOJ aHAIMTIYECKOI METPIUKY He
MMeeT LEHTPA, [5]. TAKOBBIMU SBJISIIOTCS M MHOTME JIOKAIIBHO OJHOPOHBIE MHOTO00passi, B YaCTHOCTU BCE
JIOKAJIBHO CUMMETPHUUECKIE IPOCTPAHCTBA.

Onpepenenue 5. Pumanoso ananumuueckoe MHozo06pazue M Ha3visaemces JTIOKATbHO 00HOPOOHVIM, €CTTU 8
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ni060ii mouke p € M sexmopnuie nons Kunnuwnea o6pasytom 6asuc kacamemnvHozo npocmpancmea T,M .

OKBUBAJIEHTHOE OIIpefelIeHIIe JIOKAIBHO OJHOPOLHOIO MHOT000pasusa M COCTOUT B TOM, UTO JIIOOBIX TOUEK
P, q € M cyliecTByeT JIOKaNbHAs U30METPUsA ¢ MHOroobpasus M takas, uto ¢(p) = q

Omnpenenenne 6. OpuenmuposarnHoe pPUMaHo60 aHaTumuueckoe MHozoobpa3sue, aneebpa Jlu 6cex 6eKMopHbix
nosell KOMOPO2o uMeem HYIegol YeHmp, HA3bl6AeMcs KEA3UNOIHBIM, eCIU OHO HenPoooIHaeMO U He 0onyckaem
HeMPUGUATTLHBIX COXPAHSIIOWUX OPUEHMAYUI0 U 6Ce 6eKMOpHble nosist KumnuHnea tokanvHvix uzomempuil 6 ceos.

Hccnenyem opueHTUpOBaHHBIE pYMAHOBBI aHATIMTIUECKIE MHOT000pasus, ajuredpa JIu Bcex BeKTOPHBIX
mostelt KunnmHra KOTOphIX He MMeeT LEHTPa, ¢ LeIbI0 J0Ka3aTh, UTO KaXX/[0e TaKoe MHOrobpasue JIOKaJIbHO
M30METPUYHO KBAa3UIIOJIHOMY MHOI000pasinio, a IOKaJIbHO OJHOPOLHOE KBA3UIIOIHOE MHOTO0Opasue IBIIIeTCs
IIOJIHBIM OJJHOPOHBIM MHOT000OpasueM.

O6o3naunm uepes Z (M) 1ceBOOrpyIITy BCEX COXPAHAIOIINX OPUEHTALIMIO U BeKTOpHBIe ot Kusumara,
JIOKAJIbHBIX M30METPUII pPMaHOBa aHATIMTIUECKOr0 MHOTOOpasust M, ¢ € Z(M) ecnu VX € g ¢(X) = X.

Jlemma 2. [Tycemv M — pumanoso aHanumuueckoe MH02000pa3zue, y0061emeopsioujee c60iicmey 00H03HAUHO20
npooosicerus: 6eKmopHvix nosetl Kunnurnea u aneebpa Jlu scex éexmopHvix noseti Kunnunea komopoeo He umeem
yenmpa. Toeda mHoxmecmso S C M, cocmosiujee U3 HENOOBUNCHBIX MOUEK CEBOZMONCHVIX UsoMemputi ¢ € Z(M),
SIGTITEMCST AHATUMUYECKUM NOOMHONCECTNEOM KOPA3MEPHOCMU He MeHbule, uem 2.

B cuty temmbr 2 maOroo6pasue M \ S cBsizHO. [l0Ka3aTeabCTBO JIEMMBI 2 U IIOCHEAYIOLINX YTBEPKAEHUIT
MOYKHO HailTu B [2].

JIlemma 3. [Tycmv M — pumano6o aHanumuueckoe MH0z000pa3zue, y006Iemeopsiroujee c60icmey 00H03HAUHO20
npodosscerus 6ekmopHvix nonetl Kunnunea u anee6pa Ju 6cex sexkmopHuix noneti Kumnunea komopoeo He umeem
yenmpa. Toeda cyujecmeyem JIOKambHO U30Mempuueckoe HaKpviarwee omobpaxcenue uz M\ S ¢ pumarnoso
ananumuueckoe MHoeoOpasue My, makce y0oememeopsioujee c60icmsy 00HO3HAUHO20 NPOOOTIHEHUS 6eKMOPHBIX
noneti Kunnunea u ncegdozpynna Z (M) Komopozo cocmoum mombKo U3 mox0ecmeeHH020 npeotpas’o6anus.

Teopema 3. IIpoussonvHoe pumaroso ananumuueckoe MHozoo0pasue M, anzebpa JIu sekmopruix noseit Kunnunea
He uMeem YeHmpa JTOKATbHO UZOMEMPUUHO KEAZUNOTHOMY MHO2006pa3UI.

Teopema 4. [Tycmb ¢ — T0KANTbHAS USOMEMPUST U3 KEAZUNOTHO20 MHO2000pasus M 6 keasunonHoe MHozo0pasue
N. Tozoa ¢ npodonxaemes 0o uzomempuu ¢ : M — N.

CnencrBue 1. [IpoussonvHoe pumaHo6o anarumuueckoe MHozoobpasue, aneebpa Jlu 6cex 6exmopHvLx nomeil
Kunnunea komopoeo He umeem yenmpa, TOKATbHO UZOMEMPUUHO eOUHCTNEEHHOMY KEA3UNOTHOMY MH02000pasut. To
ecmb JIOKATbHO 3A0AHHAS PUMAHO8A AHATUMUYeCKAs Mempuka, anzebpa Jlu sexkmopruvix noseil Kunnunea komopoti
He uMmeem yeHmpa, eOUHCMBEEHHLIM 00pa3oM NPoooIHaemces 00 KA3UNOIHO20 MHO2000PA3USL.

CnencrBue 2. I[Iycmv § — ameebpa Jlu 6cex eexmopHvix nosneti Kunnunea 6 pumanosom aHamumuueckom
MmHozoobpasuu M’ , ougpeomopgprom wapy, aly — ee cmayuonapuas nodanzebpa. ITycmov G — 00HOC653HAS 2pynna,
nopoxoénnas aneebpoti § u H — e€ nodzpynna, nopoxoénnas nodaneebpoii . Ecniu § ne umeem yenmpa, mo H
3amxnyma 6 G.

OTMeTHM, UTO KBa3MIIOJIHOE MHOr000Opasue ABJISeTCSI Hanbosee CKaThIM, TO €CTh YHIUBEPCAIBHO IIPUTSI-
IMBAIOLINM OOBEKTOM B KaTETOPMI BCEX JIOKAIBHO M30METPIMUYHBIX MHOT006pasuit. [ 11060r0 puMaHoOBa
AHAINTIYECKOr0 MHOT00Opasus M’, anre6pa BeKTOpHBIX moselt KuuinHra koToporo He uMeeT I{eHTpa, Cyliie-
CTBYeT JIOKAJIbHO M30MeTpIuecKoe oTobpaskerne us M’ \ S’ B kBasumosHoe MHOroobpasue M, ompeaeeHHOe
Ha BceM M’ \ §’, rme S’ — MHOXeCTBO HEIIOBIDKHBIX TOUEK BCEX COXPAHSIOIINX OPMEHTALINIO I BEKTOPHBIE
rronst Kyumara jrokaIpHBIX M30MeTpuit MHOrooopasms M.

KBasumonaHoe MHOTOOOpasue eJMHCTBEHHO B KIacce BCeX aHATUTUUECKUX IIPOXODKEHIIT JaHHOTO POCTKA
n obnamaeT psAOoM 3aMedaTeNabHbIX CBOICTB [5]. IIpeskme Bcero, CBOMCTBOM MaKCUMAaJIBHON CUMMETPUIN,
T. e. Jqr06as sokanpHas nsomerpus f : U — V u3 KBa3WUIIOIHOrO MHOrooOpasus M B ce0s aHAIMTUUECKU
npopospKaeTcss 1o usomerpuu f : M — M. OgHako IOHSITME KBasMUIIOJIHOTO MHOT000pasus obsagaeT He
TOJIBKO TeM HeIOCTATKOM, UTO OHO OIIpe[eIeHO He I BCeX JIOKAIBHO 3alaHHbBIX PYIMAHOBBIX aHATUTUUECKIX
MEeTpPUK, HO OHO TaK)Ke He SIBJISIETCS B OIPeNeIEHHOM CMBICIIE «CAMBIM ITOJIHBIM». A MMEHHO, CyIIeCTByeT
POCTOK pMMaHOBA aHAJIMTUUECKOI0 MHOT000pa3us, KOy CKAIOIINII IIPO0JDKEeHE HO IIOJTHOI0 MHOroo0pasmns,
KaHOHIYECKOe MPOJOJDKeHNEe KOTOPOTO A0 KBA3WIIOIHOTO He SIBIISETCS [IOJHBIM MHOT000pasueM.

ITIpumep 1. Paccmompum snauncoud 6 mpéxmepHom npocmpancmee, 3a0aHHbLU ypasHeHUeM ’;—; + Z—; + § =1.
st mozo, umoObL noryuump K6Aa3unorHoe MH02000pasue 8 KIiacce 6cex PUMAHOBbLX AHATUMUUECKUX MH02000pA3UlL
JIOKAJTbHO U30OMEMPUUHDIX IILITUNCOUOY, HEOOX0OUMO GbLOPOCUMb U3 ILTTUNCOUOA 6 MOUeK nepeceteHus ¢ 0CIMU
KOOpouHam u npoPakmopu3oeams noyueHHoe MHO2000pasue no epynne epawjeruti Ha 180 epadycos 6okpye 6cex
oceti KoopouHam.

3. IIceBnomosrable MHOTOOOpa3msa. [latb 0000LIeHE TOHITUS I[TOJHOTHI, IIPUBOSIIEE K «CAMOMY
MOJIHOMY » MHOT000pa3uio [JIsl IPOM3BOIIBHOTO POCTKA PMMAaHOBA AHAINTIYECKOIO MHOT006pa3ns, OKa3bIBAeTCsI
BO3MO>KHBIM.

Onpenenenue 7. Pumano6o anarumuueckoe 00HOCEI3HOe MHO2000pazue M Ha3vieaemcst nce60ONOIHbIM, eCTu
OHO 06nadaem credyOUWUMU COUCMBAMU:

M nenpodonicaemo.
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He cywecmeyem nokabHo uzomempuueckoeo Hakpuisarouezo omoopaxcenus f; M — N, ede N — o0Hoc6s13H0e
PUMAH060 aHaumuueckoe MHozobpasue, a f (M) — omxpvimoe noomHoxecmeo 6 N, He pagroe N.

HccnenyeM aHaIMTIYECKOE IIPOROJDKEHIE OO IICEBIOIIOIHOI0 MHOr000pasus I pas3jiMuHbIX KJIACCOB
POCTKOB pMMaHOBBIX aHAIMTUUECKMX MHOrooOpasmii. IIpesxme Bcero ciemyeT yCTaHOBUTBH TOT (akT, UTO
AHAINTIYECKOE IIPOJOJDKEHIE 0 IICEBXOIIOIHOTO MHOr000pasms CyIecTByeT I JJI0O0T0 POCTKA PUMaHOBa
aHATUTUYECKOro MHOro6pasus. Bmecre ¢ TeM B 00111eM Cilyuae 9TO IIPOHOJKEHIE He eAMHCTBEHHO, ONHAKO,
pasIMyYHbIe aHAIUTIYECKIe IPOXOIDKEHM OTHOTO I TOTO K€ POCTKA Pas3IMYaloTcsd He OUeHb 3HAUUTEJIBHO.

Teopema 5. J[1060e T0KATVHO 3a0aHHOE PUMAHOE0 AHATTUMUYECKOE MHO2000pa3ue donyckaem aHatumuuecKoe
npooossceHue 00 ncegdoNOIHO20 MH02000pasust. Eciu 6 Kracce TOKaTbHO U3OMEMPUUHBIX PUMAHOEDLX AHATUTMUUECKUX
MH02000pa3uii umeemcs: NOJIHOE MHO2006pA3ue, MO MO MH02000pa3ue A6ILeMcs eOUHCMEEHHIM NCe00NOTHbIM
MH02006pa3uemM 6 IMoM Kiacce.

HMoxkasaTeabcTBo. Ha MHOXKeCTBe Bcex OHOCBS3HBIX aHAIUTUUECKIX IIPORXOIDKEHII JAHHOTO POCTKA PIMaHOBa
AQHATMTUYECKOTO MHOT000pasusa BBeJEM ClefyIolllee OTHOIIeHNe IOopsaaKa. MHoroo6pasue M Gojbille win
paBHO MHoOroo6Opasus N, M > N, eciu cylecTByeT JIOKAJIbHO M30MeTpuueckoe orodbpaxenue f; N — M.
TeM caMbIM, MHOKECTBO OJ{HOCBSI3HBIX JIOKQJIBHO M30METPUUHBIX OPYT APYTY PMMaHOBBIX aHAJIUTUUECKNAX
MHOT006pasmil IpeBpalaeTcs B YaCTMYHO yIIopsgoueHHoe MHOXecTBO. [To temme IfopHa 3T0 MHOKECTBO
COMEPKUT MAKCUMAJIbHBII 3JIeMeHT. ITOT 3JIEMEHT II0 OIIpeeIeHNIo 11 OyaeT MCeBIOIIONHBIM MHOroo6pasueM.

PaccmoTpuM mosiHOe prMaHOBO aHaNMUTIUECKOe MHOrooopasue M. Ecin nmpenmooxuts, uro M He siBseTcs
IICEBIOIIOJIHBIM, TO CYIIIeCTBYET JIOKAJIbHO M30MeTpuuecKoe oTobpaskerue f; M — N Takoe, UYTO YTO HEKOTOpas
touka x € N, x ¢ f(M). lycrs y(t), 0 < t < 1, reome3mueckasi, coequHsiomas Touky y € f(M) ¢ Trouxoit
x. Torga nmpoo6pas sToit reomesnueckoit mpu 0 < ¢ < § He MPOJOILKAETCS IO TeOe3IUeCKOlt IIPY BeeX ¢ Ha
MHOro06pasum M, UTO IPOTUBOPEUNT IIOJHOTE STOTO MHOT000pass.

IIceBmomonHoe MHOrooGpasue He eAMHCTBEHHO B KJacce BCeX JIOKATbHO M30METPUUHBIX PUMAHOBBIX
aHAIUTUUECKUX MHOT000pasmit.

IIpumep 2. Paccmompum pocmok A 08yMepHO20 PUMAHO8A AHATUMUUECKO20 MH02000pa3usi, HOCUMeTeM

Komopoeo sensemcs cepa ¢ mempuroii ds® = %dld?, eoe f(z,|z|) — ananumuueckas gpyHkyus Ha cpepe,
1+|z

ydosrmemeopsiowas yenosuio f(z,|z|) # |A’(2)|?f(A(z), A(Z)) dna n06020 OpobHO NuHeliHO020 NPeobpasosanus
A(z). Taxkas mempuxa umeem ocobenHocmy 6 moukxe z = 0. Cihepa ¢ 0aHHOT MEMPUKOTL AGTISLEMCA NCEEOONOTHbLM
MHO02006pasuem. Yempanum 0co6eHHOCMb 6 mouKe Z = 00 npu NOMowyu npeobpaszosanus z = w’ +a, a € C.
B pesynvmame, nonyuum cgepy, 06YIUCMHO HAKPHIEAIOWYI0 NEPEOHAUATILHYI U UMEIWYI0 MempuKry ds? =
%dwdﬁ. dma mempuka umeem ocobeHHOCMY 6 mouke w = 0, UMO S6TITEMCS eCECMBEHHbIM, MAK
Kax cepa w gemsumesi Hao cepotl z 6 mouke z = a, coomgeemcmesyroujeti mouke w = 0. IIpu pasmuunvix a nowyuaem
DA3TUUHbLe NCEEOONOIHbLE MH02000paA3USL C KOOPOUHAMOTE W.

Kax nokassiBaeT npumep 2, uMeeTcsi GOIBIIIOE MHOKECTBO HE OUEHb €CTECTBEHHBIX IICEBIOIIOIHBIX MHO-
roo6pasmit. C 1esbio n36eKath pa3BeTBIEHUS HAJl PETYIAPHBIMY TOUKAMI CY3UM IIOHSTUE IICEBIOTIOIHOTO
MHOT000pasus.

Onpenenenue 8. Pumaroso anarumuueckoe 00HOC65I3H0e MHO2006paszue M Ha3vieaemces npasuibHbiM nees-
OONOTHVIM MH02000pa3UEM, eClIU He CYujeCmeyem HAKPbiearuseeo JIOKAIbHO U30MEMPUUECK020 0mobpareHus
f:M\ S — N 6 0pyzoe ncegdonontoe mHozoo6pasue N T0KanIbHO usomMempuuroe MH02000pasuio M.

Teopema 6. JIokamvhas uzomempust U3 npaguibHo20 Nce0ONOTH020 MHO2006pasust M 6 npasurbHoe ncesdonoHoe

MHO2000pa3ue N aHamumuuecku npooosxaemes 600b HENPEPbIEHbIX KPUBDLX & TH0OYI0 mouky M 3a uckmioueHuem
AHATTUMUYECK020 NOOMHONECMBA S KOPAZMEPHOCMU He MeHbule, ueMm 2.
HMoxkasaTenbcTBO. [l0Ka3aTeabCcTBO IPUBENEM IS CIyUasi, Korna anreopa Jlu Bcex BeKTOpHBIX oueli Knumnera
He uMeeT 1eHTpa. PaccMoTpum nogmHoKecTBa S C M n S’ C N, cocrosiiime 3 BCeX HEMOABIDKHBIX TOUEK
JIOKAJIBHBIX 30METPUIT, COXPAHIIOLINX OPMEHTALINIO BEKTOPHBIX roseit Kuummura. Muoxecrsa S u S” siBisroTest
AHATUTUUECKUMU TOOMHOKECTBaMI MHorooOpasuit M nu N KopasMepHOCTM He MeHbluel, ueM 2. IIycTs
M, — KBasMIOJIHOE MHOT000pasue, JIOKAIBHO M30MeTpUUHOe MHOrooGpasusam M u N. Torma cyiecTByoor
HaKpBIBAIOLIME JIOKAIBHO M30MeTpuueckue orodopaskerns f : M\ S — Myn g: N\ S" — M,. IIpu stom us
ollpefesieHyIs PABUIIBHOIO IICEBIOIIOIHOr0 MHOroodpasus ciaenyer, uto (M \ S) = My u g(N \ §") = M,.
PaccmoTpum nponsBosibHy0 KpuByio y(t) C M \ S Takyo, uto 06IacTh Onpe/eeHus IepBOHAYAIBHO 3aJaHHO
JIOKAJIBHON M30METPUN ¢ MeKAy MHOrooOpasusamu M u N comepsxut Touky y(0), eé 06pas d(t) = f(y(t)) € Myn
cBA3HYI0 KommonenTy f(t) mpoobpasa g~1(5(t)) € N \ S, conepsxaryto Touky ¢(y(0)). Torma mepBoHavambHO
3a/laHHas JIOKAJIbHAS M30METPUS () aHAINTIYIECKN IIPOIOJLKAETCS OO M30METPUIU HEKOTOPOI OKPECTHOCTM
KpuBoii y(t), 0 < t < 1, Ha HEKOTOPYIO OKPECTHOCTh KpuBoit f(t), 0 < t < 1, npuuHamiexaryo N \ S’

Iycts M — mpaBUIBHOE MICEBAOIIOIHOE PUMAHOBO aHAIUTUYECKOE MHOT00Opasue, anrebpa Jlu Bcex BeKTOp-
HBIX II0JIEJ KOTOPOTO He MIMEET LeHTPa, S — MHOKECTBO HEITOABILKHBIX TOUEK BCEX COXPAHSIOLIIX OPMEHTALINIO
U BEKTOpHBIE Mot KUJLIMHra JIOKaThHbIX U30METPUil MHOT0OOpasus M, My — KBasumosHoe MHOroGpasue
JIOKaNbHO mM3oMeTpudHoe M, MyS — OXHOCBA3HAS HAKPHIBAIOINAS MHOToGpasus My. Torga MMEIT MecTo
aHAJMUTUUECKIIE JIOKAJIbHO M30METPIUECKIe HAKPBITIA MO — M\ S - M,.

JI71s1 TIPOU3BOJIBHOTO OPMEHTUPOBAHHOTO PUMAHOBA AHAJIUTIUECKOTO MHOT000pasus M 0003HaunM uepes
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10 Icesdononrvie pumaHo6bl MHO2006pa3Us

Z (M) mceBmOrpyIITy, COCTOAIIYIO U3 BCEX JIOKATBHBIX U30METPUIL MHOr000pasus M, COXpaHSIOIINX OPUEH-
Tanuio u Bce BeKTopHbIe ot Kumumnura. Pacemorpum dakrop muoroo6pasue Ky muoroo6pasus M \ S mmo
nicesporpyte Z(M). Onpenenum o6benuHeHne MHOrooopasuit Ky u Ky, ckienBas nx 1o MHOXeCTBY Ky .
ITox mepeceuennem M N N moppasyMeBaeTcs OTOXKAECTBICHNE MAaKCHMAaJIBbHBIX IIOJJMHOKeCTB, Ha KOTOpbIe
IIpOJOJDKaeTCA IIepBOHAYAIBHO 3aJJaHHAs JIOKAJIbHASI M30METPUS MEXAY OTHOCBA3SHBIMIU HAaKPBIBAIOIIIMU Mu
N mHoroo6pasuit M u N. Ha mHOTOO6pasuu M \ S paccMoTpuM pacIpefieleHIe 3=, COCTOsIIIIee U3 BEKTOPOB,
[epIIeHANKYISIPHBIX LEHTPY 3 anrebpsl JIn g Bcex BeKTOpHBIX mojelt Kuinara.

Teopema 7. [Tycmv M — ncegdonomhoe puMaHo6o aHamumuueckoe MHO2000pasue, 3= — pacnpedenenue Kaca-

MeIbHbLX 6eKMOPOB, NePREHOUKYIIAPHBIX YeHmPY 3 aneeOpul 6cex 6ekmopHbix nometl Kunnunea, S — MHOXcecmeo
HENOOGUNCHBLY MOUEK, COXPAHAIOUWUX OPUEHMAYUI0 U 6Ce 6eKMOpHble nosia Kunnuhea nokanvhbix usomempuil. Eciu
3+ unsomomueHo, mo 00noces3Has Hakpuieatowai M \ S mrozoo6pasus M\ S usomempuuna npamomy npoussedeHuro
e6KIU006a NPOCMPAHCMEA U 0OHOCESA3HOU HAKPbLEAtowet K enomnne zeodesuueckozo noomHozoobpasuss K ¢ M
kacamenvrozo k3-. M\ S ~ RF x K .
[lokazaTeabcTBO. BBUy MHBOIOTUBHOCTY pacrpefieleHuii 3 u 3~ HeKoTopas OKpecTHOCTh U OTMeueHHOI
Touku p € M umeer Bug U = V X W, roe V — OTKpbITOE IIOAMHOKECTBO MHTETPAIBHOTO IIOJMHOT000-
pasus pacripeneseHus 3, a W — OTKPBITOE HOJMHOXXECTBO MHTETPAIBHOIO IOJMHOr000pasus pacrpeee-
mus 3. Iycers x1;x%;. .. sxk - koopauwHaTe Ha V, a yl;y?; ... ;y™ - koopmuHats! Ha W. Torma B KoopamHa-
tax x';x%; .. %Kyl y?; .. y™ KommoHenTHI g;; He 3aBucat ot x';x%. . .;xF, u Tak Kak mogMHOTrOOGpasMA
V u W TepHeHIuKyISpHBI, TO KOMIIOHeHTHI Tipu dx'dy’ pasmbr 0. TlosTomy MeTpuka Ha U mMeeT BUJ
ds® = ds?(y) + f;j(y)dx'dx’. BcnepcTBue HENpPOAOIKAEMOCTH TICEBOIIOIHOTO MHOroo6pasus M \ S comepxut
IIOJIHBIE MHTETPaTbHbIE [IOAMHOr000pasust pacrpeneaeHus 3, T. €. IPsIMble IIPON3BeeHNs eBKIN0Ba IIPOCTPaH-
cra i Topa RE xT!. Tlosromy M\ S sBisiercs paccioeHmeM Haj K’ c K co crosmu R*x T, Tak kax pacmpeniernenue
31 MHBOIIOTUBHO, 3TO paccioeHne COgepKUT CeueHue K , ¥ TI03TOMY TpUBHanbHo, M\ S = RFXT! x K. Taxk rax
M nenmpopgoixaemMo, TO K’ = K. CrenoBareinsHo, OIHOCBSI3HAS HAKPBIBAOLIAs] MHOro6pasusa M \ S nzomerpnusa
[IPSIMOMY IIPOM3BENEHNIO OMHOCBI3HBIX IPOCTPAHCTB, M \ § ~ RF x K.

CuegcrBue. PaccMompum pumanogo aHarumuueckoe MHoz000pasue M pasmepHocmu n, aneebpa Jlu g komopozo
KOMMYMamueHa, mo ecmv c06nadaem co cC60UM YeHMPoMm 3, U dlmg dim3 = n — 1. Toz0a cywecmeyem He 6oiee
08YX Nces0ONOTHbIX MH02000pa3UTi IOKATbHO usomempuw-tbtx M.

HoxasarenbcTBo. Tak Kak codim3 = 1, To dim3* = 1, u 3 uaBOMIOTHBHO. [0 TEOpeMe 5 I TICEBOMOIHOTO
MHOroo6pasus M JIOKaJIbHO M30METPUIHOIO MHOTO00PA3MIo M’ umeer mecto pasnoxenue M \ S = R® X T! x K.
Briosne reonesnueckoe nogmuoroodpasme K usomerpuuno npsamoii R min okpyxHOCTI Sty Jayuy (a; o)
unn unTepsaiy (a;b). Paccmorpum daxrop muoxectso K = M/Z(M) . Ecmu K = Runmu K = S, 10 K = K. Ecin

= (a;00) , 10 K = [a;00) wm K = K = (a;00). Ecmu K = (a;b) , 10 K = [a;b) wm K = (a;b] wm K = [a; b]
wmK=K = (a;b).B cnyuae, ecmu K = R K = St to COOTBETCTBYIOIINII POCTOK PMMAaHOBa AaHAIUTIIECKOTO
MHOrOOpasus MMeeT eMHCTBEHHOE IIPONOJDKEHNE A0 IICEBAOIIOIHOr0 MHOrobpasmus, 1 910 MHOrobpasme
M30METPUYHO €BKJIMIOBOMY IIPOCTPAHCTBY. [IpogorKeHE POCTKA O TICEBIOIOIHOTO MHOT000pasms Oyaer
€/IMHCTBEHHBIM B CITyUae ! S=0,T.e. K =K.

Iycrs K = (a;00), a K = [a; 00). Torga Touky mogMHoKecTBa S C M oToGpaskaoTcs mpy haKTopM3aIim
K = M/Z(M) B 1ouxy a € K. Touka x € S sBisieTcst 0co60it TOUKOi1 HekoToporo 1o X € 3, X(x) = 0, a mobas
nsomerpus ¢ u3 M B cebs Takas, uto ¢(x) = x, umeer Bug ¢ = ExpY, Y € 3. Paccmorpum moganredpy 3o C 3,
COCTOSIIIIYIO M3 BeKTOPHBIX Imojeil Kuuura X € 3, obpararorxcs B HOJb B Touke X, X (x) = 0. Torma 3¢
IIOPOKaeT TPYIIITy M30MEeTPIII HEKOTOPOTo Iapa B, aHaIuTIUeCK) IIPOXOJHKAIOIIYIOCS O IPYIIITBI M30METPUII
MHOroo6pasuss M u usomopduyio ¢pakrop rpyiire rpymnmns! 3o = R® mo Hekoropoii pemérke I', qeiicTByoLei
Ha MHOT000pasun M. Torma M sBiseTcs IMOJIHBIM MHOT000pas3meM M30METPUUHBIM IIPOCTPAaHCTBY R® X T'.
AHanormyHas KOHCTPYKIUS IpUMeEHNMa K ciayuaro, korga K = (a;b), a K = [a;b) mnu K = (a;b], 1. e. Korma
K nosxyuaercs u3 K mpucoequHeHEM OXHOM TOUKM a min b. B aToM ciyuae mceBmomnonHoe MHOrooGpasme
TaKXe eIMHCTBEHHO I M30METPIIHO MHOrooGpasmio RS x T! x K; oHaKo 310 MHOroo0pasue yxe He SIBJISIeTCS
IIOJIHBIM.

Haxowrer, pacemorpum ciryuait K = (a;b), K = [a; b], 1. e. xorna K monyuaercs us K npucoemaeHneM IByx
Touek a u b. Paccmorpum ncesprononnoe MHOroo6pasue M; u Touky MHOkKecTBa S; C M), IPOEKTUPYIOIIIECs B
TOUKY a € K. Torza tax e, KaK 1 [P PAaCCMOTPEHNUN IIPEeNbIAYIIINX CIYUAEB, PACCMOTPUM MHOT006pasme M,
roJryvaroleecs pucoeNHeHIleM MHOKeCTBa S; K paKTop-MHOT000pa3nio MHOrooopasus M C S 1o HeKOTopoit
peuretke It C 3 = R"! rax, uro M; =RS x T! x E), roe ITI = [a; b). AHAIOrMYHO, pACCMOTPUM IICEBIOIOIHOE
MHOrOo0Opasue M, m TOUKM MHOXecTBa S; C M,, npoektupyouecs B Touky b € K. Muoroo6pasue M;
IOJIyYaeTcs: MPUCOEqMHEHEM MHOXeCTBA Sy K (pakTop-MHOroo6pasuio MmHoroobpasust M \ S mo HeKoTopoit
pentetke I, C z = R™*! tak, uro Mé =R x T! x I?g, rue K, = (a;b]. Eciu pemérku I u I, He coBnapmaror, To
MHOroo6pasus M; = M; u M, = Mé SIBJISTIOTCS JBYMS Pa3INUHBIMU IICEBIOIIOIHBIMY MHOroo0pasusamu. Ecin
xe pewrerku I u I, coBnagaror, To MHOT00Opasust M; n M; M30MeTpUYHBI 1 OIIPeResIIOT ITOJIHOe MHOroo0pasue
M= M; = M,.

4. 3akiroueHMe. YKa)KeM Ha BO3MOJXKHOE PasBUTME TEOPUM aHAIUTUYECKOTO IPOMOJIKEHMS POCTKOB
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PMMaHOBBIX aHAIUTIYECKUX MHOI000pasuil.

IMonsTIE KBA3UIIOIHOTO MHOT000Opa3usa He 060011aeTcs Ha MHOT0o6pasus adpUHHOI CBI3HOCTHI, HO MOXET
6bITH 06001I[eHO Ha IICEBIOPMMAHOBBI MHOT006pasus.

YcnoBue 3aMKHYTOCTH IOATYIIIBI JIN, COOTBETCTBYIOLIEl CTAI{MOHAPHOI Ioganre6pe JIu, B OXHOCBASHOI
rpyne JIu, coorBecTByIOLIEl anrebpsl JIu Bce BEKTOpHBIX Ioseit Kumnnara, Mo>keT O6bITh YTOUHEHO U PacCIpo-
cTpaHeHO Ha anreOpy JIu Bcex MHOUMHNUTE3MMAIBHBIX IPEOOP30BAHMIL IIPOCTBA AHAIUTUECKOI adpPUHHOOI
CBSI3HOCTIL

IIceBmomonHble MHOrooOpasms B Kiacce BCEX JIOKAJIBHO M30METPUUHBIX MHOr000Opasmii 3acIy’KIBaOT
GoJtee ITOJIHOTO ommcaHms. [[JIs MaJabIX pa3sMepHOCTEl BO3MOXKHA ITOJIHAS KIacCUpUKaLMs IICeBXOIOTHBIX
MHOTr000pasuit.
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AHHOTaIII/UI. B pa60Te ObLINI JI3Yy4€HbI HAUaJIbHO-KPA€BbI€ 3aJauli C pa3HbIMU TUIIAMM I'PAHNUHBIX YCJIOBI/Iﬁ OJId JIByXMepHOIZ[
MOJII/I(bI/IKaHI/II/I YPaBHEHNA KaBaxapr C BBICOKOI HEJIMTHEITHOCTHIO. ypaBHCHI/Ie paccMaTpmBaJIOCh Ha IIOJY-II0J0Ce KOHEUHOM
INVPWHBIL. Beutn IIOJIYY€HBI PE3YIbTAThl O CYyIIECTBOBAHNI VI €AMMTHCTBEHHOCTN CUJIBHBIX I cabbIx pELLICHI/Iﬂ IIOCTAaBJIEHHBIX
3agay 1 O aucCuIranmm peU.IeHI/Iﬁ Ha 6eckoHeuHOCTH. PertreHnst paccMaTpMUBaJINICh B BECOBBIX IIPOCTPAHCTBAX Cobounesa.
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1. Introduction. In the following paper we consider initial-boundary value problems for two dimensional
Kawahara equation:

Uy — (Uxxxx + uyyyy)x + b (uxx + uyy)x + auy + (g(u))x = f(t; X, y), (1)

posed on a domain IT}. = (0, T) X 3, where 3, = Ry x (0,L) = {(x,y) : x > 0,0 < y < L} is a half-strip of a given
width L and T > 0 is arbitrary for equation (1), with the initial condition:

u(0,x,y) =u(x,y), (xy) €3y )
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and boundary conditions:
u(t,0,y) = ux(2,0,y) =0, (t,y) € Br=(0,T) % (0,L), (3)
and boundary conditions for (¢, x) € Q74+ = (0, T) X R, of one of the following two types:

a). u(t,x,0) = u(t,x, L) = uyy(t,x,0) = uyy(t,x,L) =0, @
b). uy(t,x,0) = uy(t,x,L) = uyyy(t,x,0) = uyy,(t,x,L) = 0.
The assumptions on the function g(u) are specified later; a, b are arbitrary real constants. Results on global
existence are bases on estimates which are the analogues of the following conservation laws for the initial value
problem

//RZ u?dxdy = const, [/Rz(uix + uiy +bu? + bui — 29" (u))dxdy = const,

where

u
g = [ go)as.
0
The equation (1) is a two-dimensional version of the Kawahara equation:
Up — Ugxxxx T Dlixxx + Ay + uuy = 0.

Obtained in [10], it describes the propagation of long nonlinear waves in weakly dispersive media. Kawahara
equation (also known as fifth-order Korteweg—de Vries equation) is a modification of the well-known Korteweg-de
Vries equation (KdV):

Up + Uxxx + AUy + Uty =0,

which also has the two-dimensional form, so called Zakharov — Kuznetsov equation:
Up + Uyxx + Uxyy + AUy + uzux =0.

In this paper we establish global existence and uniqueness of solutions to initial-boundary value problems (1) - (4)
and large-time decay under small input data.

Through the years there was a wide variety of investigations dedicated to various aspects of the Kawahara
equation and some of its modifications. The initial value problem and initial-boundary value problems are
considered, for instance, in [5, 11, 1, 9]. However, two-dimensional modifications of Kawahara equation are
studied considerably less. Kawahara equation has a another two-dimensional modification known as Kawahara -
Zakharov — Kuznetsov:

Up — Uxxxxx + Uxxx + Uxyy + AUy + Ully = 0.

For the first time an initial-boundary value problem for this equation was considered in [12]. The author obtained
global existence, uniqueness of regular solutions and large-time decay for the small initial data. Those results
were extended for the three-dimensional case of the Kawahara equation in [13]. Recently, in [14] author studied
smoothness properties of solutions of a two-dimensional Kawahara equation.

Our methods are similar to those given in [3], where the author studied the initial-boundary value problems
for the Kawahara — Zakharov — Kuznetsov equation on a half-strip. Previously, the author also obtained similar
results for Zakharov — Kuznetsov equation in [6, 7, 8]. However, in our case we studied a different form of
two-dimensional Kawahara equation given by (1).

Introduce function spaces H * taking into account boundary conditions (4). For any multi-index v = (v1, v3),
let 8V = 3} a;z and ﬁf = Ly, for k > 1 the space ﬁf consists of functions ¢(x) such that 9"¢ € Ly, if vi +v2 < k
and in case (a)

aj'"zp|yzo = a_f;"(p|y=L =0, Vme[0,k/2),

and in case (b
® iyl =Pmlg| =0, Vme [0, (k-1)/2)
y  Ply=0 = % y=L ~ ] :

Now, let us give the definition of the admissible weight function.
Definition 1.1. The function y(x) is called admissible weight function if ¢ is an infinitely smooth positive
function on Ry, such that for each j € N and Vx > 0

[y (x)| < c(j)P(x).

T Xo+1 L
M T) = sup/ / / u*dydxdt. (5)
x0=0J0 X0 0
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14 Initial-boundary value problems for two dimensional Kawahara equation

We construct solutions to the considered problems in space kax) (IT3.) for two cases for k = 0 (weak

solutions), k = 2 (strong solutions) and for admissible weight 1/(x), such that ¢/’ (x) are also admissible weight
functions, consisting of functions u(t, x, y), such that

ue Co([0, THH™) 0 Ly(o, T V'),

Further, we denote X0 /() (IT7) as le/(x) (IT7). Introduce the notion of weak solutions to the considered
problems, define special function spaces of smooth functions. Let S S(3,) bea space of infinitely smooth on X,
function ¢(x, y) such that (1 + x)"|0%(x,y)| < c(n, @) for any n, multi-index a,(x,y) € %, and aim(p|y=0 =
ai,’"(p|y:L = 0 for case (a) and af/m+1<p|y 82’"+1(p| 4o = 0 for case (b) for any m.

Definition 1.2. Let uy € Ly, f € L1(0,T; L2,+) The function u € Ls(0,T; Ly .) is called a weak solution of
problem (1) — (4), if for any ¢ € C°([0,T];S(X)), such that <p|t=T = (p\ = (pxx|x=0 = 0, the following
relation is satisfied:

x=0 Px |x:()

// (UQr — UPxxxxx = UPyyyyx T DUPxxx + DUQyyx + aupy + g(w)ox + fo)dtdxdy + /] uo¢z|t:0dxdy =0. (6)
I, b

Now let us introduce the main results. The first two theorems establish global existence and uniqueness of

weak and strong solutions respectably.
Theorem 1.1. Let yj € L;/fix), f e Li(0,T; Ll/'(x)) for certain admissible weight function (x), such that ¢’ (x) is
also an admissible weight function. Let g € CI(R) and for certain constants p € [0,4) andc > 0

lg' ()| < clulP VYueR, @

and if p > 1 the function  for certain constants n and ¢ > 0 satisfies an inequality Y (x) < c¢(1 + x)"¢’(x). Then

there exists a weak solution to problem (1) - (4)u € wa) (I13.); moreover A* (uxx; T) + A* (uyy; T) < +o0. In addition,
if p < 3 in (7) and for certain positive c,

(W CPYPTH(x) 2 g Va2 0, ®)

then this solution is unique in X]'//(x) (IT3).

Remark 1.1. The exponentzalwezghttﬁ(x) = e2%X Vo > 0 and the power weight /(x) = (1+x)%%* Va > }1(1+%),
p > 0, satisfy the hypothesis of the Theorem 1.1 (including uniqueness). If ug € Ly, f € L1(0,T; Ly ), there exists a
weak solution u € C,,([0,T]; La+), A* (txx) + A* (t1yy) < +o0.

Theorem 1.2. Let uy € ﬁf’l//(x), f € Ly(0, T;ﬁf’w(x)) for certain admissible weight function y/(x), such that
¥’ (x) is also an admissible weight function, uy(0,y) = uox(0,y) = 0. Let g € C*(R) and verifies condition (8)
for p € [0,4). Then there exists a strong solution to problem (1) — (4) u € X1 V) (I13.); moreover A* (txxxx;T) +
At (uyyyys T) + At (tUxxyy; T') < +oo. In addition, if for certain constantsq > 0 andc > 0

lg” ()| < clul? VueR, ©)
and for certain positive cy andr € (2,4]
Y (x) T (x) 2 ¢ Vx 20, (10)

then this solution is unique in X2 /() (I1%.).

Remark 1.2. The exponential weight {/(x) = e*** Ya > 0 and the power weight Y(x) = (1 + x)** Ya > 0,
satisfy the hypothesis of the Theorem 1.2 (including uniqueness). If uy € H2, up(0,4) = upx(0,y) = 0, f € Ly(0, T; H+)
there exists a weak solution u € C,, ([0, T];ﬁf), AT () + AT (Uyyyy) + A (Uxxyys T') < +o0.

Next, we introduce two theorems on large-time decay of weak and strong solutions.

Theorem 1.3. Let the function g € C}(R) satisfies inequality (7) for p € (0,3]. Then there exists Ly > 0, ap > 0

and €y > 0 such that for any L € (0,Lo], & € (0, ] and B = n*/(8L*), such that ifu, € L2+ , ||u0||L2+ <e,f=0,

the corresponding unique solution u(t, x,y) to problem (1) — (4) in the case a). from the space X,f) (H*T') YT >0
satisfies an inequality:
le™utt, . )2, < P lle™ w2, Vi 20, (1)
Theorem 1.4. Let the function g € C*(R) satisfies inequality (7) for p € [1, 4] and inequality (9) forq = p — 1.
Then there exists Ly > 0, &g > 0 and €y > 0, such that for any L € (0, Lo], a € (0, ap] and B = n*/(8L*), such that if
Uy € gL fora € (0, a0], |luollz,, < €0, uo(0,y) = uxo(O y) =0, f = 0 the corresponding unique solution u(t, x, y)
to problem (1) — (4) in the case a). from the space Xi;e (IT7),YT > 0 satisfies an inequality

lle*ult, -, ')Ilz < c(lluoll g erax, e, Pe Pt Vi zo. (12)
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E. Martynov 15

2. Preparations. In this section we establish some preliminary results. First, introduce the following notations:
let 5(x) be a cutoff function, # is an infinitely smooth non-decreasing function on R such that 5(x) = 0 for x < 0,
n(x) =1forx > 1,5(x) +n(1 —x) = 1; let Sexp(2+) be a space of 1nﬁn1tely smooth functions ¢(x,y) on %,
such that e™ [0 ¢(x, y)| < c(n,v) for any n, multi-index v,(x,y) € 3, let Sexp(ZJr) be a subspace of Sexp(2+) s
consisting of functions, on the boundaries y = 0,y = L verifying the same conditions as in the definition of the
space S"exp (Z,). This space is dense in ﬁf

Further, we drop limits of integration in integrals with respect to x and y over the whole half-strip >, and and
with respect to x over the half-line R,. The following interpolating inequalities are very important for our next
steps.

Lemma 2.1. Let /1 (x),)2(x) be two admissible weight functions, q € 2, +00]

1

s=50(0) =7 = 5

1/2

then for every function satisfying (|@xx| + |@yyl + l@¥,""(x) € Ly, (p¢21/2 (x) € Ly, (0,y) =0, (x,0)py(x,0) =

@(x, L)@y (x,L) = 0, the following inequality holds:

oy Iy, < cll (gl + loyyl + oot 212 llovelll >, (13)

where the constant ¢ depends on L, q and the properties of the functions ;; if, in addition, (p‘yzo =0or (p|y=L =0 then

this constant is uniform with respect to L. _

Proof. Without loss of generality, assume that ¢ is a smooth, decaying at +co function (for example ¢ € Sexp(24)).
First, uniformly with respect to L we establish the following:

[t asay < e [[ 2 oy + o wnanasy [ oPpudza (14)

In fact, boundary conditions on the function ¢ yield that

// (02 + g2y 2y = - // (nx + Pun)¥ 20y 2dxdy - / Vox (12902 dxdy.

Since ¥/; are admissible weight functions, we get

(03 + o), Pdxdy < N2( [[ (@ + 0} Wrdxdy) (|| o%yndxdy)'V?
I «Jf I

sel [ ouiltyaxay [ gpuaran [ o padran
whence (14) follows.

Next, we use the following interpolating inequality from [1] in the case of the domain Q = X,

1fllee (@) < elllfexllzi @) + IfyyllLi@) + 1f L @), (15)
and apply it to the function f = ¢ g&l/ 2022 then
lov 9125, < /f @2 el + 10029 29 gy + 029,y dedy. (16)

Here,
0920 P)ex = 2(00x + 020200 + 400 (0202 + 02 (01297,

] ooty axay < [ tinaan > [[ gyedzany

and since i; are admissible weight functions

// loox (V729112 ldxdy < c(// oy ”zdxdy)l/z(//q) Jrdedy)'

([ #vedxan
[/‘P |y 9y"?) | dxdy < c//¢2¢11/2¢21/2 < c(// o2 ihdxdy)?
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16 Initial-boundary value problems for two dimensional Kawahara equation

([ #tvudsap

Other terms in the right-hand side of (16) are estimated in a similar way and with the use of (14) inequality (13) in
the case g = +oo follows.
If q € (2,400), then with the use of the (14) for g = +co

-s s LR L2 -2 2
lovsdn* ., = ( // 01972, " 0, oPadxdy) T < oy, TP gy,

< cll(lgxxl + oyl + oDy * 12 oy, 1112,

Finlay, if, for instance, (p|y:L = <p|y=0 = 0, extend the function ¢ by zero to the quarter—plate Ry X R and carry

out the same argument with the use of (15) for Q = R, X R, and (14) for L = +o0, then estimate (13) becomes
uniform with respect to L.0

Further we also use an interpolating inequality, following from the one in [4].

Lemma 2.2. Let /1 (x), 2 (x) be two admissible weight functions, such that y;(x) < cof2(x), Vx > 0 for certain
constant ¢y > 0, q € [2,+00)

1 1
= = - — _’ 17
s =s1(q) 2 2 (17)

then there exists a constant ¢ > 0, such that for any function ¢(x,y) verifying (pxxt/lll/z (x), wyylﬁlm (x) € Ly(Z4),
(pl//zl/2 (x) € La(Z4), if |[v| = 1 the following inequality holds:

1/2— 1/2 1/211- 1/2
1909595 L, < cll (sl + loygDyn 213 X oy, 112 + clloy 1, (18)

We use next two lemmas from [3].

Lemma 2.3. Let {/(x) be an admissible weight function, then there exists a constant ¢ depending on the properties

of the function y/, such that for any function ¢(x,y) verifying @xx, ¢ € lep,frx) the following inequalities hold:

// pydxdy < c| // oidxdy]| // oPydxdy] 4+ // Hdxdy, (19)
/0 L<p§|x=odxdy <¢f // ot dxdy]| // otydxdy] ' + ¢ // otydxdy. (20)

Introduce anisotropic Sobolev spaces with smoothness properties only with respect to x. Let ka’o) be a
space of functions ¢(x,y) € Ly, such that &.¢ € Ly, for j < k endowed with the natural norm |¢|| p =

(Z?:o ||8,J;<p||22+)1/2. Let Hf_m’o) = {p(xy) = X7¢j(xy) : Vo; € Ly4}, endowed with the natural norm
”(p”Hi’”‘"’) = (X7 ||fﬂj||iz»+)l/2~
k+1p€el, .

Lemma 2.4. Ifp € H+(k’0), oty € Hi_m’o) forn > k+m, oy and for certain constant ¢ = c(k, m, n)
105l < cClofplymo + ol ko) (21)

For the large-time decay results we need the Steklov inequality in the following form:

L 2 L
/ Plydy < = / (F (w)dy. (22)
0 e Jo

where f € Hj(0,L).

Let ¥;(y), I € N, be the orthonormal in L,(0, L) system of the eigenfunctions for the operator (—¢’’) on the
segment [0, L] with corresponding boundary conditions 1(0) = /(L) = 0 in the case (a) and ¥/’ (0) = ¢'(L) = 0 in
the case (b), A; be the corresponding eigenvalues. Such systems are well known and can be written in trigonometric
functions.

Besides equation (1) we consider a linear equation:

Up — (Usexx + uyyyy)x +b(uxx + uyy)x +au, = f(t,x,y), (23)

with initial and boundary conditions (2) - (4). Weak solutions to this problem are understood similarly to Definition
1.2.
Lemma 2.5. Let ty € Sexp(Z4), f € C¥([0,T]; Sexp(Z4)) - Set Bo(x, y) = uo(x,y) and for j > 1

D = 3] £(0.x,y) + (9 + 9,9} — bal — baxd’, — ad) ;-1 (x,Y), (24)
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and let Ej(o, y) = ij(o, y) = 0 for any j.Then there exists a unique solution to problem (23), (2) — (4) u €
Cm( [O, T] 5 Sexp (Z+)).

Proof. Consider the corresponding initial value problem. Let ¥ = R x (0, L) and S(Z)) be a space of infinitely
smooth on ¥ functions ¢(x, y) such that (1 + |x|)"*|0%¢(x,y)| < c(n, @) for any n, multi-index a, (x,y) € 3 and
on the boundaries y = 0, y = L verifying the same conditions as in the definition if the space S(3,). Extend the
functions u, and f to the whole strip such that uy € S, f e C([0,T]; S(Z)) and consider problem (23) (in
I = (0,T) X %), (2) (in 2), (4) (in Q1 = (0, T) X R). Then with the use of the Fourier transform for the variable x
and the Fourier series for the variable y a solution to problem (23), (2) — (4) can be written as the following:

u(tixy) = 3 [ et & e
I=1

where ;
ﬁ(t, f, l) — UAO(f, l)ei(§5+§/1?+h§3+b§/ll—a§)t + / f(T, §> l)ei(§5+§/1?+b§3+b§)kl—a§)(Z—T)dT’
’ ’ 0

(&) = //Z ¢y (y)uo (x, y) dxedy, (25)
fnen = //2 e 5y () £ (1, x, y)dxdy.

According to the properties of the uy and f this solution u € C*([0,T]; S(2)).
Next, letv = a"al u for some k, I. Then the function v satisfies an equation of (23) type, where f is replaced

by ko yf - Letm > 5 ¥(x) = x™ (note that this function is not an admissible weight function). Multiplying this
equatlon by 2v(t, x, y){/(x) and integrating over 2., we get

% / v dxdy + ‘//(5032“ + vzy)t//dxdy + b/ (302 + vi)w’dxdy

_ // 502y dxdy + // (= 4 by + ay yoldxdy +2 // 33l foydxdy,

1
//vitﬁ’dxdyz—.//Uxxvgb'dxdy+E/]vzzﬁ"'dxdy,
[ sinty == [ opuoprasan
'//v,zclﬁ"'dxdyz—[/vxxmﬁ"'dxdy—//Ux0¢(4)dxdy.

Note, that " < 6y"y(5) , y* < /2y 5).

From the equality above we get

2.1/ 2 17 9b2 2.1 3b 21011
-3b vy dxdy < Ve ¥V dxdy + e oY dxdy + > v“Y"" dxdy,
2 2 b? 2
—b[/vylﬁ'dxdy < ﬂvyyw'dxdy+zﬂv V' dxdy,
[/viw”/dxdys [/vixw/dxdy+8'//02¢(5)dxdy.
Equally (26) yields

% / o*ydxdy < c(a,b) // WS + ¢+ )oldxdy + 2 // 9, foydxdy. (27)

Fix @ > 0 and let n > 5. For any m € [5, n] multiplying the corresponding inequality (27) by (2a)™/(m!) and

summing by m we obtain that for
(2
Zn = E ~————0%(t, x, y)dxdy,

due to the special choice of the function ¥/, inequalities

(26)

where

z,(t) < czp(t) +¢, z,(0) < ¢,
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18 Initial-boundary value problems for two dimensional Kawahara equation

hold uniformly with respect to n, whence it follows that

sup //eZ“xUdedy < oo,
te[0,T]

Thus, u € C*([0,T]; gexp (Z4)). We will use the following notation w(t, x, y) for the constructed solution of the
initial value problem.

Let po(t,y) = —w(,0,y), p1(t,y) = —w«(t,0,y). Note that the functions y; € C* (Br) and satisfy boundary
conditions (4), and the compatibility conditions from the hypothesis of the lemma ensure that d! ;(0,y) =0, VL
Consider in IT}. an initial-boundary value problem:

Up — (Uxxxx + uyyyy)x + b Uy + uyy)x +au, =0, (28)

ul,_y = 0,1 g = po(t, ), u| o = (L), (29)

with boundary conditions (4).

Let qj(t: X, y) = :UO(t’ y)’?(l—x)+l11 (t’ y)xU(l—x), F(t, X, y) = _\Pt"'(q/xxxx"'qjyyyy)x_b(l{jxx"'\Pyy)x_a\yx =0,
U(t,x,y) = u(t,x,y) — ¥(t, x,y), then the problem (28), (29), (4) is equivalent to problem (23), (2) - (4) for the
function U, uyy = 0, f = F. It is obvious, that F € C* ([0, T];Svexp(ir)) and 8£F(0, x,y) =0, VL.

Apply the Galerkin method. Let {¢;(x) : j = 1,2,3...} be a set of linearly independent functions complete
in the space {¢p € H*(R;) : ¢(0) = ¢’(0) = 0}. Seek an approximate solution of the last problem in the form

U(t,x,y) = Zf,l:l ckji(t)ej(x)¥i(y) via conditions:
/ (Ukt - (kaxxx + Ukyyyy)x + b(kax + Ukyy)x + aka)Wi(x)I//m(y)dXdy

(30)
—//F¢i¢mdxdy =0, im=1..,k te[0,T] ckju(0)=0.

Multiplying (30) by 2ckin, (t) and summing with respect to i, m, we find that

d L
E'//U,fdxdy+/o U,fxx|x:0dy=2//FdeXdy, (31)

Ukl w0:Lo0) < WFllL, 0,750 ) (32)

thus

Multiplying (30) by c;, (0), putting t = 0 and summing with respect to i, m, we obtain that Ukt| +—o - Then
differentiating (30) with respect to ¢, multiplying by 2c;, (t) and summing with respect to i, m, we find (similar to
(32)) that

Uikl o1iLs0) < WIFILy(0.7:Ls0) - (33)
Since gb,(nzn) (y) = (=Am)"¥m(y) it follows from (30) that for any n and [ similary to (32) and (33)

10405Vl 07:200) < 110 OLFIILy (0.T:L) - (34)

Estimate (34) provides existence of a weak solution U(t, x,y) to the considered problem such that afa’;U €

C([0,T];Ly+), for all I, n in the sense of the corresponding integral equality of the corresponding integral equality

of (6) type for g = 0, f = F, ug = 0. Note, that the traces of the function U satisfy conditions (2) for up = 0 and (4).
It follows from the corresponding equality of (6) type that since

Uxxxxx = Ut - Uyyyyx + b(Uxx + Uyy)x + aUx - F, (35)

aﬁa;Uxxxxx e C([o0,TY; H+(_3’0)) VI, n therefore, the application of inequality (21) (for ¢ = aﬁa;U, k =0, m = 3)yields
that 3£aZUx € C([0,T]; Ly+), Vi, n then the application twice of (35) and (21) (fork =1,m=2andk =2,m = 1)
yields that aﬁagUxxx € C([0,T];Lz+), VI, n. And again from (35) follows that aﬁa;Uxxxxx € C([0,T];L2+), Vi, n, the
function U satisfies (23) in IT}. and its traces satisfy (2). For any natural m differentiating corresponding equation
(23) 5(m — 1) times and using induction with respect to m, we derive that aﬁa;’"agU € C([0,TT; La+)-

As a result, the solution to the problem (28), (29), (4) is constructed such that afa;”agu € C([0,T];L2+), VI, m, n.
From now on in the proof we use notation v(, x, y) for this solution.

The function u(t, x, y) + v(t, x,y) is the solution to problem (23), (2) - (4) such that 658;"8’;14 € C([0,T]; L2.+),
VI, m,n. Let u(t, x, y)n(x — 1). The function u solves an initial value problem in the strip 3 of (23), (2), (4) type,
where the functions f, u, are substituted by corresponding functions f, uy from the same classes and the obtained

result at the beginning of the proof for the initial value problem together with the obvious uniqueness provide
that u € C®([0,T]; Sexp(2+)) and so u € C*([0,T]; Sexp(24)).0
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Lemma 2.6. A generalized solution to problem (23), (2) - (4) is unique in the space Ly(IT}).
Proof. This lemma is a corollary of the following result on existence of smooth solutions to the corresponding
adjoint problem. O

In IT}. consider an initial-boundary value problem for an equation:

Uy + (Uyxxx + uyyyy)x = b(uxx + uyy)x —auy = f(t,x,y), (36)

with initial condition (2), boundary conditions: (4) and boundary conditions
u|x:0 = ux|x:0 = uxxlx:O =0. (37)

Lemma 2.7. Let ug € S(3,), fece(o, T];S(,)) and 5]-(0, y) = &ij((), y) = 0 for any j, where here in the
definition of the corresponding functions <I~>j in comparison with (24) the sign before the second term in the right-hand
side is changed. Then there exists a unique solution to problem (36), (2), (37), (4), u € C* (][0, T];S(,)).

Proof. Extend the functions uy and f to the whole strip and consider problem (36), (2), (4), construct its solution
w € C®([0,T];S(Z,)) in a similar way with the only obvious difference in (25).

Let po(t,y) = —w(t,0,1), 1 = —wx(t,0,1), 2 = —wxx (1,0, y). Note that the functions y; € C* (ET) and satisfy
boundary conditions (4). Moreover,the compatibility conditions form the hypothesis of the lemma ensure that
oy (0,y) =0,V In IT. Consider an initial-boundary value problem:

s + (Usxxx + uyyyy)x = b(uxx + uyy)x —auy =0, (38)

U],y = 0.l g = po(t, ), ] g = (), th] Ly = pr2(t,), (39)

and with boundary conditions (4).

Let Y(t,x,y) = po(t,y)n(1 — x) + w1 (£, y)xn(1 — x) + w2 (£, y)x*n(1 — x) /2, F(t, %, y) = —FPrxxxx — Poxxxy +
bWrxx + bWsyy +a¥y — ¥, U(t, x,y) = u(t, x,y) — ¥(t,x,y), then problem (38), (39), (4) is equivalent to problem
(36), (2), (37), (4) for the function U, uy = 0, f = F. Obviously F € C*(]0, T];S(=,)) and aﬁF(o, x,y) =0,V

Let {¢;(x) : j = 1,2,3, ...} be the same set of functions as in the proof of Lemma 2.5. Seek an approximate

solution in the form Uy (t, x,y) = 25,1:1 ckji(t)ej(x)¥i(y) via conditions:

[ wWikoitm = 0o v + 0241~ b0y~ b3, = apin ]y
(40)

—[/F(pixﬁmdxdy =0,iim=123,..,kte[0,T],

ckj1(0) = 0. Multiplying (40) by 2ck;, (¢) and summing with respect to i, m, we derive equality (31), which implies
estimate (32). Similarly we get (34), which provide existence of a weak solution U (¢, x, y) to the considered problem
such that 3£aZU € C([0,T];L2+), VI, n > 0 in the following sense: for any function ¢ € Lo (0, T; ij), such that ¢,

Prxxxxs Pyyyyx € Loo(0,T5 Lo ), ¢|t:T = ¢|x:0 = qﬁxlx:O = 0 the following equality is satisfied:

/-//II+ [U(gbt + (¢xxxx + ¢yyyy)x - b(¢xx + Qbyy)x - af/JJX) + F¢]dxdydt =0.

Then also similarly to the proof of Lemma 2.5 we obtain a solution to problem (38), (39), (4) v such that
9,0m%uC ([0, T]; Lyy), VI, m, n.

Similar to Lemma 2.5 we show that the function u = w + v is the desired solution. O

Remark 2.1. In further lemmas of this section we first consider smooth solutions constructed in Lemma 2.5 and
then pass to the limit on the basis of obtained estimates.

Lemma 2.8. Let /(x) be admissible weight function, such that y’(x) is also an admissible weight function,

/ ' (5)) -1/
Uy € Ll/’(x) f = fo+ fix, where fy € L1(0,T; L;/fix)),fl € Lyy3(0, T;leliz(x)w )™ 2). Then there exist a unique weak

2+

solution to problem (23), (2) - (4) form the space XV*) (IT%.) and a function yi; € Ly(Br) such that for any function
¢ € Lo (0, T; HY), 1, Prxcxxrs Pyyyyx € Loo(0,T; Ly 4) g{)\t:T = ¢|x=0 = ¢x|x=0 = 0 the following equality holds:

ﬂ]* (ur — UPxxxxx — UPyyyyx + DUrxx + DUy + audy + fod — figx)dtdxdy

+ // uo|,_,dxdy — // HaPsx| _,dydt = 0.
p Bt

ullxsco oy + Np2llz.s,) < e(T), (42)

(41)

Moreover, for a.e.t € (0;T]
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20 Initial-boundary value problems for two dimensional Kawahara equation

and fora.e. t € (0;T]

d L
T [/ w*ydxdy + 1(0) / /1§|x:0dy + // [5u2, + uiy +3bu? + buz — au®y/ dxdy
0

(43)
- // [5u? + bu?]y® dxdy + // u?y S dxdy = 2 // foupdxdy — // 21 (wy)dxdy,

if fi =0, then in equality (43) one can put = 1.

Proof. Multiplying (23) by 2u(x,y,t)¥(x) and integrating over %, thus we obtain (43) with pp = uxx| -

According to (20) for arbitrary ¢ > 0

I//fl(wﬁ)xdxdyl < ellCfuel + ) @)Y e, 1AV @) T,
< o1 [l +wyg DG g 212+ g e, J1AY A ),

(44)

< 5//(“;2“+u;y)lﬁ/dxdy+c(f)”fl||i{;3/2<x>(¢'<x)rl/2([/ u*pdxdy)'/
2,+
seallFll gsiogrim e /f wtydxdy)"?,
2,4+

and according to (19)

[ ewnasay <e [[ i axayscto) [[wtyasay (85)
[/uix//dxdyz—"//uuyyt//dxdy < Eﬂu2yy¢’dxdy+c(€)‘//u2¢dxdy. (46)

It follows from (43) - (45), that for smooth solutions

Moreover,

llullxveo ) + et |l (Br) < c. (47)

The end of the proof is standard. O
Lemma 2.9. Let /(x) be admissible weight function, such that ' (x) is also an admissible weight function,

Uy € ﬁf’l//(x), up(0,y) = upx(0,y) =0, f = fo + f1, where fy € ﬁf’w(x), fi € L(0, T; L;ﬁ(x)/‘//(x)). Then there exist a
strong solution u € X>¥¥)(1IT) to problem (23), (2) - (4) and a function 4 € Ly(Br) such that for anyt € (0,T)

lullxczpeo ey + pallzy ) < C(T)(Huo”ﬁf.lﬁ(x) + Aol g v + ||fl||L2(O’t;Lgf<x)/¢'<x)))’

and fora.e.t € (0,T)

% '//(uix +uy, + bl + bul)ydxdy + / (U2 eV + e Unx ¥ + 2Unrrxtoox = 2bUnrrxtix
—3Ul V" = 2Urtin V) + AbUsrr i) + u,z(xtﬁ(“) —abu’ Y + (b* + a)uixt//)|x:0dy
+/ (U2 oy + 6UL gy +8bU o+ 6bUE, 1l +4bul, + 20l +
+(3b* — a)ul, + 4b2uiy — abu® + (b* - a)uf/y)(ﬁ'dxdy

+/ (—5u%,, — 6bu’, — Suiyy - buzy —b*ut — 5bu,zcy - bzuz)lﬁ"’dxdy

48
+ // (ul, +ul, +bul + bul)y D dxdy ()
=2 [ Goosten + fuuttyy + vt + bt )edxdy
2 [ (o = St o
2 [/ + g = st = buy Py,
if fi = 0 then in equality (48) one can put /(x) = 1.
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E. Martynov 21

Proof. Multiplying (23) by 2(txxp(x))xx + 2Uyyyyp(x) — 2b(uxp(x))x — 2buyyp(x) where either p = /(x) or
p(x) = 1 and integrating over X, we get equality (48) for iy = Uyxxx|x=0, Where ¢ is substituted by p. Here
according to (20) for an arbitrary ¢ > 0

L
/ | _dy<e /f o)/ dxdy + (o) // o2 ydxdy, (49)
0

similarly to (45) and (46)

"//(uixx + u;yy + uf(yy + uixy)t//dxdy <e¢ //(uixxx + uzyyy + uixyy)tﬁ’dxdy +c(e) [/(uix + uiy)lﬁdxdy, (50)

and

| ‘//fl [(Uxx)xx + Uyyyy¥ldxdy| < 5//(u92cxxx + uiyyy +ul )Y dxdy +c(e) ”//flzlﬁz(zﬁ’)_ldxdy. (51)

Inequalities (47), (49) — (51) and equality (48) imply that for smooth solutions
llull 2w sy + x| ool Lo (Br) < C(T)(||uo||gfx//<x) ol o pmzveo) + ||fl||L2<0’t;L;/f(x>/¢'(x>))- (52)

O
Lemma 2.10. Let the hypothesis of Lemma 2.9 be satisfied for /(x) = e2** for certaina > 0. Letg € C*(R), g(0) =
0. Consider the strong solution u € X>V*) (I13.) to problem (23), (2) - (4). Then for a.e.t € (0,T)

d . ,
o ] s+ [[ o @ b+ gy ~ by i

ﬂg(”)(”xxxx = bt + uyyyy — buyy)p'dxdy —a [/g*(u)p’dxdy = //g(u)deXdy-

where either p(x) = 1 or p(x) is an admissible weight function such that p(x) < cy(x) Vx > 0.
Proof. In the smooth case equality (53) is obtained via multiplication of (23) by g(u(t, x,y))p(x) and subsequent
integration and in the general case via closure, which here is easily justified since X>¥*) (IT}) € Lo (IT}) and
y~y.0

3. Existence of solutions. The following is the appropriate text. In this section we proof of the existence of
the solutions in the first two theorems.

Lemma 3.1. Let g € CY(R), g(0) = 0. |¢'(w)| < ¢ Yu € R. ¢(x) = €*** for certain a > 0, uy € L

f e Ly(o, T;L;/fix)). Then problem (1) — (4) has a unique weak solution u € X¥*) (I1%.).
Proof . We apply the contraction principle. For t, € (0,T] define a mapping A on X¥*) (I1%) as follows:

(53)

¥ (x)

2+

u=AveXV® (IT;) is a weak solution to a linear problem:

U — (Uxxx + uyyyy)x + b(uxx + uyy)x +auy = f(ta X, y) - (9(0))x,

in IT; and boundary conditions (2) - (4).
Note that /3/2(") "2 < ¢y, |g(v)| < c|o| thus, Lemma 3.1 provides that the mapping A exists. Moreover, for
functions 0,7 € X¥®) (I1})) according to inequality (42)

3/4
A0 llxpeo g ) < C(T)(||u0||L;/jiX) + ||f||L1(0)T;L;/'/+(x>) + 13410l v 1)) 59
3/4 ~
180 = AB o0 11y < (T8 lo = Bl v s -
ty to

whence first the local result succeeds. Next, since the constant in the right-hand side in the above inequalities is
uniform with respect to uy and f, one can extend the solution to the whole time segment [0, T] by the standard
argument.0l

Proof of Existence Part of Theorem 1.1. For h € (0; 1] consider a set of initial-boundary value problems:

U = (Uxxx + Uyyyy)x + b(thxx + Uyy)x + atix + g, (W) ux = f(L,x,7), (55)

with an initial condition:
ul,_y = ton (%), (56)

with boundary conditions (3) and (4), where
ot xy) = f(tx,yn(1/h—x),  uon(x,y) = uo(x)n(1/h - x),
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22 Initial-boundary value problems for two dimensional Kawahara equation

9,(w) =g (wn(2 - hlul),  gn(u) = /O 9,(0)db.

Note, that g (u) = g(u) if [u| < 1/h, g} (u) = 0if [u| > 2/h, |g, (w)| < c(h) Yu and the function g, satisfy inequality
(7) uniformly with respect to h.

Lemma 3.1 implies that there exists a unique solution to this problem uy € X et (I13.) for any a > 0.

Next, establish appropriate estimates for functions u, uniform with respect to h (we drop the subscript 4 in
intermediate steps for simplicity). First, note that ¢’ (u)u, € L;(0, T; LZ J(rx)) and so the hypothesis of Lemma 3.1 is
satisfied (for fi = f, = 0). Then equality (43) provides that for both for p(x) = 1 and p(x) = ¢:

d L
o // u’ pdxdy + p(0) /0 ,u§|x:0dy + //[Suix + uzy +3bu’ + buz — au®]p’dxdy

57
- ‘//[SMJZC +bu?]p® dxdy + ‘// u?p®dxdy = 2 //fupdxdy + / (9’ (w)u)*p’dxdy. 7

Choosing p = 1 with respect to h and to L we get
lurlleor)r,.) < c. (58)

Let p = ¢. Note that uniformly with respect to h
(g5 (wu)*| < clul?*?. (59)

2(1-gs)
Letg=p+2,s = so(q) from (17), Y (x) = ¢/ (x), a(x) = (¥ (x)) 95 (gs = p/4 < 1). Applying (18), we obtain
that
// [ulP**y) dxdy = / |u|P*2 fslﬁg(l/z_s)dxdy

< C(//(uix + u;y +u?)rdxdy)® ( // uZI/,dedy)q(l/Z—s)
2(1-gs)  2(q-2) B
= C( /‘/(uf{x + uzy + uz)wldxdy)qs(‘/ (u2¢l) q(l—gs) uq(?—zs) dxdy)q(l/Z s)

< ¢ // (u, + 12, + u?)grdxdy)?" // u?y dxdy) P // utdxdy)?’?.

Since the norm of the functions uy, in the space L, ; is already estimated in (58) it follows from (57), (59) and (60),
that uniformly with respect to h

(60)

||uh||xw(x)(n;) <c (61)

Write the analogue of (55) where p is substituted by po(x — x¢) for any x, > 0 Then it easily follows (5), that
A (s T) + AT (upyy) < c. (62)

Let 2, = (0,n) x (0,L). It follows from (62) and interpolating inequality from [1] (where Q, = (n,n+ 1) X (0,L)):

1fllLeion < C(L)(//Q (fex + fgy +f2)dxdy)1/4(//Q fldxdy)'/?,

that uniformly with respect to h
lunllL 0 1La ) <
and
98 (un)llL,, 0.1:L2(20)) < €

Then from equation (1) itself it follows, that uniformly with respect to h

lunellz, o105 (5,)) < € (63)

Since the embedding H'(Z,) C L;(Z,) is compact, it follows from [15] that the set uy, is relatively compact in
Lg(0,T; Ly (3,)) for g < +oo.
Extract a sub-sequence of the functions uy, again denoted as uy, such that as h — +0
¥ (x)
Ly, )

up — u *-weakly in Lo (0, T; L, |

Uhxx> Uhyy — Usx, Uyy Weakly in L, (0, T; L]Z/f;(x));
up — u strongly in Lmtzc(z,4/(4—p))(0> T;L,(2,)) Vn.

Let ¢ is a test function from Definition 1.2 with supp¢ € %,,. Then, since
|gn(un) = gn(W)] < c(unl? + [ul”) [up — ul,
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E. Martynov 23

with the use of (63), we obtain, that the limit function u verifies (6).
Now, note that g(u)¢x € Leo(0, T;L14) if p < 1.Incasep > 1

T
lg (@)l < /0 gy 291 [ gl )Py vy

T
SC1/ [(//(uazcx+uf/y+u2)¢'dxdy)p/4(‘/‘/uzl//dxdy)(p+2)/4 (64)
0
(JJ gy sy 2 < o

since (i) 7/~ (4P)/2 < ¢(1 + x)P"/* by virtue of the additional property of the function 1. Approximating any
test function from Definition 1.2 by the compactly supported ones and passing to the limit we obtain equality (1)
in the general case. O

Lemma 3.2. Let g € C2(R), g(0) = 0, |g’(w)], 19" (u)| < ¢ Yu € R. ¢/(x) = e*** for certain o > 0, uy € ﬁi’l//(x),
uy(0,) = upy(0,y) = 0, f € Ly(0, T;ﬁf’l//(x)). Then there exists ty € (0,T) such that the problem (1) — (4) has a
unique strong solution u € X*¥*) (IM§).
Proof. Similarly to the proof of Lemma 3.1 we construct the desired solution as a fixed point of the map A but
defined on the space X>¥(x) (IT;). Here §/*/{’ ~ ¢ and Lemma 2.9 where f; = f, fi = ¢’ (v)o, ensures that such a

map exists. Moreover, for functions v, € X2V ) (IT;, ) according to inequality (48)

1/2
[0l x2v0 < e(T) (luoll gzweo + IFIl L, o 7 g2ve0 ) + ta Aol e,
and, since |¢' (0)vx — ¢’ (0)0x| < c(|ox] + [ox[)|v — 0] + clox — v,
1/2

180 = Aol xzpn < (Tt (lollxzpe + (0]l xev) o = 0llxpe,

whence the assertion of the lemma succeeds. Here for convenience we denoted X%V () (IT})) as X2 g

Proof of Existence Part of Theorem 1.2. We will proof, that if X 2ete (IT%), & > 0 is a solution to problem
(1) - (4) for some T’ € (0, T], where the function g € C?(R) verifies (7), then for any admissible function 1/(x),
such that ¢/ is also admissible and /(x) < ce?**, Vx > 0,

el < oCT, ol gavesn 171 g g gves)- (65)
Using (57), where iz = tlyx|x=0 We obtain

llellxcveo s, ) + Nttex x=ollLy B,y < € (66)
Next, since the hypotheses of Lemma 2.9 and Lemma 2.10 are satisfied, write down the corresponding analogues

of equalities (48) and (53) and subtract from the first one the doubled second one, then with the use of (49) and
(50) for sufficiently small ¢ we get

o [ty v v 2 @npixdy+ [@aeplcgdyt [[ it 6y + 10 dxdy
< // 29(1) (Usexexx = blixx + thyyyy — buiyy) p’dxdy — 2a //. g (u)p’dxdy
+£/ qucxxxixzody +c(¢e) / u§x|x:0dy +¢ “//(u,zcxxx + ufcxyy + uf/yyy)p’dxdy
rete) [[ dvidpaxdy+e [[ (s 2, + fopandy

+2 [/(g'(u)ux[Zuxxxp' + Uy p” = buyp’])dxdy — 2 ‘//g(u)fpdxdy - 2/ (9’ (w)g(w))*p’dxdy.
(67)
Choose p = 1. Note, that (7) with (66) imply that

[/ lg" (u)|dxdy < c||u||€my+||u||L2'+ < cl(//(uf(x + uzyy +u?)dxdy)P*, (68)

[ st saxay < clal,_ el 1.

Thus, from (67) we get
x|l (077100 ) + NtbyyllLe 077:1,0) < C.
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24 Initial-boundary value problems for two dimensional Kawahara equation

In particular
”uxx“Loo(H;,) <c. (69)

Now, in (67) chose p(x) = /(x). By virtue of (69) |g(u)| < c|u| and then estimate (65) easily follows.
Note, that from (67) (where p(x) = po(x — x¢) for any x > 0) follows

A (s T') + AT (s T') + AT (uyyyys T') < c.

To finish the proof consider the set of initial-boundary value problems (55), (56), (3), (4). Lemma 3.2 imply that
for any h € (0, 1] there exists a solution to such a problem uj € X>¥®) (H;'O ( h))' Then with the use of estimate

(65) we first extend this solution to the whole time segment [0, T] and then similarly to the end of the proof of
the previous theorem pass to the limit as h — +co and construct the desired solution. Note, that here due to (69)
g(u)¢x € Li(IT}) Vp without any additional assumptions on the weight function .0

4. Uniqueness of solutions. The following is the appropriate text. In the following section we give proof of
the uniqueness of the solutions in the first two theorems.

Theorem 4.1. Let p € [0,3] in (7), ¥(x) be an admissible weight function, such that ¥’ (x) is also an admissible
weight function and inequality (8) be verified. Then for any T > 0 and M > 0 there exists a constant ¢ = ¢(T, M),
such that for any two weak solutions u(t,x,y) and u(t, x,y) to problem (1) — (4), satisfying ||u||X£(x>, ||ﬁ||X;ﬁ<x) <M

with corresponding data uy, uy € /™ f, fe Li(0, T; Ll//(x)) the following inequality holds:

24 24
= ullypeo < ellluo = ol yeo +1F = Fllp, o 7p90))- (70)

Proof . Letw = u—u, wg = up —up, F = f — f For the function w apply Lemma 3.1, where f; = 0. Note that
inequality (8) implies that (//y")'/* < c(y’)P/*y?/*, thus

( // |ulPubydxdy)* < ||ul (¥ /'), | // W (g9 odxdy] '
< cllu@)4 L lu@) A, (71)

< Cl(ﬂ(Uix + uiy + uz)lﬁ'dxdy)f’/“l/“(//uZI//dxdy)P/““/{

so g’ (w)uy € L1(0,T; Lw(x)), since p < 3.

s hoe
As a result, we derive from (43) that for t € (0, T]

L t
// w*pdxdy +1(0) [) ,ug‘xzody + /0 ”//[Swix + a)zy +3bw? + a)i — aw?1y dxdydr

< // wipdxdy + ¢ /0 t // w*ydxdydr + 2 /0 t / (F = (¢’ (wux — ¢ (D)) wdxdtdr.

(72)

Where

2|/Ot//(g/(u)—g'(mﬁx)wwdxdﬂ =2|/0t//(g(u)—g(a)(w¢)xdxdt| < c/ ([ul? +[@P) () |dxdy, (73)

where similarly to (71)
// [ul? lowxly dxdy < [l (99 1. ( // W (9) 2y 2 ddy) // ydxdy)'?

< ¢( // (U2, +ul, + )Y dxdy)?!*( // ubydxdy)P( // (02, + 0%, + ) dxdy)*( // *Ydxdy)®*
<e [/(w,zcx + wiy + o)y dxdy

se(e)( [ owad vty dxay?” [[ o*yaray

where ¢ > 0 can be chosen arbitrarily small. Then inequalities (72), (74) provide the desired result.c0

The next theorem provides the uniqueness part of Theorem 1.2.

Theorem 4.2. Let the function g € C2(R) verifies condition (9). Let (x) be an admissible weight function, such
that Y’ (x) is also an admissible weight function and condition (10) holds. Then for any T > 0 and M > 0 there exists
a constant ¢ = ¢(T, M), such that for any two strong solutions u(t, x,y) and u(t, x,y) to problem (1) — (4), satisfying

(74)
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E. Martynov 25

||u||X(zd,¢(x) (1m5)° ”E”xf;‘“") ) < M, with the corresponding data uy, uy € LZJEX), f, fe Li(0, T;LZJEX)) inequality (70)

T
holds.
Proof. The proof mostly repeats the proof of Theorem 4.1. Note that here obviously ¢’ (w)uy, ¢’ (W)uy €

Lo(0,T; L;/f f_x)), thus equality (72) holds. The difference is related only to the nonlinear term. In comparison with

(73) we estimate it in the following way: since
g Wi~ g @ = (¢ @) = 9@ +g @2l [[ (6 @y - f @TJopaxdy
~ 12 [ (¢ - g @opixay - [[ ¢ @Twtyixdy - [[ ¢ @atyara 75)
< [[ (utt+ @) (sl + @ yotyazay + [[ otyardy.
By virtue of (10) < ¢y (@+D/2 () (r=2)/2r) y (r+2)/(2r)

] ttuotyaxay < e [[ gty ot sy

A AP Y0 0 Al

r=2

< cllull %L ( // (%, + 0%, + D)y dxdy) ™ // W pdxdy) '

jZiud

<e //(wﬁx + Wl +0*)Y dxdy + c(e) // w*ydxdy,

where s¢(r) = i - % < % and 2 < ;5 < +c0. The desired result obtained from (72) and (75). O

Theorem 4.3. Let the function g € C*(R) verifies condition (9). Let /(x) be an admissible weight function, such
that ' (x) is also an admissible weight function and for certain positive constant

Y (x)PI(x) 2 co Vx 2 0. (76)

Then for any T > 0 and M > 0 there exists constant ¢ = ¢(T, M) such that for any two strong solutions u(t, x, y)
and u(t,x,y) to problem (1) - (4), satisfying |lull y2yco.l[ull v < M, with corresponding data uo, up € HY®

f,fe L,(0, T;ﬁfw(x)), uo(0,y) = uo(0,y) = 0, the following inequality holds:

>

= ullyzyeo gy ) < o = toll gevior +1F = fllp, o rigzve)-

Proof. First of all note that the hypothesis of Theorem 4.2 is satisfied and, consequently, inequality (70) holds.
Let g7 (u) = g'(u) — g’(0), then according to (9)

|91 ()| < clul?*. (77)

Adjoin the term g’ (0)uy to the linear term au, and consider an equation of (1) type, where g’ is substituted by g7.
Condition (76) implies that

A (x) 2
< ey (x). (78)
' (x)
In particular it means that g (u)uy, g} ()ux € Lo (0, T; le’/i/l//(x)). Write corresponding analog of (48) forw = u—-u

and fi = g7 (w)ux — g} (W), then
2 2 2 2 ! 2 2 2
//(wxx + gy, +boy + boy)ydxdy + ./o / (5Usexxx F Ol yy + Uyyyy) Y dxdydr
t ¢2
< ”//(ngx + a)gyy +bwd, + ba)gy)xﬁdxdy + c/ / (g1 (Wux — g4 (ﬁ)ﬁx)zwdxdydr
0

t t
5/0 / (@2, + wixyy + (oiyyy)lﬁ'dxdydr +c(e) /0 [/(wix + wzy + 0?)ydxdydr
t
+c/ / (F2. + Fzy + FA)ydxdydr,
0

To estimate the integral with the nonlinear term apply (77), (78) and the corresponding analogue of (75)
’ ’ ~\2 ¢2 2q ~129\,,2 2.1 q+2 ~12q+2 2.1 q+2
(91 (wux — g1 (W)uy) W)dxdyd <c [| (Jul*+ [ul*uio YT dxdy + ¢ [u]“T™ iy dxdy, (79)
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26 Initial-boundary value problems for two dimensional Kawahara equation

where

// |ultui 0’y T dxdy < llug [, lucy 2l oy,

< c||u||2.qz+j(x) [/(wix + wf/y +bo’ + bwi)dxdy, / [4]292 w2 w* YT dxdy

< g 2122 [ o2yaxay,

The statement of the theorem follows from inequality (79). O

5. Large-time decay of solutions. Now, we proof last two theorems and establish large-time decay of
solutions.
Proof of Theorem 1.3. Let /(x) = ¢2* for a € (0, ay], will be specified later, uo € LV'™ f = 0. Consider the

24

unique solution to problem (1) — (4) from the space X, v () (IT3) VT.

Note that according to (71) g’ (u)u, € L;(0,T; me(x))
Apply Lemma 3.1, where fy = ¢’ (w)uy, fi =0, then equality (57) for p = 1 provides, that

Nu(t, - L. < lluollz,, Yt = 0.

Equality (57) for p = ¢ implies that

d L
T [/ u’dxdy + / pidy + 2a // (562, + uiy + (3b + 4a®)ul + buz + (4a’b + 160" — a)u*|Ydxdy
‘ (80)

-2 / (¢ (wyu)" Yidxdy

With the use of inequalities (59) and (60) we derive that uniformly with respect to L for certain constant c*
depending on the properties of the function g,

2 // (¢ (w)u)"ydxd < c( // (2, + 2, + u?)ydxdy)”( // wdxdy) P uoll?
<z // (2, + i, pdxdy + ¢ (lu I + luol? ) // uydxdy.

It follows from (22) that

// u'dxdy < i—z // uyydxdy < JL[—Z( // wpdxdy)'1*( // W2 Ydxdy)'l?,
Z—i//uzlﬁdxdy < //uiyzﬂdxdy. (82)

mla Ta
2 // w pxdy > =2 // wydrdy + = // w2, dxdy. (83)

13b + 47| // ulydxdy < // 2 ydxdy + c(b, ap) // ubydxdy, (84)
21b| // ulydxdy < }1 // ul ydxdy + c(b) // ulydxdt (85)

Combining (80) - (85) we find that
// Wydxdy + / 2dy
0

e(b.a,a0) — ¢ (o [47 + o )] // Wydxdy < 0.

(81)

and, so
In particular

Moreover,

(86)

+a/ (uxx + uyy)t//dxdy +al 724

Choose Ly, o and €, such that > c*(e4p/(4 P4 ep) > ¢(b, a, ). Then it follows from (86) that

16L4

L
%//uzwdxdy +/ pady + a//(uix + uzy)dxdy + aﬂﬂ u*dxdy < 0. (87)
0
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4
where f = 7.0

Proof of Theorem 1.4. Let the values Ly, @, €y,  be the same as as in the proof of the previous theorem,

l//(x) = e22% for certain a € (0; 0‘0], Uy € ﬁf,w(ﬂ

, 4o(0,y) = upx(0,y) =0, [Jugllz,, < €. Consider the unique

solution to problem (1) — (4) u € onjl’//(x) (I1%.), VT. Since g’ (u)uy € Lo (0, T; Ll//(x>). Repeat the proof of Theorem

2,+

1.3 and obtain (86). Besides (11), it follows from (87) that

+00 L
‘/0 eaﬁr[/o ul ody + aﬂ[uix + ﬂuzy]lﬁdxdy] dr < ||uOI|LZix). (88)
Similarly to (67), from (48) and (53) we get (for p = 0)
d 2 2 2 2 * L
T (Usex +uyy + buy + buy — 297 (u)) pdxdy < ¢ | uxx\xzody,
whence with the use of (68) and (88) follows that uniformly with respect to ¢t > 0
||uxx||L2,+ + ”uyy”Lz,Jr <cg
and
lullig ) < e (89)

In(67)letp =y

% //(ufm + uiy +bu? + buz —2g"(u))ydxdy + /(uf(xxx)|x:0dy
+2a/ (5u% ., + 6u)26xyy + uzyyy)xﬁdxdy
< 2a // 29(u) (thxxxx — bty + Uyyyy — buiyy)Pdxdy — 4ac ”//g* (w)ydxdy
+£/ u,zcxxx|x=0dy +c(¢) / u,zcx’xzody + 2ea .[/(ufcxxx + u,zcxyy + uzyyy)lﬁdxdy
+ac(e) //(uix + uzy)t//dxdy + 2/ (g (W) tiy [4QUxx + 40ty — 20bu | ¢))dxdy
~ta [[ (¢ (g yaxay

Inequality (12) follows from (88) and (89). O

Thanks. The author thanks professor A. V. Faminskii for his guidance and suggestions.
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B paGorax U. A. JIykesuuyk, 10. H. OBunnnukosa [3] chopmynnpoBaHa sagaua o pacupeneseHUn Io-
JISL ¥ IIPOBOOVIMOCTY MHOT'OKOMIIOHEHTHOJI CYICTEMBI, COCTABIEHHON M3 IIPABIIIBHBIX TPEYTOJIBHUKOB. JTa
3a/1aua MOXKeT OBITh MCCIIeJOBaHa B paMKaX T€OpMM, CBA3AHHOI ¢ 3amauell Pumana, onmcanHoi B paboTax
Conpmarosa A. I [7]. ImeHHO 9Ta 3aaua Jjeryia B OCHOBY HACTOSIIEN pabOThI.

2. ITocTaHoBKa 3agaun. B mpocTpaHcTBe R3 paccMOTpUM KOMILTeKC K, TIOJyUeHHBIN U3 UeThIPeXyTOIbHO
NUpaMyObl IIyTeM BbIOpachIBaHMsI ocHOBaHMA. OOLIYI0 BepIIMHY BCeX IpaHell 0003HAUMM Ty, OCTATbHBIE
BEepIUMHEI T}, j = 1,2,3,4 pacnpeneianm Takum o6pasom, 4ToObl M; = {roTi12}, My = {10713}, Mz = {07374}
n My = {r97471}. MHOXecTBO Fj,j = 1,2,3,4 cocrouT U3 TOUEK 7, COOTBETCTBYIOINMX BepiumHaMm M;, a mx
obbenuHenue F = U;l:l F;. Bynem cuurats, uto rpanu M;, Mz u M;, M, monapHO MMeIOT paBHbIE YIJIbI IIpK
BEpLLIHE Ty, KOTOpbIe 0603HAUMM COOTBeTCTBEHHO 0 1 6. Taxske HaM HEOOX0UMO 0003HAUNTH CTOPOHBI IpaHelt,
KOTOpBIe B JaybHelleM OyieM HasbpIBaTh pebpamMy KOMIUIEKca, ciaenyomum oopasom Ly = {rr}, [ = 1, .., 4,
Ls = {nin},Le = {n213}, Ly = {374} m Lg = {ra71 }.

3agaua D cocTOMT B ONpefeeHNN CeMeliCTBa M3 YeThIpeX rapMoHmdeckux opyHkimiz v/ € C(M; \ Fj),
yIOBIeTBOpSIOIIMX Ha pebpax Ly, [ = 1,2, 3,4 cieqyoinmM KOHTaKTHBIM YCIOBUSIM

. 4 out ou' L, oul ou?

uw=u, w—+vw—=0mHa L;, u =u°, vi— +v,— =0 Ha L,
on on on on

s 5 out ou’ s 4 o’ ou’

u'=u, vpw—+vi— =0mHa L3, u” =u", i— +v,— =0 Ha L4.
on on on on

3mech n — HOpMaulb, HallpaBJIeHHas BHYTPb rpaHu M.
Ha pe6pax L;, I = 5,6, 7, 8 BbIIoIHeHO ycioBre dupuxie

Wi, =fi 1=567.8 j=1234.

[TocraBieHHYIO 3a/1auy PacCCMOTPUM B BECOBOM Kiacce I'enbaepa, 31ech Mbl HAIIOMHIM TOJIBKO OCHOBHBIE
oIpefesneHNs, TIOAPOOHO 9TM KIIacChl omycaHsl B [2], [5].

ITpocTpaHCTBO BCeX HENPEPBIBHBIX QYHKLIMII ¢, YIOBIETBOPIIOIINX yCIOoBUIO [elbaepa ¢ mokasaresieMm /i,
oGosmaumm C*(K), 0 < p < 1.

HVcxons u3 BecoBOiT QyHKIMK

pa(z) =lx —wl* -+ [ =zl A= (A jmr, a7 € ),

IIPOCTPAHCTBO Cﬁ (K; F) onpenensercs Kak Kiacc GyHKIUIT ¢, IS KOTOPBIX CIIPABENIUBO @ = p)r_, ), ¥ €
CH(K), ¢|F = 0, rj1e BeCOBO MOPSIHOK A — it = (A, — pi, 7 € F).

Ecan A < 0, To pyukuu ¢ € Cf{ YIOOBJIETBOPSIIOT YCIOBUIO 'esibiepa ¢ rmokasaTesieM (i U B TOUKax 7 € F
IOIYCKAIOT JIorapudMmuecKme 0COOEHHOCTM.

Ecin A > 0, To dyHKUMS @ € Cﬁl ymoBieTBopsieT ycioBuio [enprepa Ha K ¢ mokasarenem v = min(y, A, 7 € F)
n obpaririaercss B HyJIb B TOUKax 7 € F.

C BospacTaHmeM i ¥ A ceMeJICTBO IIPOCTPAHCTB Cf{ MOHOTOHHO yOBIBaeT B CMBICJIE BIIOXKECHMIL:

C/»‘

pHe — M
C)L cc Ate

s
v QCA, > 0.

Torga paccMOTpUM KJI1acchl

B H o H
C/1+0 - U C)Hs’ C)L*O - m C/lfs'
>0 >0
- H H H H

IIpn A = 0 mpoctpancrso C, , ; ynoOHo sanuceiBarh kak C., 1 coorBeTcTBeHHO C, | Kak C_ .

Takum obpasom, pyHKIUU @ € Cf:o (K, F) ynoBnerBopsiroT ycioButo [enbaepa Ha BceM MHOKecTBe K ¢
HEKOTOPBIM TOKa3aTeNleM I 06paInaloTcst B Hy b B Toukax 7 € F, a kiace CF o (K, F) cocrout un3 Bcex QyHKIIL,
KOTOpBIE I10CJIe YMHOXEHNUsSI Ha BECOBYIO (PYHKILIVIIO p, C IIOOBIM & > 0 IpUHAIJIEXAT Cf:o. B arom cmbIcie
IaHHbIe PyHKUMM B TOUKaxX T € F [OMyCKaT 0COOEHHOCTH JTOrapmupMmUIecKoro xapakrepa.

1, .
BecoBoe mmpocTpaHCTBO CA” (K, F) nuddepenunpyeMbrx GyHKIUIT ¢ OPEAETIETCS YCIOBUIMI

_ [9¢m dom

eCY(K, F), ¢ = ,
p e CL(K.F), ¢|y (ax 2y

) eCl (MF), om=0|,

31€Chb (p’ o0o3HayaeT BEKTOP-TPAAMEHT paCCManI/IBaeMbe/I II0 OTHOIIEHUIO K HeKOTOpOf/I )Z[eKapTOBOf/I cucreme

KOOpJMHAT B ITIOCKOCTH M.
Bce nepeunciieHHbIe IPOCTPAHCTBA COBEPILIEHHO aHAIOTMYHO BBOASTCS U JJIs IIPAaBBIX YacTeil f B KpaeBOM

ycnosuu [Hupuxie.
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3. Pepykius 3agaumn K HeJIOKAJIBHON 3amadye Pumana. 91y 3agauy MOXXHO mepeOpMyINpPOBATD II0
OTHOIIIEHNIO K aHATUTUYECKUM QYHKIMAM ¢/, pearbHble UACTU KOTOPBHIX COBMAMAIOT C TAPMOHUIECKIMIU
byarumamu w/. Tak Kak MEMMBbIe YacTyt QYHKIUM ¢/ OIpeiesieHbl C TOUHOCTBIO 0 KOHCTAHTHI, C YUETOM
cootHomuenuit Komm — Pumana npeasigyiue KpaeBble YCIOBUSA IIEPEXOIIT COOTBETCTBEHHO B

Re (¢' —¢%) =0, Im (vi¢' +v,¢?) =C1, mHal,
Re (¢ —¢*) =0, Im (v2¢* +1¢’) =Cp, mals W
Re (§° —¢*) =0, Im (1> +v,9*) =Cs, mal,
Re (¢* —¢1) =0, Im (vpp?+v¢') =Cy, maly

Re¢j|Ll=f, ,5<1<8,j=1,.4, (2)

3gech C;, 1 = 1,..4 HeKOTOpbIEe KOHCTAHTHL.

Beenem Hymepauuio I, pebep xomruiekca K, yunrsiBas, uto Kaxmoe pebpo L, [ = 1,..,4 cocrout us aByx
CTOPOH IrpaHell mMpaMuAbl M;, IpMHAIIEXHOCTE peGpa K IpaHN yKaskeM BepXHUM MHJEKcoM. B aBHOM Bume
9Ta HyMepars BBITJSIIUT CIeAYIOLMM 00pasom:

Ly LY Ly Ly Ly L] L} Ly Ly Lf L} Ig
L o It I I Iy T I Ty Iop Ip T )’

Kaxxayto ctopony I, n = 1, .., 12 opueHTHpYEM TaK, YTOOBI IIpU 00X0[€ COOTBETCTBYIOIIeN rpaHu M i, J=1,.,4,
OHa ocTaBaJlaCh CJIeBa.

Bri6epem rnagxme napamerpusaruu y; : [0, 1] — I}, cornacoBanuble ¢ opueHTanmen ayr I;.

Cysxenne ¢pyHKUMU zpj Ha oTpe3ok I, mpuHagIexaluii COOTBETCTBYIOLIEl TpaHu M;, JaeT rpaHMYHOE
3HaueHye QyHKImu (pj , KOTopoe 0603HauNM (pi+. CeMeifCTBO BCeX TPaHUYHBIX 3HAUEeHUT 0003HaUMM ¢F = ((plff)}z.
Tor/a ¢ IIOMOILbIO BBEIEHHBIX ITAPAMETPUIALINIT CEMENICTBO ¢ «cHeceM» Ha mHTepBa (0, 1) ¥ IONyduM BEKTOP
¢y C KOMIIOHEHTaMM ¢y ; = ¢; ©¥;, 1 < i < 12. B oTux o603HaueHMsX Kpaepble ycnosus (1)-(2) sammuryres B
BUIE

Re apy = f 3)

¢ 6;10uHO AUaroHaTbHOM MaTpueit a = diag(ay, az, a1, dg, az) € C12*12

( 1 -1 ) ( 1 -1 )
as = . . 5 a; = . . 5
—ivy  —ivy —ivy  —ivy

as =1,¢€ C4X4.
u 12-BeKTOp-q)yH1<uI/[eI71 f , 3aIaHHOJI Ha MHTEepBaye (0,1).

3aMeTuM, UTO B TaKOJ IIOCTAHOBKe 3a7aua D OTHOCUTCA K THUITy HeJOKJIBHBIX KpaeBbIX 3amad Pumana,
opoOHO U3yUeHHBIX B pabdorax [6], [7].

4. OcHOBHBI€ pe3yIbTaThI. B HACTOSIIIEN CTaThe OCHOBHBIM PE3yJIbTATOM SIBISETCS CIEAYIOLIast TeopeMa.

Teopema. HeooHopooHas 3a0aua D ecez0a paspeuiuma 6 Knacce Cg , @ NPOCMPAHCME0 peuleHil 00HOPOOHOLL
sadauu odHomepHo. Kpome mozo, ecnu npasas uacmy f npunadnescum xnaccy Cly, mo ee pewenue ¢ € Cﬁo)'

[pesx e ueM ImepeinTy K JOKa3aTeNbCTBY TEOPEMBL, HAM HYKHO IIPOBECTY JOTIOJTHUTENbHbIE BBIUMCIEHNS,
OyzmeM cilemoBaTh CXeMe MCCIIeMOBaHuUsI KpaeBoil 3afaun, OIMCaHHO aBToOpoM B pabore [1].

CocraBum mMarpuuy

b= a_la = diag(bl, bz, bl, bz, b3),

b, = 1 —V1+ vy =2V, 1 Vi — Vo A%
27 Yy -2 Vi — Vo 1= v -2V, -V + Vv
(4)
b3 =1e ¥,

PaccmoTpum mepeceuenne miapa B(7, ), pagumycoM €, ¢ Kakmoii rpanbio M; xominekca K s Bcex ero
BepIINH. 371ech pafinyc ¢ BRIOpAH Tak, UTOOBI BRINONHIOCH B(1;, €) N B(7j, €) = 0. B pesynbrare momyuum 12
CeKTOpOB S;(7), j = 1,2,3,4, GoKOBbIe CTOPOHBI KOTOPBIX 0603HAUNMM 9*S;(7), IpeaIoaras, 4To IIOBOPOT OT
9*S;(7) k 97 S;(7) BOKpYT BepILUNMHBI T BHYTPY ITOTO CEKTOPA OCYILECTBIISETCS IPOTUB UACOBOIL CTPEIIKIL.

Bce 24 60k0BBIE CTOPOHEI CEKTOPOB 3aHyMepyeM eIMHBIM obpaszoM [, j =0,..24.

s Toukm 7

(3+51(To) 9~Si1(m) 9*Sa(r0) 97 S2(m) 9*S3(r0) 97 S3(m)  9*S4(r0) 9 Su(m) )
T T L(s) T I3 T6) Is) T

O6o3Haunm monydeHHOoe MHOXecTBO AyT Eo(79) = {I(1), .., I(s) }.
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s Touku; 71

9*S1(r1) 97 S1(11) 9*S4(r1) 97 Sa(my)

Ei(11) = {I(9), ... I .
Tan, T Lo, Tz 1(11) = {T(9)> - Taz) }

71 TOuKMU 7o
Ey (1) = {T13), .., [ .
Tis) Tus) Tae) T 2(72) = {T(13), - Lae)
[ns Touku 73

9%Sy(13) 97 S2(13) 9%S3(13) 97 S3(73)

L) L(19) L(20) L1s)

(3+51(Tz) 97S1(12)  9*S2(12) 3_52(Tz))
( ) E3(73) = {T(17)> - [(20) }-

st TOUKM 74

( 9%S3(1y) 97 S3(14) 9%S4(14) 97 S4(14) ) Ex(t2) = {1y, Tiany ).

L) [23) L24) Li22)
IIycrs 6;(7) — pactBop cekropa S;(7), B mayubHelIeM Gy qeM MpeNIIoaraTh, UTO BCe OHU IOJIOKUTEeIbHBI:
0 <0;(r) <2m.
CorunacHo [1], 24 X 24 matpuria v({), { € C cOCTOUT U3 CIIEAYIOLIUX IEMEHTOB:

e (T, T} = {0%S;(r),07S;(D)}
vk ($) = ¥

0, B IIPOTMBHOM CJIy4ae,

Ira MaTpuIia IeJIMKOM 3aBIUCUT OT TeOMETPUY pacCMaTpIBAEMOI0 MHOKeCTBa.
OueBuUAHO, UTO T ABJIAETCSI KOHIOM oTpe3ka [}, 1 < i < 12 u nepeceuenne mapa B(z, ) ¢ [} maer orpesox
I;(7) ¢ KoH1IOM 7. YO06GHO ITOJIOXKUTH

Ii(7) Fl.o, eCIM T eCTh JeBbIN KoHel [},
(1) =
! I}, B IIPOTMBHOM CIIyUae.

CormacHo [1], BBemeM 24 X 24 MaTpUIy Ec 3JIeMEeHTaMI:
bij(O), ecmul(x) = FI.O, Iy = F](')=
ber = bij(l), ecul(x) = Fl.l, I = Fj-l, (6)

0, B IPOTUBHOM CIIy4dae.

Paccmotpum MHOKecTBO mmap P;(7), KoTopble 00pa3yioT yroil Ipy BEpIINHE T ¥ COCTABJIEHBI 13 3JIEMEHTOB
{TKi=1,.12,k=0,1}:

Pl(TO) = {1’*10’1'*1}, PZ(TO) = {r70ar1}’ P3(T0) = {rfarl}’ P4(TO) = {r;?,rl]S
PS(TI) = {rgO’rl}, Pé(Tl) = {r30> 1'*112 > P7(T2) = {rlo()’ 1—‘71}> PS(TZ) = {FO’ r'91}>
Py(z3) ={I}, T}, Pro(ms) = {TL 1)), Pra(me) = {3 T} ) Pra(m) = (T, T3 ).

3amMeTuM, UTO COBOKYIIHOCTS I j) GOKOBBIX CTOPOH BCEX CEKTOPOB S;(7), T € F coBIagaeT ¢ MHOKEeCTBOM Iap
Pi(r) = {Fl.k,l <i <12, k=0,1}, Takum 06pa3oM MMeeM:

Pi(1) ={T2),Tn)},  Pa(m) = {T(s), [},
Ps(7) ={I5). Ty}, Pa(zo) = {L(5). Ty b
Ps(r1) ={T0), T}y, Pe(t1) = {T(10). Taz) >
Pr(12) ={T(13), L5y}, Ps(72) = {T(14), T16) }»
Py(73) = {T17). Ta9) ), Pro(m3) = {T(1s), Ti20) )
Pi1(7y) = {T21),. Tasy b Prz(ma) = {T22), Taay }-

M=osxectBa E;(7) MOXKHO ommcarb Kak 00beIMHeHNe 3JIeMEeHTOB MHOKecTBa map P;(7), a mMeHHO
Eo = {Pl UP2 UP3 UP4}, E1 = {P5 UPG}, E2 = {P7 UPg},

E3 = {PyU Py}, E4={P;1 U P2}

B o6111eM ciryuae yciIoBUMCS TOBOPUTB, UTO 24 X 24 MaTpuua x = (xk,)f4 0JIOUHO-AMaroHaJIbHa OTHOCUTEIBHO
HeKoToporo pasbuenus E = (E,);’ MHO>KECTBa {I‘(l)...I‘(24)}, €cIu €€ 37IeMeHTHI X, = 0 ipu [(x) € E;, [y €
E;, i # j. YMHOXeHHUe TaKMX MaTPUI[ CBOOUTCA K ITOOJIOYHOMY YMHOXXEHMIO MX IMATOHATBHBIX OJIOKOB
x(Ei) = {xkr» Tk), I(r) € Ei}
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IIpumenurenbHO K onpeneneHusM (5) u (6) MOKeM 3aKIOUYNTh, YTO MATPUIA ¥ OJIOUHO-AMATOHAIBHA
OTHOCHTENBHO pasbuerms MHOxecTBa {I(1), ..., [(24)} Ha maps1 P;i(7) = {9*S;(7),07S;(v)},j=1,...,4 t€Fc
IMAaroHaJILHBIMU OJI0KaMU

s =i (3 1),

AmHanormuno MaTpuma E6ﬂquo-nmar0Haana OTHOCUTEJIBHO pa36I/IeHI/IH Ha OBa MHO>KECTBa I° = {Fio, 1<i<
12}, I'={TL1<i<12}
b(I°) = b(0), b(I') =b(1).

B Haeit Hymepaunn MaTpuia b 6.109HO- MATOHATBHA OTHOCUTEIIBHO pasbuenus mHoxectBa {I(1), .., [(24)}
Ha MHOecTBa E;(7), KOTOpBIe B CBOIO OUYepeb COCTaBIeHbI I3 JIeMeHTOB MHOKecTBa P; (7).
IMostomy kaxkmas matpuna 0({) u BGJIO‘IHO-JII/I&I‘OH&HLHI)I OTHOCHUTeNBHO pasbuenns E;(7), a 3HAUUT 5TUM
CBOIICTBOM 0OOJamaeT u nx cymma v({) + b.
Corumacho [2], marpumna-¢yukuns o({) + b Ha3BIBAeTCH KOHLEBBIM CUMBOJIOM 3afaulL. MepomopodHas
byHKIMS
det[0({) +b]
det[v({) + 1]
npu Im { — +oo, Re { = const cTpeMuTCcsT K HEHYJIEBBIM IIpefeaM, TaK UTO MPOEKUUs HyJell QyHKIUN
det[o({) + E] Ha JeICTBUTENBHYIO OCh SBJISETCS AMCKPETHBIM MHOKeCTBOM. IIycTh o > 0 BBIOPAHO CTOJIb MAJIBIM,
YTO ITY HYJIM OTCYTCTBYIOT B Iojioce — < Re { < 0. Torpa cripaBemnBa cienyroas
Teopema 1. ITycmv mampuya-gynxuyus a(t) € CF°[0,1] u deta # 0,0 < t < 1. Tozda 3adaua Jupuxie
¢Ppedzorvmosa 6 Kacce C’_’O u ee uHOeKc &), npu A = —¢, € > 0 u 00CMamMoOUHO MA0, BLLUUCTITEMCS NO GopMmyITe

®_,=&)+4 (7)

20e GeudUHA

1 g det(v +b)(0)]|7%"
& = %[lndetb(t)] . - %[ln det(o + 1)@«)} —a—ioo’ (8)

BLIPAINCEHUS 6 KEAOPAMHBIX CKOOKAX ONPedesIsomcst HENPEPbIEHbIMU 6eMEAMU TI02APUPMA, a 6epMUKATLHAS Hepma
03HAUaem npupaujerHue 6 COOMEEMCMEYOUUX NPederax.
B BBIGpaHHOI HyMepaluu MaTpuiist 0({) u b mpeacTaBUMBI B BUE:

el o 0 0
0 0 €% o
0 % o o |
0 0 0 el%f

o({.Eo) = ( z)(](()év) vo(()g) ) € T8, 9y(0) =

©)
by 0 0 O
=~ | 0 b, 0 0 88
b({,Ep) = 0 0 b 0 € C8*8,
0 0 0 by
rae by, by us (4). [JuaroHanbHble GIOKM 4 X 4— A BEPUINH T, j = 1,4 MMeIOT BUX
N 0 90
U(gan) - ( U](g) 0 , THE
i0,(11)¢ 0 i01(n2)¢ 0
e e
or(§) = ( 0 efum)d ) > () = ( 0 eb®y ) ’
(10)

eif2(m3)¢ 0 elfs(n)l 0
03(§)=( 0 it | va(d) = 0 fii () |-

7 by 0 . = by 0\ .
b(Ej)z(O1 1),]=1,3, b(Ej):(O2 1),]:2’4.

CoruacHo TeopeMe 1, xapakrep paspemmmoctu safaun (D) B kiacce C* | onpeestsieTcst Hy 1M OIIpe AU TeNIs
det (v({) + I;)(gv) Ha npsmoli Rel = 0, mpuueM BasKHYIO POJIb UTpaeT U IOPSIAOK MOJI0ca ToUuk { = 0 o6paTHoOI!
Marpuisl- Gynkmma (v + b) 1. B cuty 610UHO-IMArOHATBHOI CTPYKTYphI MATPHUIL COOTBETCTBYIOLIME CBOIICTBA
JOCTaTOYHO BBISICHUTD IUIS X AMArOHATBHBIX OIOKOB.
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Beemem obosnauenne z = e (V¢ y = ¢1%(D g ¢ = Z_; Torma

1
(t+1)4
(- 2082 = 1)2% 2% (42 + 2°) + (t + 1) %22 + 4(t* — 102 + 1)y°2%+
-1 +yh) -2 - D) -2 + (e + 1Y), (11)

det(v + ) (¢, Eo) =

O6partnas matpuua (v + b) "' (, Ey) B 1BHOM BUJe MMeeT TPOMO3MIKOE TIPEICTaBIeHNE, TI03TOMY BBIIMIIIEM €€
3JIeMeHTHI OTHeJIBHO,

~_ 1 A B
(v+b)"({Ey) = — ( B A ) A B e CY*,
(1+1t)3det(v+b)

a; tap tas ay a; tag tag ay
a a a a a a a a

A= 5 6 7 8 . B= 8 10 7 9
as ay as das ag ay 4y as
as tas ta, a; aig tag tag ay

a=-(t-DE-D((H-DE =)+ - D - 1) +2t(1+ ) (1+27))

a; = —2(1+t3)(y? - 1)(z% = 1) — 4t(1 + 22 + y*(1 — 32?))

as =2yz((y* — D) (22 - 1) (1 +13) + 2t (-3 + 22 + y*(1 + 2%)))

as = —8tyz(t — 1)(z2 — 1)

as = (t -1y - D" - D - D +2t(y* + (2% + 1))

as = 8tyz(t — 1)(y* - 1)

a7 =y(=(t* = 1)+ (t - D*? - 22°((£* - 1)*y* — t* + 104 — 1)+

1+ 022 Uy +t(y - D))ty +1) +y—1))/(t+1)

as =2y(t - D((¥* - D - D+ 1) +2t(1+y* + (-3 +1))2%))/(t +1)
ag=2z(t—1)(t6+)y? +y? + (t - 2)tz2 +22 — (t + 1)%y222 —t(t +2) = 1)/ (t + 1)

ayo = —4t((t +1)%z(1 + 4t2%y%) + (t — 1)%z(y? = 4t2%)) /(t + 1)

Janee BBemeM o603HaUeHNe B COOTBETCTBUM C (10), 37€MEHTHI Z, = (Upn), m = n,m = 1,2, YUUTBIBAS
COOTBETCTBIE paccMaTpiBaeMoro MHoxecrsa E; u marpuusi v;({), Torma

(t+1)(2225 — 1) + (t — 1) (2% - 22)

det(o +b)({,Ey) = 12
( (S, Er) 1 (12)
~_ 1
(U+b) l(é/sEl) = — E3
(t+1)det(v+b)({,Eq)
—(Zr+zE+1-1) 2t (Zr+z2+1t - 1)z —2tzy
2 —(Zr+22—t+1) -2tz (Zt+22—t+ 1)z,
(Zit+z5+t - 1)z —2tz4 —(z5t -z +1t+1) 212524
—2z, (Zt+22—t+ 1)z 22,71 (Zt—-22—1t-1)

Boruncnennsa I MHOKECTBa E3 JAAI0T aHAJIOTMYHbIE pE3YyJIbTaThl.
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g muOXecTBa Ey cripaBelyIMBEI ClIeAyIOIINe paBeHCTBA:

2,2 _ _ 2 2
det(v +E)(é”E2) — (t+1)(z{z; — 1)+ (t = 1)(z] — 25

5

t+1
~_ 1
(v+Db) 1(§,E2): - *
(t+1)det(v +b)({,Es)

—(Zit+zi—t+1) 2 (Z2t+2i —t+ 1)z —2z,
2t —(Bt+22+t-1) —2tz; (Zt+22+1-1)z

(Zt+zi—t+ 1)z -2z Zt—zi—t-1 22921
—2z,t (Zt+22+1-1)z, 2t2221 —(t-z2+t+1)

Boruncienus nis MHOKecTBa E4 MAIOT aHAJIOTMYHBIE PE3yIbTATHL
U3 (9) u (10) cuemyer

det(v +1)({, Eo) = (4 - 1)*(2* = 1)?

(0+1)7(¢ Eo) = A==

1-2? 0 0 0 —y(1-2%) 0 0 0
0 1-y? 0 0 0 0 -z(1-4?) 0
0 0 1-y? 0 0 -z(1 - y?) 0 0
0 0 0 1-2° 0 0 0 -y(1-2%)
-y(1-2%) 0 0 0 1-2° 0 0 0 >
0 0 -z(1-vy?) 0 0 (1-1v%) 0 0
0 -z(1- 1% 0 0 0 0 1-y? 0
0 0 0 -y(1-2?%) 0 0 0 1-2?

det(v +1)({,E;) = (zf - 1)(2% -1)

1-2° 0 -y(1-2%) 0
1 0 1-¢° 0 —z(1-1?)

det 1 E; -y(1-2%) 0 1-2? 0
et(v+1)({, Ej) . ) \ Ly

(0+1)7(E)) =

Paccmorpum noBeneHne Ha MHnMOI ocu GyHkuuit det(v + I;)(é’, Eo) u det(v + I;)(Q’, E;). O6osnaunm s
TIOPSIAOK HYyJA PYHKLIMIL

Jlemma 1. ynkyuu det(v + l;)(gv, Eo) udet(v + E)(gv, Ej),j =1,..,4 na MHumoti ocu umerm eoUHCMEEHHbL
Hymb 6 mouke & = 0 u e2o nopsdok pasen s(Eg) =2 us(E;) = 1.
HMoxasaTteascTBo. CoracHo (11), orpemenurens MaTpuiist (v + E) (¢, Ey), xoTOph1i1 0603HaunM f(y, z), maercs
BBIp@KEHIEM

1
z) = ——— | (=2t + 4% — 2)y% 2t + (—2t* + 48 = )yt + (1 + D)yt t+
%2) = Gy y y y
(at* — 40t* + 4) P22 + (t - D)yt + (1 - 1)~

C(t-1D* +2(t - 1% = (t+ 13 (t+1)*]. (13)

CorlacHO BBeIeHHOMY BbIlIe O003HAUEHNIO Z = eiel(f)g,y = ¢1%(D¢ gyepumuHo, uTo byHKIIMN Yy 1 Z -
BeIIeCTBEHHBI I IIOJIOKUTENbHBI IIpu Reé = 0, Gosree Toro ogHoBpeMeHHO 160 Goibiite 1, 1160 MeHblIe 1,
160 paBHBI 1.

U3 (12) BugHoO, uto 1pu y = z = 1 PyHKIM o6paIaeTcs B HyJIb U CIPABEIJINBO COOTHOLIEHIE

f(l’l) = _]M'
yz yz

Temneps y6eaumcs, uto B kBagpate K = {0 < y,z < 1} dyukuus f(y, z) Hurge He MpUHNMAET 3HAUEHNs HyJIb. Ha

rpanuite kBagpara pyHkuums f(y, z) He IOIOXKUTENbHAsI 11 06paIaeTcs B HyJIb TOJIBKO B Touke (1, 1). I'paguent
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36 06 urdekce 0Jist 00HOT Kpaegotl 3adauu

¢yukuun gradf(y, z) # 0, y, z € K, moatomy f(y, z) < 0 Bo BceM kBagpare. Onpenenum MOpsaoK HyJIst pyHKIUN
det(v + b) (¢, Ey) B Touxke ¢ = 0. Cornacuo (13)

(1+1)*[det(v + b))’ (0, Eg) = (=2t* + 4% — 2)(2i0, + 4i0;) + (—2t* + 4t — 2)(4if, + 2i61)+
(t +1)*(4i0, + 4i0;) + (4t* — 40t% + 4)(2i0, + 2i0;) + 4(t — 1)*i0, + 4(¢t — 1)*i6,—
2(t+1)2(2(t — 1)%i0, + 2(t — 1)%i6;) = 0

(1+1)*[det(o + b)]” (0, Ey) = 128¢(it6; + i0;) (it0; + i63) # 0

CrefoBaTebHO HOPAKOK Hyns paseH s(Eo) = 2. Tlocamraem mopsok myms ans yuxumu det (o + b) ({, Ej)B
Touke { = 0.

(t +1)[det(v + b) (0, E1)]’ = 4i(t01(11) + 04(11)) # 0.

AHaJIOTUUHO, IS BCEX OCTAJIbHBIX MHOKECTB Ej, Jj = 2,3,4 Iopaa0K HyJId paBEH s(Ej) =1.
ITepeiineM K OCHOBHOMY Pe€3yJIbTATY.
Teopema 2. Heodropoonas 3adaua D ecezda paspewuma 6 xnacce Cl', a npocmparcmeo pewsenuti 00HopodHOT

3adauu odHomepHo. Kpome mozo, ecrru npasas uacmo f npunadmexcum xnaccy C:,, mo ee pewenue ¢ € C!'

+0° (+0)°
Moxa3areascTBo. CornacHo TeopeMe 1, HaM HEOOXOAVMMO BBIUMCIUTD MHIEKC 3a4aun &y. B cury 6i1ouHo-
nuaroHanbHoi cTpyKTypbl MaTpull det(V + b)({, E) u det(V + 1)({, E), dopmyny (8) MOXKHO Iepenmcars B

BUE

07 o det(o+1)({, Eo) ||_g—ioo = 2mi det@+1)(LE) ||y i

CoriacHo NPpVMHONUITY apTYMEHTa JJIA aHAJINTUYECKUX (byHKLH/If;I, IMEET MECTO CIIEAYIOILEE PABEHCTBO:

a+ioco —a+ico

L no| - Lmeo|  =m (14)
27T 27T

a—ico —a—ico

roem=s—p.
3amerum, uro B HatreM ciayuae h({) mpemcraBuMa B BUAE YACTHOIO ABYX (BYHKLIMIT

F(Q) = det(v +b)({, Eo) = f(y,2),

9({) = det(v +1)({, Eo) = (y* = D*(z* — D™

Uccnenyem ¢pyukumio h({) Ha ueTHOCTH U HeueTHOCTH. OUEBUIHO, UTO
11 1
- —)=—- » Z)s
fp) =)

11 1
g(ai ;) - ;g(ys Z)'
Torna ¢pyukuus h({) HeueTHas U IJIs Hee CIIPABEINBO PABEHCTBO

—a+ico a+ico

1 1
z—mlnh(gv) =—2—mlnh(§)

—a—ico a—ico

IToctaBuB ImocieqHee paBeHCTBO B (14), mosyuaem

—a+ico

1
%lnh({)

—a—ico

OTCIOJIa JIETKO BUJETDH, UTO IIEPBOE CIara€Moe€ B @OPMY.TIC MHAEKCAa paBHO

m_ 2-4-1+1
2 2 h

ITeperimeM KO BTOPOMY CJIaraeMoMmy.
st mHOXKecTBa Eq.

(t+1)(2225 — 1) + (t — 1) (222 - 1)

f(z1,22) =det(o+g)(§,E1) = —

g(z1,22) det(v + 1)(§, Er) = (2] = 1)(25 — 1).
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!

IIpopenas ucciaeqoBaHue, aHAIOTMUHOE BHILIIEYKA3aHHOMY, ITOJIy4unM, uro GyHkums h({) = 4 HeuerHas, 1,

cJIeJOBaTeIbHO,
m_ 1+1-1-2 1

2 2 2

m

HerpynHo moxasars, UTO I OCTaJIbHBIX HOMEpOB j = 2, 3, 4 3HadyeHUe 2

3amaun

= —%. Takum 06pa3om, MHAEKC

1
ae=4—(1+4*5)=1.

Jlnst moKasaTesbCTBa BTOPOTO YTBEP)KAEHMSI TEOPEMBI BCIIOMHIM TeopeMy 2, cpopMynnpoBaHHyo B [1], B
KOTOPOJT TOBOPUTCSI CIIEAYIOLIIEE.
IycTh BBITIOMHEHDI YCIOBUS TeopeMbl 1: Matpuua-gyukius (v + b) "1 ({) He MMeeT MoMOCOB Ha MHMMOIH

7 , i H
ocnu. Torga mo6oe pemmenne ¢ € C_, 3amaun (3) ¢ mpasoi yacteo f € C. ) IPUHAIEKNUT KIacCy Clyo)- B
YAaCTHOCTIL, 28 SIBJISIETCS MHIEKCOM 3aJaull U B KIacce Cl(l+o)'
JloxakeM CHauajia BCIIOMOTaTeIbHYIO JIEMMY.

Jlemma 2. O603Hauum p — nopsi0ok nomoca GyHKyuu, cuumas kpamuocmu. [t Mampuy-@yHxkyui
(+b) N LE) u (0+b) N LE)), j=1,...4

6 mouke £ = 0 nopsidok nomoca p = 1.
HoxasareabcTBo. COrNIaCHO BRIYNUCIIEHNAM BBILIE, 37€MEHTh MaTpuLpl (0 + 1)7Y(¢, Ey) mpu { = 0 obpamarorcs
B HyJb. A Tak kak det(v + b)({, Eg) uMeeT HysIb BTOpOTO TOpsiKa B Touke { = 0, To Matpuna (v + 1) 71(0, Ep)
MIMeeT IOJIIOC IIEPBOTO IIOPAIKA.
Yro xacaeTcss MHOKeCTB F j»J =1,...,4, TO OUEBUIHO, UTO 3JIEMEHThI MATPUIILI HE obpararmTrcs B HYJIb IpU
{ = 0, u cIeqOBaTENBHO, IIOJIOC MATPULIBI PABEH MOPSIAKY HyJs MaTpuus! det (v + I;)(O, Ej),Toectbp = 1.
Teneps BepHEMCS K pAaCCMOTPEHNIO BBIITOJIHEHNS yCI0BuUIL TeopeMsl 2 13 [1]. CoryracHo ieMMe 2, 13 BTOPOTo
yTBEpXKOeHUs ClefyeT, uTo MaTpuiipl-pyskmu ¢ (v + E)—l(g, Ey) u {(v+ I;)_l(§, Ej),j = 1,..,4 He umeroT
MOJIF0OCOB Ha MHUMOII ocu. CJle{oBaTeNbHO, YCIOBUSI TEOPEMBI BBIIIOJIHEHBI. TakuM 06padoM, MbI IOy UNIIN,

H . H 1
uro moboe pemrerne ¢ € C_, 3amaun (3) ¢ mpasoii yacteio f € C., IPUHAMJIEKUT KIaccy C(+0). Wupexc
]

paccMaTpuBaeMoll 3afjaun B Kjacce C< +0) PaBen 1.
Yro xacaeTcs eMHCTBEHHOCTH pellleHus 3aaul, TO OHa CJIefyeT U3 IPUHIMIIAa MaKCUMyMa.
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AnHOTanMs. B cTaThe paccMaTpuBaeTCs OIepaTOp THIIA CBEPTKIL, IIPeCTaBIeHHBI 0000IIIeHHBIM IOTeHInanoM Beccerns.
M3yuaercs melicTBie 06001IeHHOrO IOTeHNMAaNa Beccens B crienuanbsHOM 1e6eroBoM Kiacce (pyHKIIMIL CO CTEIIeHHBIM BECOM.
JoxasaHa TeopeMa 06 OrpaHIUeHHOCTI 0006IIeHHOTO IIoTeHIMana Beccens B BecoBoM kitacce JleGera. Taxke I0Ka3aHo, UTO
006006I1IeHHBIII ITOTeHIAT Beccens B BecoBoM J1e6eroBoM Kiracce QYHKINIT SIBIsETCS ONepaTopoM CJIaboro THUIA B CMBICTIE
HOPMBI, IIOCTPOEHHOI! TP IIOMOIIY BeCOBOI (QyHKIMN pacIpeneleHns. ITU pe3yIbTaThl IBIIAIOTCA PACIIPOCTPAHEHMEM
teopuu Xapau — JlurtiByna — CoboseBa 0 ApoOGHOM MHTeTPUPOBAHMM Ha CiIyyait 06001eHHOro moteHuuana Becces.
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1. BBegenue. [[poGHbIe CTeIleHNM MHOTOMEPHBIX AupdepeHUNaNIbHBIX OIIepaToOpOB HAXOMAT LIMPOKOe
[IpUMeHeHMe [P PeleHNY aHATUTIYECKUX 3a/{ad B € BKINITOBBIX IPOCTPAHCTBAX, HEOXHOPOJHBIX YPaBHEHIIIX
VL IIPYI VICCJIe JOBAHIY IPAHIUHBIX 3HAUeHMIT PyHKIIIT 13 pa3IMIHbIX QYHKIMOHAIBHBIX IPOCTPAHCTB. [IpoGHbIe
OTpHIIaTeIbHbIE CTEIIeHN MHOTOMePHBIX AuddepeHnnanbHbIX OIIepaTOpOB Ha3hIBAIOTCS MoTeHIMaTamu. OHu
IPMHUMAIOT CYILeCTBEHHOE yUacTie i B Psifie BEPOSTHOCTHBIX 3aJjay, B YaCTHOCTU B MAaPKOBCKMX IIPOIeCCax.

HanGosee usyuenHoit aBIseTcst ApobHas creres omeparopa Jlammaca (—A)~%, @ > 0, Ha3BIBaeMast TOTEH-
nmaom Pucca (em. [20]). Onmaxko, omepatopst (—A) ™7 1eMOHCTPUPYIOT POCT CBOETO SIpa Ha GeCKOHEUHOCTI
[PV 3HAYEHMSIX ¢, GOJIBIIINX PasMepHOCTH IIPOCTpaHCTBa. [[03TOMY B TeOpUSIX, Tie BXKHO ITOBEIEHIE OIlepa-
TOpa Ha 6eCKOHEYHOCTH, IPEMOUTeHIe OTaeTcs TPOGHBIM cTenensM omepatopa (I — A)~%, a > 0, rme [ —
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TOKJIeCTBeHHBIT orepatop. Omepatopsr (I — A)™%, a > 0 HassIBaroTcs moTeHIuanamu Beccens. IloTeHmuanss
Beccens Giarogapst CBOMM XOPOIINM aHAIUTIYECKUM CBOVICTBAM OKAa3bIBAIOTCS 0oJiee YIOOHBIMU, & SHAUUT, U
[IPeqIOUYTUTENLHBIMY IIPY ITOCTPOEHUY KIIACCOB APOOHOI IIANKOCTH, KPOME TOTO, OHM IPMHMMAIOT CyIIleCTBEH-
HO€ yuacTHe I B psifie BEPOATHOCTHBIX 3a/1ay, B UaCTHOCTY B MapKOBCKUX Ipolieccax. IlompobHoe n3IoxKeHe
Teopuu oTeHUMana beccesst B KOHEUHOMEPHBIX IIPOCTPAHCTBAX COmepKUTCs B [12]. [l aHaNUTIUeCKNX Liestert
OHU BBeJEHBI U M3yUeHbI B [21].

B aT01i cTaThe 3yuaercs 0GobmeHe orepatopa (I-A)~ %, > 0 Ha clyuaii, Kora BMecTo A paccMaTpuBaeTcs

n
- = & L r 9
onepatop Jlammaca — Beccens Ay = kZ_‘,l ( P

HasBaHMe «0000IIeHHbIIT moTeHyan Beccensi» [13, 2, 3]. Hamra 3amaua B 91011 cTaThe — OIMCATH JeiICTBIE
omepatopa (I — Ay)_%, a > 0 B CITeIMaJIbHOM JIe0er0BOM KiIacce QYHKLMIL CO CTEeTIEHHBIM BECOM, TOKaKeM ero
OrPaHNMYEHHOCTH B TAKOM KiIacce (PYHKIIUIL U IIOKaXKEM, UTO OH SIBJIIETCS OIIEPATOPOM CJIabOro THUIIA B CMBICIIE
HOPMBI, IIOCTPOEHHOII PV IOMOLIM BECOBOI QYHKIMU pacIpeeeHus.

), vi > 0,i=1,...,n. Oneparop (I — Ay)_%, a > 0 HOCUT

2. O6061eHHbIIT MoTeHIIMAaN Beccens. Paccmorpum MHOroMepHoOe mpeobpasoBaHue XaHKesd GyHKIN
f Bupma

F,[£1(8) = F, [ (0] (&) = F(&) = / FOh e Oxdx,  xerh  ar =] ]xh,
Rf i=1

e y=(y1, .- Yn) — MYJIBTUMHIEKC, COCTABIEHHBIIT U3 MOJIOKUTENBHBIX PUKCUPOBAHHBIX BELLIECTBEHHBIX UMCET
3 — — —_ n
Yi 20,i=1,..,n,Rl={x=(x1,...,x,) € R", x1>0,...,x,>0},

O =] [ (é). §0.0=1,
i=1

a Jj, 3amaercst popmysoit (cm. [4], ctp. 10 u [5])

2'T(v+1)

xV

Jv(x) = Jv(x), (1)
Jv — dynkuus Beccens nmepsoro popa. PyHkuus j, HaspiBaeTcss HOpMUpoBaHHOI (yHKUMen Beccens mepsoro
pofa, MoCcKoMIbKY j,(0) = 1.

®opmyna obpamennus F, mmeer Bu

- n-|y| -
FU A1 (x) = f(x) = ’ / iy (e OF (D de,

n
2 )/j+l
nr (5)z

rme [yl =y + ... + ¥n.
B sroit pabote MbI 6yaeM paccMaTpuBaTh A depeHIMaIbHbII CHHTYIIPHbIIL onepaTop Beccens, o6o3Haua-
emerit By (cm. [4], cTp. 5):

# yo 19 0
B :_+——:——ty—, t>0, ER. 2
(By)i o2 tor trat ot Y @

IIycts
Ay = (8)x = Y (B 3)
k=1

a f = f(x) — mocrarouHo riagkas GYHKIMS, JOCTATOYHO OBICTPO yOBIBaOIas Ha OECKOHEUHOCTI I TaKas,
YTO BCE CYILECTBYIOLIIE IPOM3BOAHBIE OT Hee HEeUeTHOTO IIOpsAKa 00pallalTcs B HyJb IIpu x = 0, Toraa
npeo6pasoBaHme XaHKeNsd OT IPMMEHEHHOTO K Heli oreparopa —A, ects [11]

Fy [=A,f1(8) = |E°Fy [£1(8).

Taxum o6pa3om, 4ToObI OIIpeNenTh (X0Ta 651 hOPMaNIBHO) APOOHYIO CTEIIeHb onepaTopa —A,, Hy’KHO 3aIllcaTh
paBeHCTBO

(=AY T f =F, (IE1°F, [£1()).

Oco6oe 3HAUEHIE UMEIOT OTPULIATENbHBIE CTENEHN @ B quanasone —(n + |y|) < @ < 0. OrpuuarenpHas CTeneHb
omeparopa —A, Buza (—AY)’%, a > 0 HasbiBaercsa B-norenrmanom Pucca. Takoit moTeHIMa UMeeT IAPO BUaa
|x|*~"=¥!. B-morenuman Pucca usyuen JI. H. JlaxossiM [6, 7, 8], B. C. T'ymuessim u ap. 8 [17, 18].

IIycts |y| = y1 + ... + yu. Anpo x| Y npu @ > n + |y| pacrer na 6eckoreurocTi. MOKHO CKOPPEKTHPOBATH
B-norenumans Pucca takum 06pasom, 4To0bI COXpAaHUTH UX IOBELEHNE BOIM3Y HYIIs, HO JO0ABUTH S9KCIIOHEH-
HmajIbHOe 3aTyxaHue Ha GeckoHeuHOCTH. [IpocTeiimmit crroco6 qoGMTHCS 9TOr0 3aKII0UAETCs B TOM, YTOOBI

IMpuxnaonas mamemamuka& Pusuka, 2023, mom 55, Ne 1

ISSN 2687-0959
Applied Mathematics& Physics, 2023, Volume 55, No 1



A. JL [Ixcabpauros 41

3aMeHUTD omepaTop —A, Ha onmeparop I — Ay, Tie I — TOXIeCTBEHHBIII OIIEPATOP, M PACCMOTPETH APOGHYIO
crenens orneparopa (I — Ay)‘“/z, a > 0. lIpu momowmm npeobpasoBanms XaHKels qpo0Has crenenpb (I — A),)‘”‘/2
CBOTMTCS K yMHOKeHNI0 Ha crerenb (1 + |£]%) /2. A umenno, npobuyio crenens (I — Ay)’o‘/2
B BULJE:

MOJ’KHO 3aIllncaTb

(=875 f = F (1 + 1€ F Ry [£1(8).
Kpome Toro, npo6Has cremnens (I — A),)_"‘/2 MOKeT OBITh 3alcaHa Kak 06001eHHasI cBepTKa IIpoobpasa
npeoGpasosanms Xaukens bpyskumn (1+x|)~*/? i mexoTopoit GyHKImm.

Ob6ob1enHas cBepTKa, IIOAXOAAINAs I paboThI C oTIepaTopoM 1 Ay MMeeT BUJ

(F*9),(x) = (f * ), = / F) T 0y dy, ()

rme YT}(’ — MHOTOMEPHBIT 000011IeHHBIIT CABAT BUAA

(Tef)(x) = "Tf (x) = (NI T ) (), ®)
rae V1T, - ofHOMepHBIIt 06061eHHbLI CABUT — A7IS i=1,.. ., n AeitcTByer o dpopmyre (cm. [5])
r(7)
2
OB ==y
VaT (%)
X / Fx, X, \/xl2 + Y% — 2x;Y; COS @i, Xiv1, - .., Xn) SN g; gy, vi > 0.

Inst y; = 0 060611eHHBII caBur ¥ Txyii MIMEET B

opu _ Sy — flx—y)
. = .
! 2
ITycrs pyurums K, (x) — aTo moguduuuposanHas gpyuxuus Beccesst Broporo pona (cMm. [16, 22]). Ucnonssys
(4), orpenenum (I — Ay)_“/z npu o > 0 COOTHOILIEHUEM
(G50)(0) = (6L + 9, = [ GLw Ty ©
RY
rae
) N
Ga(x) = Koriyi-a (|x]) ™)

ntyl-a n i ;
T () I (1)

ectb 06001enHoe Anpo Tumna Beccens. Oneparop (6) 6ymem HaspiBaTh 0600ujeHHbiM nomenyuanom Beccens. Ero
TaKKe MOXKEM 3aIlycaTh

nly\a

27
(GYo)(x) = ly
r(§)] /

wt-a (Y1) (VTR o(x)y dy. (8)

||’:1:

O6parenne oneparopa (8) mocrpoeno B [13]. [IpencraBienne naTerpaia (8) B IpocTOM BIE IPU IOMOIIN
anpa Iaycca — Beileprrpacca 6puro mosnyueHo B [2]. HopMbl Ha 0CHOBe BeCOBBIX MHTerpanos dupuxie B
IIPOCTPaHCTBE 0GOOIIIEHHBIX GecceeBbIX TOTEHMANOB ObLIN BBeeHbI B pabore [3]. Coiictsa (8) u ero mpmio-
JKeHUe K peleHnio ypasHeHus [lyaccona 6puim paccmoTpeHs! B [15]. IIpoctparcTBO 0600IIIEHHBIX IIOTEHIATIOB
Beccens By ¢ ncnonssosannem nopxona Creiina — JInsopkuna 6b110 cKoHCTpyupoBauo JI. H. JIaxoBbiM 1
M. B. ITonoBMHKMHO C MCIIONB30BaHMeM IpeobpasoBanus XaHkens B [10]. B [10] BBemennsie panee JI. H.
JIstxoBBIM B [6, 7] B-runepcuHrynsapHble MHTErpans! u B-moreHmans: Pucca GpU1M IpuMeHEeHB! 11 TOCTPOEHNUS
HOpMBI B BY.

3. Teopema 06 orpaHHYEeHHOCTU 0000IIIeHHOTO MoTeHIaIa Beccesiss B BecoBOM jIeberoBoM Kiracce
byHKIMIL

Iycrp L;(Rﬁ) = L},f, 1<p<0o — IIPOCTPAHCTBO BCeX M3MepMMBIX Ha R} QyHKINMIT, YETHBIX 110 KaXKIOM U3
IepeMEeHHBIX X;, [ = 1, ..., n, TAKUX, 4TO

n
PyY Y — Yi
/If(x)|xdx<oo, x _l_[xi'
Bn i=1
n
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Hopma B L; byHKUMY f [ BeLleCTBEHHBIX UMCeN p > 1 olpelesseTcs paBeHCTBOM
1/p
Uflly ety = 1fllpy = ( / If(x)lpxydx) |
i

UsBectHo (cMm. [4]), uto L; — 6aHaX0BO IIPOCTPAHCTBO.
s 06001menHoM cBepTKM (4) M3BecTHO HepaBeHCTBO I0HTA. ITycrs p, ¢, 7 € [1,00] 1

1 1 1
—4+—-=1+-. 9)
p q r

O6o6mennas cBepTka (f * g), orpaHMUYeHa IIOYTHU BCIOAY mpu f € L, ge L();. Kpome Toro, crpaBemyimBo
HepaBeHCTBO (HepaBeHCTBO IOHTa)

||(f*g)y||r,y < ||f||py||g||qy (10)
1,1 _
Ecan » + a 1, TO

N * @ylleoy < N flpylllglg,y- (11)

Iycrs QF C R} — ykasaHHas BbIllle YaCTMYHO 3aMKHyTas 00JacTh U mycTh mes, (Q*) — secosas mepa
MHOkecTBa QF Bupa

mes, (Q) =/xydx.

Q

s mxo6oit uamepumort pyuxuun f(x), onpenenensoi Ha RY, BBeeM 0603HaueHme

py(fit) =mes, {x e R} : |[f(x)| >t} = / xVdx.
{x: [f () [>2}*

Oyuxumio 1, = 1, (f,t) 6ynem HaspIBaTh 6ecosoii pynkyueti pacnpederenus | f(x)| (cm. [9], c. 51). OueBupHo,
YTO 3TO yOBIBaKOIas QYHKIM.
Iycrs ¢ € LY (R?). BecoBast pyHKILMs pacrpe/iesieHus

1y (GEp, 1) = mes, {x € RY : [(GZg)(x)| > 1}

XapakTepusyeT II0BefeHMe 06001eHHOro moreHIyana becces.
O6o03HaunM uepes sL},f(R;) = SL; COBOKYITHOCTh BCeX (PYHKIIUIT, YETHBIX II0 KaKIOJ U3 IIepeMeHHBIX
X1, ..y Xp, IJI1 KOTOPBIX KOHEUHa HOpMa

Ufllsey gy = sup t(py (f, P, 1<p <o
0<t<oo

Omneparop A, neficTBYOINIL 113 OTHOT0 PYHKIMOHAIHHOIO IIPOCTPAHCTBA B APYTO€, Ha3bIBAETCS K6A3UTUHET-
Hvim (cM. [1], cTp. 41), eciy 06IacTh €ro onpegeneHus BMeCTe ¢ KaKAbIMI ABYMs QyHKIMAMU fi, fo COREpKUT U
UX CyMMY fi + f2 VI BBIIIOJIHEHO HEPABEHCTBO

|ACf + )] < k(IAfil + |AfD,

rje Kk — IIOCTOSTHHAs, He 3aBucsiasi oT f; u f,. Ecau k = 1, To orteparop A HasbpIBaeTcs CYONIUHETIHbIM.
KBasunuHeltHbI onepatop A uMeeT cubHbiii mun (p, q),, €IV OH OIIpeJeseH Ha L{, (R}), umeer 3nauenns
un3 Lg(RZ) VI BBINIOJTHAETCS HEPaBEHCTBO

Afllgy < Kllfllpy. VfeLy (12)

c rmoctogHHoN K, He 3aBuUCALIEN OT f
Ecnu Bmecto (12) BoimosiHsieTcs 6oee c1aboe HepaBeHCTBO

||Af||5Lg(Rf) < K”f”p,ys Vf € L;(RD,

TO omeparop A GymeM HasbIBaTh OIlepaTopoM crabozo muna (p,q),. Hammenslee 3HaueHNe U3 MHOKECTBA
rakux K Hasosem cnaboii (p, q),-Hopmoii omepatopa A.
Teopema 2.1.

(1) [ns ecex a > 0 onepamop Gy omobpaxcaem L{, (R}) 6 cebs c nopmoti || - ||y, .
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A. JL [Ixcabpauros 43

(2) dns ecaxotl pynkyuu ¢ € LY(R ), 1< p<gq< oo, ede i
koncmanma C = C(n,y, a, p) < o0, maxas, umo

1
L - <a<
5 n+|y|, 0 < a < n+ |yl cywecmsyem

||G (Pqu C“(P”p,y-

(3) Ecnug € LY(R ), mo

(13)

lelliy \?
uy(G‘;‘@ﬁ)sAn,y,a( I,

B

a 4 1 _ a
ons ecex f > 0. [lpyeumu cnosamu, omobpaxcerue ¢ — Gy ¢ umeem cnabuwiii (1,q), mun npu 7= 1w
[okazamenbcmeo.
(1) Mpumensist HepaBeHcTBO (10), MONTYUUM

Gy o1y = [1(Ge(x) * 9())yllry < 1GE )y - @)1y (14)

HNmeem

27z * a=n-ly|
16500y = [ 1687y = — [ 13 Ky ()" = (x = 10) =
i (5 IIT (%

n-lyl-a

— 11 a+n+
=2n2— / PR e (P dr / 0vds.
i+l 2
r(g)Ir(%) St

CrpasengnuBa cienyoras popmyia (cm. [11], popmya 2.174)

sty = [ wds = = (15)

st (n) 2

CJIeIOBATEILHO,

(9]
i=1 2 2 atntly|
IGL )l = - [ K (1
0

[Ipumenss dopmyiy 2.16.2.2 us [19], moayunm

(o]

a+n+\y|
—/ r K,my\ ntlyl-a (r)dr = 1.
r(=)r(2)

Torna us mocienHero paBeHcrsa u (14) monyuaem yreepxuenue (1).

9 n+lyl+a

1GE () l1y =

nHyl -

(2) HyCquoeLY(R”) 1<p<q<oo, rne— 5— n+|y|,0<a<n+|y| B uacraoM ciryuae 0 < @ <

n+|y| ns (7), us nmosegeHus Mo;[I/[cl)MLU/IpOBaHHOM ¢yuxuun Beccesist BToporo poga npu Majbix 3HAUeHMSIX
aprymenra 0 < |x| < 1/% + 1 Buga (cm. [22])

n+lyl-a
F(f) a-n-ly|
2

W r[pI/IO<0{<n+|y|;
Kopee (1) ~ § =In (1) =8, mpwa=n+ 1yl
2
I‘(%M) n+|y\
—anm x| , mpun+ly| <a

21

¥ u3 moBefeHus MomuduimpoBaHHol ¢pyHkuum Beccens BToporo popma mpm GOJNBINNX 3HAUECHISIX

apryMmeHra |x| — +oo0 Buma (cm. [22])
Knsg-a (Jx]) ~ ‘/ﬁe =,
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nosyunm, uto sapo Gy (x) omeparopa Gy yROBIETBODSIET YCIOBIIO

x| @=m=Irl] npu |x| < 2;

Gh(x) ~C { o4l

z, npu |x| > 2.

Torma 3annmiem

(Gyo)(x) = / Go(y) (T (x))y"dy + / Ge(y) (" T (x))y¥dy <

{yeRL|yl<2} {yeRy|y|>2}

<c / 1< T () [y dy + / e ()l dy | <

{yeRy.lyl<2} {yeRyyl>2}

_lyl
< | 1))l + / e Ty dy |, (16)
i

roe (U;‘(p) (x) — B-morenuman Pucca, st KOTOPOTO CIpaBeIUBO YTBEPKAeHMe U3 [6]. A MUMEHHO, Ipu

n+|y| Y 1_1
0<0{<T u @ € L, umeem ||U)‘,"(p||q,y < |lgllp,y,rme il n+0|(y|'

(10) u B cuity HepaBeHCTBa [uIst 00061IEHHOTO cABUra U3 [5], moxyuum

Jlnsg BTOpOro MHTETpaia o HepaBeHCTBY

_lyl _x
/6 21Ty dy|| < " TRp(0)llpylle” 2| wi < Collgllpy-
n+ly|-a’
Ry .Y

Takum o6pasom,
||G;§D||q,y < C“‘P”p,)h

(3) Bossmem 0 < § < 1. PaccmoTpum omepaTopsl

(U, s0)(x) = / lyl* M ("TLp) (y) y¥ dy,
{yeRi|y|<5)

(U 50)(x) = / ly|* =W Te) (y) y¥ dy.
(yeR | yl>5)

Torpa nng B-morennmana Pucca cipasenmnso

(Ul p)(x) = / lyl“ M TYp) (y) y'dy = (UL, 50)(x) + (U, 50) (x). (17)
Rn

IToxyumm oleHKY A7
sup By ((Uf'p)(x), p))"/7 =

0<fi<co

= sup B (mes,{x € R} : |(UFe)(x)] > }).

0<f<oo
Yuureisag (17), 1OCTaTOUHO OLIEHUTH

mes, {x € R} : |(7/[f:y’5(p)(x)| > B},

mes, {(x € RY : [(U” ;0)(x)| > B}
7 IIPpVIMEHNTD HEPABEHCTBO
mes,{x € R} : [A+B| > f} <mes,{x € R} : |A| > f} + mes,{x € R} : |B| > B}.

[nst oueHKy 0600IIEHHOI CBepTKU OyIeM MUCIIOoNb30BaTh HepaBeHCTBO IOHTa (10).
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B nurerpane (’Lljzy’ 5®)(x) mepeitieM K KOopAMHATAM

Y1 = Y1 €OS 1, J> = y; sin ¢y,
U3 = Yo COS @, Uy =y2sings, ..., (18)

Yon—1 = Yn COS @y, Ton = Yy SIN @,

TIOTYUNM

(U, 50)(x) = / 1" (T () ' dy =
{yeR},|y|<6}

n
= / I’y'l“‘""“ ¢ (\/(xl -y + 'y'§ \/(xn ~Yan-1)? + 'y'in) 1_[ y§§_1d~
i=1

{yeRY|71<6}

[IpousBeneM 3aMeHY X1 — Y1 = Z1,..,Xn — Yz2n—1 = Zn, OYAEM UMETH
(U, 50)(x) =

—n-ly|

= / (c1—2) 2+ o+ o+ (=22 +75) 7 X

{y2is0.V (x1=20) 4G5+ 4 (x1-21) 2455, <8}
n
i—1 g~
X (\/zf +75, . \/zfl + g%n) l_[ Yy dy’dz.
i=1

IIycts B/ (x,r) = {x € R : \/(x1—21)2+§§+...+(x1—21)2+§§n <r}, E;“ = ;( ,2]) \ B}, ( ’2J§+1)’
j=0,1,2,.... Torma

- a-n-ly|
U0 = 3 [ (G200 4 Tt (= 20+ )
J=0ps
J

<

n
i—1 g~
X (\/zf+§§,..., \/zfl+§§n) nyéyi dy’dz
ks a-n—ly| n -
2(2]+1) /‘ ( Zl+y2,...,\/zn+y2n) l—[yﬁ dy"dz.
i=1
.1

Jj=0

BosBpalnasce K epeMeHHBIM Y, ..., Y 110 GOPMYJIAM 21 = X1 — Y1,..iZn = Xn — Yon—1 U (18), mosryumm

0 a-n—ly|
(U2 ) ()] < Z(zﬂl) [ ettowiyay <

0
g 50.5)

sl ) 5a2n+ vl
< B (132" M= W ) (o) D27 = T B0 (M 9) (3) = Clny, 3" (W) (),

j=0

rue (cm. [11])
r()r ()
Bl = [ xtdx =
B () o (= +1)
C(n,y,a) = %BH”)L a (MY¢)(x) — BecoBas makcumanbHast QyHKums (cm. [14]).
ITpumensasa HepaBeHcTBO ['enbaepa, MoTyuUnM
(U, s0) ()| < Hny,a.p)6“ 7 - lgllp,y.

rae 117 > n+|y‘ ,H(n,y, a, p) — Hexoropas mocrossaHast. [Ipy o < n + |y| MoskeM 3ammcars, 4To

(U, 50)(X)] < Hn,y, 0, )8 lg]]y,.
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Bosbmem § = (w) " rorma |(%{f‘y5(p) X)) <pm
mes, {x € R} : |((Uf,y’5(ﬂ)(x)| > py=o0.
CiemoBaTebHO,
mes, {x € R} : [(Uy'p)(x)| > B} < mes,{x e R} : |(leffy’5<p)(x)| > f} <

C(n,y,a)
B

n+ly|

C(ny.a) (H(ny,a Dol | #0a ol \ ™r-a lloll1y \?
=t y el =C r el s by

< mesy{x € R} : |C(n,y,a)*(M'p)(x)| > p} < llelly =

B p B B

3nech Cpy,a = C(n,y, @) - H(n,y, @, 1) *-=. Orcrona cenyer, uro otobpaxkenue ¢ — Uy'¢ umeer cnabplit (1, q)y
24
n+yl”

TUII IPU é =1- U3 sr1oro u n3 (16) moxyuaem (13). [lokasarenbCTBO 3aKOHUYEHO.

4. 3axkimrouenne. B nannoit pa6ore Mpl M3yunin geiictBue o6obIeHHOro norenmnyana beccens G}Of B

KJIacce Lz. Harm pe3ynpTaThl BKIIOUAIOT YTBEPKAECHNE O TOM, YTO MJIs BCeX ¢ > 0 0000IIeHHBII TOTeHIMAT

Beccems Gy oTobpaskaer L;(RZ) B ceba ¢ Hopmoit || - ||y, u cripaBenMBa OIeHKa ||G;‘qo||q,y < Cllgllp,y, Tme
1<p<q< oo, é = % — sty 0 < @ < n+ |y|. Kpome Toro nokasaro, uto ecin ¢ € LY(R™), o oToGpaskeHme

¢ — Gy¢ umeer ciabpit (1, q)y THII 1PN }1 =1- . OTU pe3ynbTaThl ABJIAIOTCA pacCIIpPOCTpaHeHIEM TeOPUN

_a_
n+y|
Xappu - JIurtnsyna — CoboseBa o qpoGHOM MHTErpMpOBaHUY Ha CIydait 06001eHHOTO moteHmana Becces.
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AnHoOTamusA. [[BinKeHNe ObICTPOIT 3apsyKeHHO YaCTHUIbI B KPUCTAJLIE T10,] MaJIbIM YIJIOM K OTHOIL 13 IUIOTHO YIIAKOBAHHBIX
aTOMaMI KpHCTAIOrpaguuecKix oceil ¢ XOPOIIell TOUHOCTIO ONMCHIBAETCS KaK JBIDKEHIE B HEIIPePHIBHBIX IIOTEHIIMANAX
HapaJlIeJIbHBIX ATOMHBIX LIeTI0UeK, IPI KOTOPOM COXPaHsIeTCs IapallebHasd OCH IIeIIOUKY KOMIIOHEHTA MMITYJIbCa YaCTHIIBL.
IIpu aT0M GUHUTHOE ABIKEHIE YACTUI(BI B IIONIEPEYHOI INIOCKOCTH HA3bIBAeTC aKCUAIBHBIM KaHaNIupoBaHyeM. M3BecTHO,
YTO TaKOe [ABIDKEHIE MOXKeT ObITh KaK PeryJIIPHBIM (YCTOUMBBIM), TaK U XaOTHMUECKUM (HeyCTONYMBBIM), B 3aBUCUMOCTIL
OT Hajmuys 1160 OTCYTCTBMS BTOPOTO (HapsAZy ¢ 9Heprueil IOIEPeuHOro IBVDKEHMA) MHTeTpana ABIDKeHMs. B mose
yeIMHEHHO LEeIOUKI TaKMM MHTeTPaIoM IBVIKEHMS SBIAETCS IPOEKIMA MOMEHTA MMITYJIbCa YaCTUI(BI Ha OCh L[ETIOUKIL.
B orcyTcTBHE aKCMATBbHOI CMMMETPHUY IIOTeHIMAIa Halndye 11160 OTCYTCTBIEe BTOPOTO MHTETpaja ABIDKEHIS MOYKHO
OIpenennTs MeTogoM ceueHuit ITyarnkape. B cTaTbe McciieqyeTcs xapakTep ABVDKEHIS IIO3UTPOHA, ABIDKYIIETOCA B PeXKIME
aKCMAJIbHOTO KaHAJIMPOBaHMS B HarpaBieHnu [111] kpucramia KpeMHUA.

KirroueBble ciroBa: KaHaINpOBaHUe, GBICTpbIe YaCTIIIBI, BBICOKIE SHEPTII, XaoC, peryIsapHas AMHaMuKa, ceueHne [TyaHkape,
KpeMHUI
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Abstract. The fast charged particle’s motion in the crystal under small angle to one of the crystallographic axes densely packed
with atoms can be described with high accuracy as the motion in the uniform potentials of the parallel atomic strings that
conserves the particle’s momentum component parallel to the string axis. The finite motion in the transverse plane in this case
is called as the axial channeling. This motion can be both regular (stable) and chaotic (unstable), depending on the presence or
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absence of the second (in addition to the transverse motion energy) integral of motion. The motion in the axially symmetrical
field of the single atomic string conserves the particle’s angular momentum projection on the string axis, so the problem has
two integrals of motion and hence the particle’s motion is regular, periodic or quasiperiodic. The presence or absence of the
seconf integral of motion in the absence of the potential’s axial symmetry can be found using the Poincaré sections method.
This paper studies the character of motion of the positron channeling in the [111] direction of the Silicon crystal.
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1. BBegenne. BricTpas 3apsyKeHHAs UaCTUIA, JBYDKYIASCI B KPUCTAJLIE BOIM3Y OQHOI U3 IUIOTHO yIia-
KOBaHHBIX ATOMaMIU KPUCTALIOTpadUuecKmnx oceil M IJI0OCKOCTEN, MOJKET 3aXBaThIBATHCA B 00Pa30BaHHYIO
STUMM OCAMM WJIM TUIOCKOCTSAMM MTOTEHIMATBHYIO SIMY, COBepIiast QUHUTHOE ABVIKEHIE B IIOCKOCTH, IIE€PIIEH-
IOVIKYJIIPHOJN COOTBETCTBYIOLIEN OCK (IIIIOCKOCTI) ¥ aHOMAJIBHO INIyGOKO IPOHMKAsI B KpUCTAILL. Takoe sBeHne
Ha3bIBAETCsA, COOTBETCTBEHHO, AKCUAIBHBIM JWIM IUIOCKOCTHBIM KaHanupoBaHueM. OHO ObLIO IPeICKa3aHo
Ha OCHOBE UMCJIEHHOTO MOJEIMPOBAHYS B [16]; MoCIeyIomme TeopeTnyecKue 1 SKCIepUMeHTAIbHbIE MCCIIe-
OBaHWUsSI OTPA’KEHbI B MHOTOUNCIIEHHBIX MOHOTrpadmsx u o63opax (cMm., Hanpumep, [1, 2, 13, 22]). [IBuwkeHne
YACTHILBI B pEKUMeE aKCUAIBHOIO KaHAIMPOBAHMS C XOPOLIIEN TOUHOCTHIO MOKET ObITh OIMCAHO KaK BIDKEHIIE B
HEeIIPEePHIBHOM IIOTEHIIMAJIE ATOMHOI L[ETIOUKY, TO €CTh B IIOTEHINAIIE, YCPETHEHHOM BIOJIb OCK LETOUYKY [6].
B Taxom moTeHuMane coxpaHgeTcs MPOLOIbHAT KOMIIOHEHTA MMITYJIbCa YACTHUIIBL p||, U 3a/aua O ABVDKEHII
YACTUIIBI CBOAUTCA K IBYMEPHOII 3a1aue O ABVDKEHUY B IIOMIEPEYHOI IUIOCKOCTI. XapaKTep AMHAMUKY (pery-
JIApHas I160 XaoTUUecKast) B 9TOM ClIydae 0COOeHHO yX0OHO M HATJISIHO MCCIENOBATh C IIOMOIIBI0 METOa
ceuennii [lyankape. 3HaHMe XapaKTepa JBIDKEHNSI KaHATMPOBAHHO YacTHUIBI (PEryIsspHOe b0 Xa0TUUECKOE)
Ba)KHO BO MHOTUX 3a[auax IIpU BbIOOpE IPUOIIVKEHHBIX aHAINTIUECKIX METOIOB UX PELIeHNs, B YaCTHOCTI,
I MCCIIeSOBAHMI MCITYCKAEMOTO TAKOI UaCTULel M3IydeHus [ 1] i ynpaBieHns IyuyKaMy YacTHUL C IIOMOIIBIO
MIPSIMBIX U U30THYTHIX KPUCTAJLIOB [2].

2. KaHamupoBaHue OJI0)KUTEIBHO 3apsHKEHHBIX YAaCTUIL B HanpaBieHnu (111) Kpucramia KpeMHUS.
Kitaccuueckoe ypaBHeHMe ABVDKEHMS PEISTUBUCTCKOI YaCTUIIBI MOKHO IIpeoOpa3oBaTh K BUAY [1, 5]

v c? 1
E—E F—C—ZV(V'F) N (l)

rie E = mc?/+/1 — v2/c? — sHeprus pelsaTMBUCTCKOM UacTuIpl, F — cyMMa HefiCTBYIOIIMX HA YaCTHUITy CIT;
B JaJIbHENIIeM MbI Oy[M IpeHeOperatb U3IydyeHreM 3apsbKeHHO YACTUIEN 9JIEKTPOMArHUTHBIX BOJIH 1
CBSI3aHHO C 9TUM CIJION JIyYMCTOr'0 TPEHNS.

IIpy ABY>KEHMH YaCTHUIIBI IO MaJIBIM YIJIOM {/ << 1 K OCM aTOMHOJ IeIIouKn (Tak 4to |V | < v = ¢) u
COXpaHEHNU IIPOIOIBHOI OCU IIENTOUKY KOMIIOHEHTHI UMIIYJIbCa B HEIIPEPHIBHOM IOTEHIMAIe [{elTouky Us
ypaBHEHUe ABVIKEHYS B IOMIEPEUHOI INIOCKOCTH C XOPOILIE TOUHOCTI0 MOKHO 3aIIICATh B BUE

2 2
i Cpo Sy, (2)
dt Ej Ej
MB&I BuuM, UTO 3TO ypaBHEHNE aHAIOTMUHO JBYMEPHOMY YPaBHEHMUIO JBIDKEHIST HEPENATIBICTCKON YaCTUI(bI
C TOYHOCTBIO 0 3aMEHBI

rae By = [m?ct +pﬁc2 = const ~ E.

Orcrofia cpasy BUIHO, UTO IIPY ABVDKEHNY YaCTUI(BI B HEIIPEPHIBHOM IIOTEHIINAJE LIEIIOUKM OyIeT coxpa-
HATHCI BeJIMUYITHA

m— — (3)

Ey 9% (0)
L
Ey = 2y () @
[4 2
(rme v, (0) = vy — momepeuHas UACTUIIBI AIEKTPOHA Ha BXOJ€E B KPUCTAILI, X;j, §; — KOOPAMHATHI TOUKM BXO/A B
KPUCTAJUI), KOTOPYIO Ha3bIBAIOT SHEPruell II0IIepeyHOro ABIDKeHus [1, 2, 22, 8].

HermpepsIBHBIIT IOTEHLMAN yeIUHEHHO ATOMHOII LIETIOUKM MOYKeT OBbITh OIVMCAH IPOCTON MomupuKanmen
norenuuana Jinanxapnaa [1]
BR®

U xy)=Uhn|[l+ ———— 5
(x,y) 0 21yt ak ©)
rae B cryuae nermouku (111) kpucramna kpemuus Uy = 58.8 3B, o = 0.37, f = 2.0, R = 0.194 A (pammyc Tomaca—

depmn). Takue Lemouku 06pas3yIoT B IOMEPEUHOI UM II0CKOCcTH (111) rekcaroHaJIbHYI0 LIEHTPUPOBAHHYIO
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peureTky. [ist 9JIeKTPOHOB IOTeHIA (5) SBJISETCS IPUTITUBAIOLINM, I09TOMY KaHAJIMPOBaHNIeE 3T€KTPOHA
OyzeT MpOMCXOAUTD B IOTEHIIMATE OJHOI LeIIOUKH, c1ab0 BOSMYILIEHHON TOTeHI[MaJaMI IecTy OIypKaiimmx
cocefieif, TO ecTh IoJe OymeT o6lamaTe OChI0 CMMMETPMM ILIECTOrO Iopsfaka. MHas cuTyalus BO3HUKaeT
IIpY ABVDKEHUN B KPUCTAJLIE IIOJIOXKUTEIBHO 3apsKeHHO YaCTUIIbI, HAIIpUMep, ITO3UTPOHA WM IIPOTOHA (B
TaJbHeIIeM, IJI1 OIIpeJeIeHHOCTHU, MbI OyIeM TOBOPUTH O ITO3UTPOHe). [ HUX IOTeHIMATbI OTHeIbHbIX
[[eII0YeK Oy[yT OTTAIKUBAIOLIVIMIL, OXHAKO MEXIY TPeMsI OIVDKaIIMMI COCEJHIMN [eII0YKaMy (UbI OCH
PACITOJIOKEHbI B BEIIMHAX PABHOCTOPOHHETO TPEYTONbKUKA CO CTOPOHOI a = a,/V6 ~ 2.217 A, e a, —
OCHOBHOII IIEpVOJ KPMCTAIA KPEMHISI, TO €CTh ITepHox Lerouku (100)) Bo3HMKaeT HeGOIIbIIIas IOTeHIMAIbHASL
SIMKa C OCBIO CMMETPMM TPETHETO IOPsAKa, B KOTOPOIl BO3MOXXHO (PMHMTHOE B IIOIEPEUHOI IIIOCKOCTH
IBIDKEHNe yacTUIbL. TakuM 06pasoM, IOTeHIMaIbHAS SHePI U MO3UTPOHA B ITOJIE TPeX OMIDKAMIINX aTOMHBIX
IferIouek OyaeT ommuchIBaThes popMyIoit

US<+> (x1y) =UV(x,y—a/VN3) + UV (x+a/2,y+a/2V3) + UMD (x —a/2, y+a/2V3) —7.8571 eV, (6)

rjie KOHCTaHTa BbIOpaHa TakuM 00pa3oM, 4TOOBI ITIOTEHIMAI B LIEHTPe TPeYroJIbHIKa ObLI paBeH HyJI0. [1yOnHa
I{eHTPAJIbHOI IMKM (V1M BBICOTA CEJJIOBOJI TOUKM IIOTEHIIMAJIA) COCTABIIAET IIPUOIN3UTEIHHO

Uy = 0.3276 9B. (7)

VHTerpupoBaHme ypaBHeHUs ABIDKeHUs (2) ¢ moTeHIuanoM (6) BO3MOXKHO TOJBKO UMCIEHHO; HaMI
JICIIOJIB30BAH JIJIs 9TOJ 11eJIV TaK Ha3bIBaeMbIil anroputM Bepire B ckopoctHoit popme (velocity Verlet algorythm)

(3]

Puc. 1. Crresa: mpoeKIus pelreTKy KPICTalIa TIUIIA alnMasa Ha IUI0CKocTh (111). B yenmpe: IloteHuman (6) u mpumep
MHGUHUTHOI TpaeKTOPUH, BOSHUKAIOLIE, KOT[ja SHepr1s IOMepPEeUHOTo IBIDKeHNsS E| HeMHOTO IpeBbIlIaeT BeanunHy (7).
Cnpaea: nHUM YpOBHA IOTeHIMaa (6); BOIM3KM Hauala KOOPAMHAT BUIHA IIOTEHI[MAIbHASA IMKa
Fig. 1. Left: Rojection of the dimond-like lattice on the (111) plane. Center: The potential (6) and the sample infinite trajectory
that arizes while the transverse motion energy E, slightly exceeds the value (7). Right: equipotentials of (6); the small potential
pit is seen near the origin of coordinates

3. PeryiapHoe 1 XaOTHMUECKOE JBIDKEHNE KaHAIMPOBAHHBIX MO3UTPOHOB. [[BUKEHIE YACTULBI B
3a[TaHHOM BHEILLIHEM I10JI€ MOKET OBITh KaK PEryJsSpHBIM, TaK U XaoTuueckuM [1, 7, 14]. OkaspiBaercs, 4To
XapakTep AMHAMUKU YaCTULbI TECHO CBA3AH C MHTETPUPYEMOCTHIO YPABHEHNS [BIDKEHNUS B KBapaTypax, a
[OC/IeiIHee, B CBOI) OUEPEMb, CBA3AHO C KOJIMUYECTBOM MHTETPATIOB NBIDKEHUS PACCMATPUBAEMOI CUCTEMBI.
YpaBHeHMe NBUKEHNS MHETPUPYEMO, €CIIN UMCIIO MHTETPAJIOB BVDKEHNS COBIIAIAET C UMCIIOM CTeIeHel CBOGObI
cucTeMbl. B UaCcTHOCTH, pETYIISPHBIM OKa3bIBAeTCs NBVUKEHNE YACTUIIBI B LIEHTPAIbHOM I1oJie. B aToM ciyuae,
[IOMMMO SHEPTUU, COXPAHAIOLIENCS BEJIMUMHOM ABJISLETCA MOMEHT UMITYJIBCA UACTUI(BI OTHOCUTEIBHO LEHTPA
mosist. TakuMm 0OpasoM, 3aiaua O ABVKEHUN B LIEHTPAIBHOM I10JI€ OKA3hIBAETCSI IBYMEPHOII 3a1aUell ¢ qBYMs
uHTerpanamu geiskenus. Kak ciencrsue, quHaMIKa YaCTULBI OKA3bIBAETCS PETYIIAPHOIL I, €CIM TOBOPUTH O
GUHUTHOM IBVKEHUN, TO OHO OYIET MEPUONMUECKIM (B MCKIIOUNTEIBHBIX CTyUastx) VI KBa3UIIEPUOIITIECKIM,
KOTIIa TPAEKTOPUsI UAaCTUIbI He 3aMBIKAETCH, a BCIOAY IUIOTHO IOKPBIBAET Pa3pEUIEHHYIO ISl JABUKEHIIS
obmactsb [4].

AHaANOrMYHBIM 00pasoM, pPeryJsipHBI Xapakrep OymeT HOCUTH ABVSKEHIE UACTULBI B HEMPEPHIBHOM
MOTeH[MAJE YeAVHEHHOI aTOMHOI LelouKH (5): [BIGKEHUE B [IOMIEPEYHOI IUIOCKOCTY ABYMEPHO U obJIafaer
IOBYMsI MHTErpajlaMU JABVDKEHUs: SHEPIIENl [TOIepeYHOro ABVKeHUs (4) U IMpOoeKIeil MOMEHTa MMITyJIbCa
YACTUIIBI HA OCh [[EITOUKM.

WHas cuTyaums MMeeT MECTO B OTCYTCTBIUE aKCUAIBHOI CUMMETPUY MOTEHIMANA, HATIPUMED, B TIOTEHIIAJIE
(6), korma coxpaHeHUe MOMEHTA UMITYJIbCA He UMeeT MecTa. B of1eM ciayyae OBIDKEHNE MOKET HOCUTD Kak
PETyJISIPHBILIL, TaK M XaOTMUYECKUIT XapakTep. BoisicHuTh Haymuume 6o 0TCyTCTBIE BTOPOTO (HAPALY ¢ SHEpruein
[IOTIEPEUHOr0 ABVKEHUsI) MHTErpaia OBIGKEHUS MOKHO ¢ IIOMOIIbI0 MeTona ceueHuit [lyankape [1, 7, 14].
HamomuuM, B 4eM OH COCTONT.
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Hannune ogHOro MHTerpata ABIDKEHUsS — SHEPIUM IIOIEPEeYHOro ABIDKEHMS — O3HauaeT, uTo ¢asonas
TPAeKTOPH JIEKUT Ha TPEXMEPHOI IUIIEPIIOBEPXHOCTU

const = E;, = E, (x, py, y,py) .

PaCCMOTpI/IM TOUKN II€pECEUEHNS TPAEKTOPUM C OCBIO Y (HTO COOTBETCTBYET TOUKAM II€PECEUECHUA (baBOBOIM/I
TPpa€KTOpUM C IIJIOCKOCTBIO (y,py)), TO €CTh HNoJoXum x = 0. Torna, €CIIN CYIIECTBYET BTOpOI‘/'I MHTETrpal
JABVIKEHUA

J=J(x, px: Y, Py)s

TO, MCKJIIOUAsd Py U3 YpaBHEHUII
Ei = Ei(os Px> y» py) 5

J ZJ(O’Px’ y’Py),

IoJly4yaeM, UTO TOUKM IepeceueHys: (asoBOil TPAeKTOPUM C CEKyIIell ILIOCKOCThIO OyIyT YXOBIETBOPATH
ypaBHEHUIO

y= y(py;EJ_,]))

HpeJCTaBIAIoIeMy co60i ypaBHEHMEe HEeKOTOPOil KPUBOIL B IIIOCKOCTH (Y, py). Takum oGpasom, eciam MbI
YJICJIEHHO MHTETPIUPYeEM ABYMEPHOE YpaBHeHIe NBIDKEHN (2) Py 3aJaHHOI SHEPI I ITOIIEPEUHOTO ABVKEHIS,
TO, €CIIVM TOUKU IlepecedeHus $pasoBoil TPAEKTOPUN C IIIOCKOCTEIO (U, py) JIeKaT Ha KaKOM-TO IMHUYU B 3TOM
mockocTy (kak Ha puc. 2 (a, b, ¢)), To, 3HaUMT, BTOPOII MHTETpal ABVMIKEHMS CYIIeCTBYeT. B mpoTtuBHOM ciyuae
BCe TOUKM OyAyT CIIyuaitHeIM 06pa3oM JiexkaTh B HeKoTopoit oosactu (puc. 2 (d)).

Ha puc. 2 (a, b, ¢) nmpencraBieHs! THIINYHBIE peTyIsSpHbIe TPAEKTOPUIU (PUHUTHOIO IIOIEPEUHOTO ABVDKEHIS
[MO3UTPOHA B IoTeHUmase (6) M COOTBETCTByIOIe M ceueHnus Ilyankape, a Ha puc. 2 (d) — xaornueckas
TpaekTopus. TpaeKropuy HaifJeHsl A IO3UTPOHA ¢ 3Heprueit E| = 1 I'aB, mpuuem sHeprus monepevyHoro
IBIDKeHNs BbIOpaHa paBHOM E; = 0.1839 5B. Takoii BbiGop E; 00yCiIOBiIeH TeM 0GCTOSTENIbCTBOM, UTO 3TO
SHEepIYA eAVHCTBEHHOTO CBA3aHHOIO COCTOSHIS IOIIEPEUHOTo ABIDKEHNA II03UTPOHA C TAKMM 3HaueHueM E|| B
ITOTEHIATBHOI siMe (6), BO3HMKAIOIIMM IIPY KBAHTOBOM OIIMCAHNY TaKOTO ABVKEHMs. MBI BUAMM, UTO NIpn
AHHOM 3HAUEHNV SHEPTUI II0IIEPEUHOTO0 ABIDKeHNUS B (a30BOM IIPOCTPAHCTBE KAHAIMPYIOLIETO IIO3UTPOHA
COCYILIECTBYIOT 00JIaCTI PETyJIIPHOTO U XaOTMYECKOTO ABVDKEHMS, IIpMUeM ABVIKEHIE OKa3bIBAETCS PEryIIpHBIM
IUISL IIOJABIISIOIETO OOJIBIIHCTBA HAUAIbHBIX YCIIOBIIL.

Puc. 2. IIpumMepbl TpaeKTOPUIL U COOTBETCTBYIOLIME UM ceueHus [IyaHkape JUIs IOIIEPEUHOrO ABICKEHS II03UTPOHA
B roTeHnuate (6). EH =1T3B,E; =0.1839 3B
Fig. 2. Sample trajectories of the positron’s motion in the potential (6) and the corresponding Poincaré sections. E| = 1 GeV,
E, =0.1839 eV

C poctom BenmumHe! E|| KOMUUECTBO YPOBHEI B IIOTEHIMAIBHOI AMKe OyIeT BO3PACTATh, KAK 3TO CIeAyeT
U3 KBa3UKIACCHUECKUX COOOPa’KEHUI B KBAHTOBOI MEXaHUKe, [IPUYeM B JBYMEPHOM CIIydae UMCIIO YPOBHEN
B fIMe BO3pacTaeT IPOIOPLIMOHAIBHO IIepBoit crereHy E|| (cm., Hanpumep, [1]). IlosTomy Gonee mHTepecHas
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CUTyallusl BOSHUKAET yyKe B Cllydae KaHAIMPOBaHMs IMO3UTPoHa ¢ sHeprueii E| = 1.5 I'sB. B sTom ciryuae
peurenne ypaBHenus IlIpénurrepa ¢ moreHumanoM (6) mpenckaspBaeT CyIIeCTBOBAHME BYX YPOBHEI SHEPIuu
¢buHUTHOTO IIONEepeuHOTo ABVKeHUA: E; = 0.1503 3B u E; = 0.2928 3B. Pe3ybraTsl IIOCTPOESHNS CEUEHMIT
Ilyankape, mpefcTaBieHHbIE Ha PIC. 3, TOKa3bIBAOT, UTO Ha HIDKHEM ypOBHe 9HEPIUM KjaccuyecKas AMHAMUKA
CUCTeMBI OyIeT IOJTHOCTHIO PETyJISIPHOIL, a Ha BEpXHEM — XaOTUUECKOIT [JIsl IT0AaBJIAIOIIel YacTy HauaabHbIX
YCIIOBUIL.

Puc. 3. [IpuMepbl TPaeKTOPMIT ¥ COOTBETCTBYIOIIME UM ceueHus [lyaHKape IUist IIOTIEPEUHOTO JBIKEHMS TO3UTPOHA
B norenunane (6). E| = 1.5T9B, E; = 0.1503 3B (sepxussa nanens) u E; = 0.2928 5B
(HIDKHAS TIaHEND)
Fig. 3. Sample trajectories of the positron’s motion in the potential (6) and the corresponding Poincaré sections. E| = 1.5 GeV,
E; =0.1503 eV (upper panel) and E; = 0.2928 eV (lower panel)

ITo mepe manpHelinrero ysemuenns E| ypoBHU sHepruy OyXyT Bce IUIOTHEE 3aIIONHATDL BCIO TIIyOMHY
[TOTEeHUATIBHOI SIMBI, ¥ MBI YBUANM KaK CIydau IOJTHOCTHIO PeTyJSIPHOTO NBIDKEHNI BOIM3M THA SIMBIL, TaK 1
CIIyuan IIOJTHOTO Xaoca BOJIM3M BepXa sIMBI I CIIyUan COCYLIeCTBOBaHMS B (a30BOM IPOCTPAHCTBE 3HAUMTENBHBIX
o0JtacTeit peryasipHOI U XaOTUUeCKO QUHAMUKI.

4. 3axaroueHne. B cTaTbe B paMKax KJIACCHMUECKOI MeXaHUKI JICCJIeJOBaHA AMHAMMKA IIOJIOKUTEIBHO
3apsDKEHHOII YaCTHIIBL B IIOTEHIMAIBHOI IMe, 00pa30BaHHOI HeIIpephIBHBIMIY IIOTEHIMAIAMI TPEX COCEIHMUX
aTOMHBIX Lernouek (111) xpucramia KpeMHys. IloTeHImaapHas IMa B 9TOM Cilyuae o0yafgaer CMMeTpueit
PaBHOCTOPOHHETO TPEYTOJIbHMKA, IT000HO IoTeHImary XeHoHa — Xeiuica [15], pacCMOTPEHHOTO B OXHOI 13
MIMOHEPCKMX paboT, MOCBALIEHHBIX TPOBIeMaTIKe QUHAMIUECKOTO Xaoca. M XOTs aHAIOTMsI pacCMOTPEHHOTO
3mech ciyuas co ciay4daeM [15] oTMmeuayach emte B 0o630pe [2], mccieqoBaHye YCTOMUMBOCTY ABVDKEHUS
IIOJIOKUTENHHO 3apsKEHHOI YaCTUIBI B TOTEHLIMANIBHOM IMKe BOIM3M HampasieHus (111) Kpucrauia Tuia
ajMasa paHee IPOBEJEHO He ObLIO.
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YcraHoBIeHO, UTO BOIM3Y qHA MOTEHIMAIBHON MBI ABU>KEHIE UACTULIBI IBJISETCA IIOJIHOCTBIO PETYIIPHBIM.
ITo Mepe yBeNUUEHNs SHEPTUU IIOMIEPEUHOTO ABVKEHMSI YACTUIIBI B €€ (pa3oBOM IPOCTPAHCTEE MOSBIISIETC
006JIaCTh XaOTMUYECKON AMHAMUKU. BOIM3M BepXHErO Kpast MOTEHLMANBHON IMBbI (TOUHee, BOIM3U CENIIOBOII
TOUKM MOTeHIMana (6)) AMHAMUKA YaCTUIbI TIOCTEMTEHHO CTAHOBUTCS ITOJTHOCTHIO Xa0TUUECKOIA.
31U pe3ynbraThl OyIyT UCIIOIb30BaHbl B JAJbHEIIIIEM P UCCIETOBAHIY KBAHTOBOTO Xa0ca B AHHO
cucreme. [IpobremMaTika KBAHTOBOTO Xaoca (cM., HarpuMep, [7, 14]) o3HAUAeT ITOMCK OTIMYNIL B IOBEAEHUN
KBaHTOBBIX CUCTEM, Ueil KJIaCCUUECKUIT aHaJIoT 00JIajlaeT XaOTUUECKON MMHAMUKOM, OT TIOBEEHMS CUCTEM,
yell KJIACCUUECKUIT aHAJIOT 00JIafaeT peryJsipHoil quHaMuKoiL. [IposiBiIeHMsT KBAHTOBOTO Xa0Ca B aKCUAIBHOM
KaHAIMPOBAHNUM 3JIEKTPOHOB B KPUCTAJLIe KpeMHUs B HarpasiaeHnu (110) nccmeqoBanucs patee B pagorax [ 10,
, 17, 18], mpu KaHATMPOBAHUU 3JIEKTPOHOB BHampasieHun (100) — B paborax [9, 19, 20], npu kaHATUPOBAHUY
MO3UTPOHOB B Harnpasienuu (100) — B paborax [20, 11, 21].
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1. Introduction. The processes of heat and mass transfer in turbulent motion are interconnected. At the
same time, the main transfer equations have an identical basis since the differential equations, which are used to
describe these phenomena, relate to the general diffusion equation [7, 8].

At present, the processes of heat and mass transfer and hydrodynamics are rather fully studied in turbulent
motion of the medium in smooth and rough channels. Turbulent flow characteristics were investigated by
Reynolds, Prandtl, Launder, Ryhardtom, Deysler, Kolmogorov, Spalding, Kutateladze and many other authors
[9, 13, 18, 22, 24, 25, 27]. Analytical methods of solving of heat and mass transfer problems are quite diverse
[7,8,9,12,13, 14, 15, 17, 25]. However, they relate to the narrow class of simple tasks.

Recently, much attention in the problem of turbulent heat and mass transfer in the channels has been paid to
researching the transfer phenomena and improving models of turbulence in the boundary layer [11, 12, 19, 23, 25, 26],
as well as to the numerical solving the boundary problems of convective heat and mass transfer [4, 5, 25, 26]. The
absence of widely accepted models in many cases and the application of many different models of turbulence
require effective methods of analytical solving the boundary problems, when the functions characterizing turbulent
transfer are defined in general form.

In turn, modern numerical methods allow to solve many boundary value problems of heat and mass transfer.
But at the same time, there is a certain loss of presentation and universality of solutions is observed. Also, there
is a very important requirement for the researcher to have sufficient experience and practice with complicated
numerical models.

For this reason, the specialists are interested in use of approximate analytical methods of solving convective
heat and mass transfer problems [2, 10, 21, 25]. These methods have a number of advantages, because they allow
to effectively construct the solutions of many boundary problems of heat and mass transfer. In this case, various
modifications of the approximate Galerkin method [2, 21] are fairly used. They allow to obtain solutions that are
presented in finite series using coordinate functions.

The disadvantages of this method are the significant increase of analytical and computational complexity with
an increase in number of terms of the series in the approximate solution and also the problem of choosing the
satisfactory coordinate functions. To our mind, there is insufficient attention has been paid to the approximate
analytical methods of solving the boundary problems of heat and mass transfer, which allow to present general
solutions in the form of infinite series, and to the methods of justification of coordinate functions, which
correspond to the particularity of the solved problem.

The purpose of this work is to present an analytical method for solving boundary value problems of heat and
mass transfer based on the Laplace transform and asymptotic decomposition of the images with the subsequent
constructing of the general approximate solution. This method allows to receive solutions of rather wide class of
heat and mass transfer problems in an approximate analytical form.

2. Approximate analytical method for solving boundary value problems of heat and mass transfer.
Approximate analytical method for solving boundary value problems of heat and mass transfer. The boundary
value problem of a stationary convective heat and mass transfer at the motion of various particles in the channels
of any geometrical form leads to the integration of differential equation, which can be presented in the form:

— 00 —
W(M)g =adiv[f(M) grad (M, z)] + V. (M, z), (1)
under boundary conditions
6[0(M, 2)]5 = ¢(Ms, 2), @)
and initial conditions
[0(M, 2)]2=0 = @o(M), ®)

where § is the contour of surface Q; Q is the surface of the cross-section removed by the distance z from the
entrance of the channel; M = M(x, y) is the current point of the surface Q (M € Q); M; is the point on the contour
S; s is the linear differentiation operator defined on the contour §; £ [0(M, z)]; = a0 + S g—g ls; 0(x, y, 2) is the heat

or mass transfer potential; W (M), ?(M ) are the velocity of the motion of the medium and parameters of turbulent
transfer in the cross-section z of the channel; a is the coefficient of thermal diffusivity (diffusion) of the medium;
V..(M, z) is the function describing sources or drains; a, f§ are the constants.

The condition (2) can be represented in the form of Dirichlet or Neumann boundary conditions. In the first
case, the zero-order differentiation operator has a form:

£[0]s = [0(M, 2)]5,

In the second case, the differentiation operator of the fist order can be represented as: £[0]s = [A(M)g—g]g , where
A(M) is the function characterizing heat or mass transfer on the channel wall; 7i is the external normal to a
contour s.

After applying the Laplace transform on coordinate z the boundary value problem (1) - (3) is reduced to:

LIB(M, p)] + %F(M, ) =0; (@)
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£10(M. )]s = (M. p). (5)
where 6(M, p) = fom 0(M, z) exp(—pz)dz is the Laplace transform of the function 8(M, z) on coordinate z; p

is the Laplace transform parameter; L[O(M, p)] = div[]_C(M) gradé] - pW(M)@ is the differentiation operator;
Vo(M,p) = [[7 V.(M, z) exp(—pz)dz; (M, p) = [\ @(Ms, 2) exp(—pz)dz; R(M, p) = V. (M, p) + W (M) o (M).

In most cases, it is rather difficult or simply impossible to obtain an exact solution of the problem (4)—(5).
Therefore, development of approximate analytical methods for solving such problems is of considerable interest.
The approximate method [21] is based on combined use of the Laplace transform and Ritz method or the orthogonal
Bubnov-Galerkin method. It has great opportunities for solving the number of transfer problems. This method
allows to reduce a study of heat and mass transfer problems to solving the algebraic systems and to receive
approximate analytical dependences. However, at constructing the solutions there is a problem to choose the
optimal system of coordinate functions on which the solution depends. In particular, at solving the boundary value
problems of convective heat and mass exchange in turbulent flows the correct accounting of the boundary layer
is of great importance. In this case, it is almost impossible to select the optimal system of coordinate functions
in advance. Additional difficulties, when using Ritz or Bubnov-Galerkin methods, are associated with the fact
that with an increase in number of coordinate functions up to three or more the volume of computational work
increases dramatically. Therefore, the method [21] did not gain wide distribution in solving the transfer problems
for turbulent flows.

We propose a new method of an approximate solution of boundary value problems. It is based on the
preliminary analysis of the solution in the Laplace transform domain and asymptotic decomposition of the
image for a great value of transform parameter [3, 14]. After transition to the original domain the distribution of
potentials for an initial stage of heat and mass transfer process is determined. For the preliminary analysis of the
solution in the Laplace transform domain the quasiclassical approximation is used [20, 16]. This method allows to
obtain the solutions of wide class of heat and mass transfer problems in an approximate analytical form.

Consider a technique of method’s application. Suppose that in the Laplace transform domain the approximate
solution of the problem (4)—(5) by means of a quasiclassical approximation method is obtained at p — co. By
asymptotically expanding the obtained solution into rapidly converging series for the great values p and the
subsequent transition to the original domain the distribution of potential for the initial stage of heat or mass
transfer process can be found by the Lykov method for small values z [14].

If the asymptotic approximation ®(M, p) of the function (M, p) at p — oo and the corresponding original
(M, z) of (M, z) at z — 0 are found, then it is possible to compose the residual of the equation (1) in the original
domain.

There is a general solution of the mixed problem (1)-(2) for the equation of parabolic type, which, accoording
to [7], in some cases at ¢ = 0 and V. = 0 can be presented by Fourier expansion on eigenfunctions y;, of operator

L[0] as:
6(M,2) = )" Anya(M) exp(=pn2),
n=0

where p, are the eigenvalues; A, are the constants. These values can be determined from the condition of equality
of functions ®(M, z) and 6(M, z) for z = 0 and small values z:

O(M, 2)|2=0 = (M, 2)|2=0 = @o(M); (6)
lim [0(M.2) - ®(M.2)] =0, @)

where &, is a value close to zero.

Let coordinate functions i, (M), which are approximated eigenfunctions y, (M), be found and satisfy boundary
conditions (2). When applying one of residual’s minimization methods, one can obtain a system of the linear
algebraic equations for finding of the constants A, and a system of linear or nonlinear algebraic equations for
finding of the eigenvalues. The best approximation of the coordinate functions ,,(M) is determined from the
asymptotic solution ®(M, z). Let us construct an approximate solution of the equation (1) in a form:

N
On(M,2) = > Ag¥y(M) exp(—pn2), 8)

n=0

and we will reduce the process of solving the boundary value problem (1)-(3) to aproximation of function ®(M, z)
by the series (8) for small values z.
To determine the coefficients A, on the basis of equation (6), we construct the residual:

N 2
e(M, Ay) = [ @0 (M) = D" A%, (M)

n=0
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60 Quassiclassical approximation of solutions of boundary convective-type problems of heat and mass transfer

and select the coefficients A, from the condition of minimum ¢(M, A,,). Thus, we will receive the algebraic system
of equations on coefficients A,:

1 o¢ » N —
S M) = S A, (M) | ¥ (M)dw = 0;
— ‘/‘/Q_IPO(); 00| 1(andw =0

¥, (M)dw =0,

1 oe | o |
- = M) - ApY, (M
o= | (40 =3 At 0)
whence the coefficients A, are determined by known methods.

If ¥,,(M) is taken to be an orthogonal system of coordinate functions in the domain Q with respect to a weight

function p(M), then the coefficients A,, are determined from the equations:

_ Jlo pOD o (M) ¥y (M)dw
" [l P (M)dw

To determine the eigenvalues p, from the equation (7), we take the residual in a form:

N 2
e(pn, M, 2) = | (M, 2) = D" Ay ¥n(M) exp(—pnz)l

n=0

and choose the eigenvalues p, in such a way that the residual has its smallest value at z — 0. By expanding
exponents into a series and limiting to two terms of a series, we obtain the algebraic system of equations:

0 Q
n / ﬂ
2 ap 0 Q

If we take ¥, (M) as an orthogonal system of coordinate functions in a domain Q with respect to a weight function
p(M), then the eigenvalues p, are determined from the equations:

N
O(M, z) — Z [AnTn (M) — Ay, (M) paz] | X A1, (M)zdwdz = 0;
n=0

X Ap¥, (M) zdwdz = 0;

N
®(M, 2) = D [Ag¥n(M) = A% (M)py2]
n=0

B o [An ¥ (M) — @(M,2)] PO ¥ (M)dwdz
/05* /fg Anp(M)p2(M)zdwdz

Thus, the search procedure for an approximate solution of the boundary value problem (1)—(3) consists of the
following stages:

1) using the Laplace transform, the initial convective heat and mass transfer problem is reduced to the boundary
value problem for the differential equation of the second order;

2) using the method of quasiclassical approximation, we determine the asymptotic solution ®(M, p) of the
differential equation in the Laplace transform domain for large values p;

3) by analyzing the image ®(M, p) for great values of parameter p, we receive the original ®(M, z) for small values
z;

4) based on the form of the function ®(M, z), the basic coordinate functions ¥,,(M) are determined. Thus, we
obtain an asymptotic approximation of the corresponding eigenfunc- tions y,(M) in the space, in which the
approximate solution of the boundary value problem is found;

5) the approximate solution of the problem is complicated in the form (8);

6) approximation of the function ®(M, z) by functions 6, (M, z), using residual’s minimization in the domain Q, is
found for small values z;

7) the system of algebraic equations for determining of the constants A, and the eigenvalues p, is being formed
and solved.

The proposed method of obtaining approximate solutions can be used to solve the problems of non-stationary
heat conductivity and diffusion, convective heat and mass exchange in pipes and channels under various boundary
conditions and also the problems of heat and mass transfer in various bodies at variable coefficients of heat
conductivity and diffusion. The method allows to receive approximate analytical solutions of boundary value
problems in a simple way that are currently being solved numerically. The received solutions satisfy the boundary
conditions and asymptotically coincide with the exact solution for an initial stage of heat and mass exchange. An

Pn =
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advantage of the method is the possibility of determining the asymptotic approximations of coordinate functions
(basis) and constructing a residual for determining the constants and eigenvalues in the original domain. Apart
from that, we can obtain the approximate solution in the form of infinite series on the obtained approximations of
the basis. The disadvantage of this method is the possibility of an error in the approximation compared to the
exact solution for the last stages of the heat and mass exchange process (at great values z).

3. Scheme for receiving a quasiclassical approximation of solutions of internal convective heat
and mass transfer problems. Consider the internal problem of convective heat and mass transfer, when a
homogeneous liquid or gas enters a fairly long channel of rectangular or circular cross-section.

At the initial region of the channel (z < 0) the steady flow is formed in such way that the velocity field at
the entrance of the liquid into the channel (z > 0) becomes stationary. The boundary condition of heat and
mass exchange with the external environment on the wall of a pipe is specified. This condition is described by
homogeneous Dirichlet and Neumann boundary conditions. The internal problem of convective heat and mass
transfer is reduced to determining the tranfer potentials 6.

Distribution of potentials of heat and mass transfer for the steady liquid flow in the flat channel (n = 0) or
cylindrical channel (n = 1) satisfies the following equation:

woe s = 2 (asroedlos ety <o ©)
Under boundary conditions
0(&m =1, n=0 (10)
a0
% =0,¢=0 (11)

where f(£) is the function, which is characterizing the parameters of turbulent heat and mass transfer, having
continuous derivatives of the second order and f(¢) > 0,0 < & < 1. Here ¢ = y/yo, n = z/2, are dimensionless
spatial coordinates, Pe is the heat or diffusion Peclet number.

In addition to the conditions (10)-(11), for solving the equation (9) it will be necessary to set a boundary
condition on the channel wall. Under Dirichlet boundary conditions for £ = 1 we have (¢, 1) = 0, and under
a6(En)

P
Using integral Laplace transfom for the equation (9) on the variable 5, we obtain equation:

Neumann boundary conditions at £ = 1:

ér(k(f) ér) —p-Pe-r(5)0 =0, (12)

where k(¢) and r(&) are anywhere positive functions, having continuous derivatives of the second order in the
range 0 < £ < 1.

We construct a quasiclassical approximation of solutions of the equation (12) at p — oo [16, 20]. By replacing
0(&) = e(E)U(S), S = S(&), we lead equation (12) to a form:
U”(S) - [p+9(HIUGS) =0, (13)

where S(£) = [ \[Fbdt, p(§) = ()] 740 < & < 1.

It is known [20, 16], that the solutions of the equation (13) at p — oo asymptotically approximate to the
solutions of the equation U” (S) — pU = 0, which, in turn, have a form: U(S) = Aexp(yS) + Bexp(—uS), where
U = +/p, A, B are the constants. Returning to the previous variables in a given equation, we receive that the
solutions of the equation (12) for p — oo is as follows:

0 1 r(@\ ¢
0(8) = ——=lAex xp(— , = A4} _ it
(6) = s A eP(E(D) + Bexp(-s())p(©) = \[p |5 £(© /§ p(t)dt 19)

Also, the solving the equation (12) is of practical interest at p — oo, when functions k(&) and r(¢) have the
expressions: k(¢) = §mk(§') r(&) = &"r (&), and functions k(§) and 7 (&) are strictly positive in the range 0 < £ < 1.

As shown in [16], quasiclassical approximation of solutions of the equation (12) in this case can be presented
in the form:

s

99 =\%@p®

oo AL (D) + BK, (6(9))],

where p(&) =, [p ,CE?) | c(&) = /O’fp(t)dt, V= rll'_";lilz I,(2), K, (z) are the modified Bessel functions, n —m+2 > 0.
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62 Quassiclassical approximation of solutions of boundary convective-type problems of heat and mass transfer

Taking into account the corresponding boundary conditions on cross coordinate, it is possible to receive
asymptotic approximations of solutions of the equation (12) in the Laplace transform domain for great values p. If
it is possible to determine the original of the corresponding image, the approximate solution of this equation can
be obtained by the method described in the previous section.

4. Heat and mass transfer in a cylindrical channel under Dirichlet boundary conditions and variable
flow rate. We define the solution of the boundary value problem (9)-(11) under Dirichlet boundary conditions in
the case of variable flow rate. Applying the Laplace transform to the system of equations on the longitudinal
coordinate 1, we obtain:

d
i (( DG

a0
) Pe-p-&-W(E) (9—;)_0 (0)g=1 = 0; (‘95)5_0:0' (15)

Let us determine the solution of the equation (15) for the main area of a turbulent flow and for very thin
parietal section. In the first case, the solution of the equation (15), taking into account (14) and boundary condition
for £ = 0, can be approximately presented at p — 00, 0 < ¢ < 1 — 4, in the form:

/ .
51, FrObERPep) »

P NEQ+FEWOYE

. . . . & w 1/2
d is the thickness of the boundary layer near the wall; ¢; is a constant, F(&) = /0 Y 0] dt.

In this case, potential of heat and mass transfer will be described by two functions: 6, (&, n) — in the main area
of turbulent flow for 0 < £ < 1 — § and 6_(&, 1) - in thin parietal section for 1 — § < & < 1. This is explained by
the fact that the equation (15) has a singularity at & = 1. In this regard, the solution of (15) cannot be extended to
the boundary layer zone for 1 — § < ¢ < 1. In the boundary layer f(&) = 0 and the velocity W (&) and thickness of

A«Re -1
the boundary layer are equal to W(¢&) = Y(l -8;6=5 (Re\/gi;) . According to this, the equation (15) for

the boundary layer at 1 — § < £ < 1 has an approximate form:

d*0_ =
a7 —Pe-p-r.(1-9 (9_ - —

The solution of this equation is as follows [11]:

0-(¢p) - }, =V1-éalys (§Wu - 5)3/2) +
Bk (3 VPepor(1-0%2).

For the thin boundary layer at £ — 1 we replace the functions Iy /3(z) and Kj/3(z) for small values z by their limits
(16, 1]: I;3(z) ~ r(4/3) (2 )1/3 i Kiy3(z) = 3T(1/3) (g)_l/3 . Therefore, the solution of (15) in a very thin boundary

layer can be approximated by linear function: 0_ (&, p) — % = ¢3(1 — &) + const. Considering a boundary condition
on the wall, we receive:

0_(&p) = (1= §). (17)

Coefficients c¢; and ¢, from (16) and (17) can be found from the conjugation condition of the functions 9+(§ p)
and 0_ (&, p) on a border of the boundary layer for £ =1 —6: 0, = 0_; a_eg = a(i;
Determining the constants ¢; and ¢, from these conditions and passing into the original domain, we will

obtain the solutions 6, (1) and 6_ (&, ) for small values p:

= L FPREEHwWIAE) . 1\
9+(§”7)_1_x/?<1+f<§>)1/4( "2 A (PO e (W))

n=1

0_(£n) = 1;g—alnl (I—ZA,,JO (pn)exp( ygge))

where

- 28 o a+bs 1 FY2(¢) ) .
£=1-5

T GE+ B "~ by0 m’”‘a1+b15’°“_(\/E[w<§)<1+f<§>)]1/4
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; =( PG W) ) . /1—5 W@ . =( () |
VELL+ FOIPA ) s o Y1+f() VEW (@ (L + FENIYE)

i are the roots of the equation fJo(y) = pfi(p); f() =0at1-5 < &< 1.
Determine the general solution of the equation (9) in the range 0 < £ < 1 in a form:

Bu(Em) = ) Anta(§) exp (~p3 ). (18)
n=0
Denote by ¥, (&) = P Jo (F(&)E2) the eigenfunctions. These functions satisfy boundary conditions.
m

VELQ+f ()W (@)1
They are asymptotic approximations of eigenfunctions for  — 0 in the range 1 — § > ¢ > 0. Functions ¥, (¢) are

orthogonal in the range 0 < & < 1 — § with the weight EW (£) as:

7 e onon@d = {7
J e AP

In the equation (18) the coefficients A, and eigenvalues p,, are determined by the previously specified method
and are equal to

_ 2R, _
m? (Jg () + T3 (ptn))
o i, [0 AF(OEWA(E) tn
PR e P RO
In the range 1 — § < ¢ < 1 the solution of the equation (15) is:
= _1-6< VmJo (in) o
A AP IS Tz exp (~pip; ) (19)

The approximate solutions (18) and (19) of the equation (9) satisfy boundary conditions and tend to zero for great
values n, while the functions f(£) and W (&) are given in general form. The dependence of the potential value 6,,
on the average cross-section of the channel on 7 is as follows:

6 (1) =2 / WOOENIE =2 Ankyexp (hpe)
n=0

The influence of the change of the value (¢, n) in the boundary layer of thickness § can be neglected.
Local Nusselt number Nu(n) is equal to:

_ 2 (%) _ Z;o:OAn‘/E]O(Pn)eXp(_P%Ple)
Om(m) \ 0 Jeey SIW(L=8)VAZ 4 ARy exp (—pips)

Nu(n) =

In the cross-sections of a cylindrical pipe, which are remoted from its entry, the Nusselt number is close to the
following constant value Nug, = % = p2. In that special case, when the flow velocity in the channel is
constant, the solution of the boundary problem (9) has a form:

O = D Anta(®) exp (i ).

where e )
— F Hn . — -1/2 4
W) = e e (2R©) [ sy,
oW U+ fEY R, Y NEFQ
P et R iy ey (T
Un, are the roots of Bessel function of the first kind J,(¢); m = F(1).
And the Nusselt number is equal to Nue, = %(gz) = p2.

5. Heat and mass transfer in smooth and rough channels. 5.1. Smooth channels. The numerical
analysis of the received solutions was carried out for different types of functions f (&) and w(¢&) for the motion of
gas medium in flat and cylindrical channels. In the calculations the Prandtl number or Schmidt number varied
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64 Quassiclassical approximation of solutions of boundary convective-type problems of heat and mass transfer

Table 1. Smooth channel. The eigenvalues and constants of solutions of heat and mass transfer problem under
Dirichlet boundary condition, the constant flow rate w(¢) = 1 and function f (&) specified by Martinelli’s
equations

Tabnuua 1. Tnapgkuii kanan. CoGCTBeHHbIE 3HAUEHUS U IIOCTOSHHbBIE PELIEHUS 3aaull O TEIIO-
U MacCOIlepeHOCce IIPY TPAHIUYHOM yCIOBUY IIEPBOTO POAIA, IIOCTOSHHOI CKOpoCTH IoToKa w (&) = 1 u 3amaHuu
dyuxunu f(€) ypaBHeHUsIMU MapruHesuim

Order | Pror Sc Re m R, Ap Eigenvalues p?
0 0.7 10000 | 0.3093 | 0.07187 5.5750 31.24
1 -0.02144 | -3.8720 157.20
2 0.00264 0.7479 1602.00
3 -0.00270 | -1.0450 1825.00
4 0.00112 0.5491 4949.00
5 -0.00141 | -0.8347 4335.00
0 0.7 50000 | 0.1594 | 0.03651 10.6600 85.65
1 -0.01211 | -8.2330 388.40
2 0.00159 1.7020 3692.00
3 -0.00159 | -2.3160 4317.00
4 0.00057 1.0430 13660.00
5 -0.00056 | -1.2540 15130.00
0 0.7 100000 | 0.1191 | 0.02714 14.1900 133.30
1 -0.00925 | -11.2550 588.40
2 0.00122 2.3410 5560.00
3 -0.00124 | -3.2220 6426.00
4 0.00046 1.1540 19490.00
5 -0.00045 | -1.8080 21730.00

from 0.1 to 1.6, and the Reynolds number - from 5 - 103 to 10°, and the Prandtl and Schmidt turbulent numbers
were assumed to be 1.0.

In the process of calculations the function f(¢), characterizing turbulent thermal conductivity or diffusion,
was given as: ’177 = ;T; . %, % = SSTCT . %, where Pry and Scr are the Prandtl and Schmidt turbulent numbers.
The turbulent kinematic viscosity vr(€) for smooth channels was set in the form of Martinelli’s equations [22]
(the three-layer scheme of a turbulent flow):

a) for laminar layer: 0 < y* < 5;u* = y*; f(&) = 0;
b) for buffer (intermediate) layer: 5 < y* < 30;u™ = —3.05 + 5.00In y*; f(£) = 0.2y* — 1;
c) for turbulent kernel (logarithm layer): y* > 30;u* = 5.5+ 2.5Iny*; (&) = 0.4y*¢,

where y* = Rey% (1= 5 = w(@) |-

Raykhardt’s equations (two-layer flow scheme): f(&) = 0.4 (y’r —11th (i’—;)) ;0 <yt < 50;

(&) =0.133y* (0.5 + %) (1 + £); 50 < y* < y], where y = Re\/% is the dimensionless pipe radius;

and Spalding’s equations (single-layer scheme):

_ k) (kut)t (ku*)‘*] .
2!

y"=ut+ 4 [exp(ku’) - 1 ku* u u)

f(& = % [exp(kzﬁ) —1—ku* - (kg—j)z - (k';—r)%] , where k = 0.407, E = 10.

The function w(¢&), characterizing the flow velocity in the channel, was taken in the form of the equations
of rod profile and the equations of logarithm profile of velocity. As an example, the eigenvalues and constants
of solutions of the boundary value problem of heat and mass transfer for cylindrical channel at constant flow
rate in the cross-section are given in Table 1. The made analysis showed that the type of function f(¢) affects
the eigenvalues and constants of the received solutions. Numerical results coincide well with the available data
for the eigenvalues and constants of solutions of heat transfer problem in turbulent flow of the medium at the
thermally initial site [6]. Heat exchange problems in turbulent flow in a cylindrical channel in this case are solved
by separating of variables and numerically determining the eigenvalues and eigenfunctions.

5.2. Rough channels. For this case, as well as for smooth channels, the numerical analysis was carried
out at different types of functions f(&) and w(¢), characteristic for the describing of the motion of the medium
in a cylindrical channel. At calculating the Prandtl and Schmidt numbers varied from 0.1 to 1.6, the Reynolds
number — from 5 - 10° to 10°, and the Prandtl and Schmidt turbulent numbers were taken to be 1.0. The roughness
value varied within As = Ry/ks = 15 — 500 (ks is the roughness height), and the analysis was carried out mainly for
homogeneous sand roughness as the most studied. In calculations the function, characterizing turbulent thermal
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Table 2. Rough channel. The eigenvalues and constants of solutions of heat and mass transfer problem under
Dirichlet boundary condition, the constant flow rate w(¢) = 1 and function f (&) specified by Roth’s equations,
Ro / ks =15

Tab6nuua 2. [llepoxoBarsit Kanaix. COGCTBEHHbIe 3HAUEHUS U IIOCTOSTHHbIE PEIIeHNUS 3aaUll O TEILI0-
U MacCOIlepeHOCce IIPY TPAHIUYHOM yCIOBUY IIEPBOTO POAIA, IIOCTOSHHOI CKOpoCTH IoToKa w (&) = 1 u 3amaHuu
¢byuxkunu f(&) ypasuennsmu Porra, Ry /ks = 15

Order | Pror Sc Re m R Ap Eigenvalues p?

0 0.7 10000 | 0.2062 | 0.05036 8.789 55.66

1 -0.0995 -4.042 423.80

2 0.00237 1.514 2223.00
3 -0.00236 | -2.075 2581.00
4 0.00100 1.102 6925.00
5 -0.00112 | -1.492 6812.00
0 0.7 50000 | 0.0940 | 0.02305 19.360 198.50

1 -0.0451 -8.811 1527.40
2 0.00096 2.963 8923.00
3 -0.00105 | -4.408 9545.00
4 0.00039 2.091 28670.00
5 -0.00048 | -3.103 25730.00
0 0.7 100000 | 0.0667 | 0.01635 27.260 387.80

1 -0.00323 | -12.520 2957.00
2 0.00067 4.072 17870.00
3 -0.00075 | -6.264 18480.00
4 0.00027 2.861 57670.00
5 -0.00035 | -4.410 49820.00

conductivity or diffusion, was given in accordance with the equations [23]:

f© = VT @ -1,

where )
w 1d
LA A
Tst 8 2dl7

The turbulent kinematic viscosity vr(€) for rough channels was defined according to [23]. The mixing method
was adopted in the form of Roth’s equations [16] (here [ is a mixing length):

=0y < Ay;

I1=x(y-Ay),y > Ay.

The velocity function w(€) was given as the equations of a rod profile w(&) = 1 and the equations of logarithm
profile of velocity in rough channels.

For rough channels the distribution of the functions f(¢) and w(¢) also depend not only on the distance from
the wall y, the Reynolds and Prandtl (Schmidt) numbers, but also on the value of roughness height k; and ratio k;
and distance y. It leads to the fact that the field of nominal dimensions for rough channels is more extensive,
than for smooth channels. Therefore, the calculations were carried out mainly for the channels with significant
roughness, as this case is of great interest for the subsequent analysis of the diffusion of heat and impurity in
rough channels.

For some cases, the eigenvalues and constants of the solutions of the boundary value problems of heat and
mass transfer for a cylindrical channel are given in Table 2.

The received results are qualitatively close to the results given in the previous section for the processes of
heat and mass transfer in smooth pipes. However, the number of influencing factors in this case is greater. This is
explained by the fact that the values of function f(&) and its derivatives on the wall have significant effect on
calculation results as the equations under consideration include value f(1), which differs significantly for various
models.

The setting of these values is rather complicated, since the experimental data are practically absent, and
these values depend on the type of roughness and cannot be universal. In general, the carried-out calculations
showed that the received solutions of boundary value problems are universal, since they allow to determine the
fields of potentials and the Nusselt numbers both for smooth and rough channels. And the hydrodynamic and

Tpuxnaonas mamemamuka & Pusuxa, 2023, mom 55, Ne 1

ISSN 2687-0959
Applied Mathematics & Physics, 2023, Volume 55, No 1



66 Quassiclassical approximation of solutions of boundary convective-type problems of heat and mass transfer

thermophysical features of the medium flow in the channel can be taken into account by a type of functions f(¢)
and w(¢&). The impact of the values of functions f(¢) and w(¢) in the boundary layer on the calculated indexes of
heat and mass transfer is quite large. Finally, it should be noted that, if experimental values of the Nusselt number
distribution through the length of the channel are known, it is possible to define the turbulent transfer parameters
by comparing the Nusselt numbers with the obtained dependences.

6. Conclusion. On the basis of the executed calculations it can be concluded that the proposed method allows
to obtain approximate solutions of a number of boundary value problems of turbulent heat and mass transfer.
These solutions are quite simple and can be successfully used in calculations.

The universality and simplicity of the method is related to obtaining the solution in an analytical form, if we
define transfer functions in general form, which allows to use different models of turbulent transfer in solutions.

The efficiency of the method is also ensured by the fact that for the first time it was possible to construct
asymptotic approximations of coordinate functions (basis) in the process of solving and to find the residual of the
functional for determining the constants and eigenvalues not in the Laplace transform domain, but in the original
domain.

The reliability of a method was verified by comparison of calculation results, available experimental data and
semi-empirical dependences for the condition of the stationary motions of media in smooth and rough cylindrical
pipes.

Further research may be directed to the application of this method for solving the external problems of
convective heat and mass transfer, where using the traditional approximate methods at half-finite intervals, such
as the Bubnov-Galerkin method, is not always possible.
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AnHoTanms. B craTee npensaraercs pa3paboTka IIporpaMMHOIO MOXYJIS [l MOJEIVPOBAaHMS KIHEMATUKIL I MHAMIUKI
MaHUITYJISATOPA C IATHIO CTEIICHIMH IIOABIDKHOCTIL. [T pellteHys IPSIMOolt 3aiaun KMHeMaTIKI MaHUITy IATOPa JCIIOIb30BaH
Mmeton [leHaButa — XapreHOepra. [y peireHus o6paTHOl 3afaun KMHEMATUKA 1 JUHAMUKI MaHUITYJIATOpA MCIIOIb30BaHbI
aHaIMTHUeCKNe MeToqsl — MeTox JleBenGepra — Mapksapara, metox HeiotoHa — Oiilepa 1 METOR MATKUX BBIUMCICHIUIT —
aflaIITBHAs HeJpO-HeueTKas CIUcTeMa BbIBofa. PaspaGoTaH IIporpaMMHBII MOLYJIb A MOAEIMPOBAHMSA KITHEMATIKY I
OUMHAMUKI MaHUIIYJIATOpa C UCIIOIb30BaHMeM IIPOrPAMMHOTO KOMITJIEKCA CHCTEMbI aBTOMATU3MPOBAHHOIO IIPOEKTHPO-
BaHus SolidWorks u nporpammsr MatLab. ITonyueHHBIN IporpaMMHBI MOAYJIb IT03BOJISET BBIIIOJIHATH MOAEINPOBaHIE
KIHeMaTUKY ¥ JMHAMMKI MaHUITyJISTOPa Ha OCHOBE ONICHIBAEMBIX METOJOB, BU3yalN3aLliI0 Pe3yIbTaTOB MONEIMPOBAHNS,
dbopMmpoBaHMe TpaeKTOpUMU A LeJIEBOTO IIOJIOKEHMS 1 OPMEHTAIMY pabouero opraHa MaHUITYJIATOpa, MMUTALIOHHOE
MOZeNMpOBaHIe OBVDKEHNsI MaHUITyJSITOPA 10 3aJaHHOI TPaeKTOPIIL.
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Abstract. The article proposes the development of a software module for modeling the kinematics and dynamics of a
manipulator with five degrees of freedom. To solve the forward kinematics problem of the manipulator, the Denavit-Hartenberg
method was used. To solve the inverse the kinematics problem and inverse dynamics problem of the manipulator, analytical
methods — the Levenberg — Marquardt method, the Newton — Euler method, and the soft computing method - adaptive
neuro-fuzzy inference system were used. And a software module was developed for modeling the kinematics and dynamics
of the manipulator using computer-aided design application SolidWorks and the MatLab program. The developed software
module is able to simulate the kinematics and dynamics of the manipulator based on the described methods, visualize the
simulation results, generate a trajectory for the target position and orientation of the end-effector of the manipulator, simulate
the movement of the manipulator along a given trajectory.
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1. BBemenmne. PazpaGoTky mporpaMMHOTO o0ecrieyeHns sk KUHEMATIYECKOTO U {MHAMMUUECKOTO MOJIENN-
POBaHMsI MaHUIIYJIITOPOB TPeOYIOTCS [JIS MICCIeqOBaHMs ABIDKEeHYsI pabouero opraHa, aHalIm3a KOHCTPYKIUAIA,
pa3paboTKM CUCTeMBI aBTOMATIUECKOTO YIIPaBJIEHNS 11 aITOPUTMOB (PYHKIMOHMPOBAHUS MaHUITYJISITOPOB
[16, 9, 7, 4]. OBHUM U3 OCHOBHBIX MIPEUMYIIECTB MPOTPAMMHBIX CUMYJISIMAI SIBJISETCS TO, UTO OHUM MOTYT
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IIpeJOCTABUTD I10JIH30BATENSIM IIPAKTIUECKYI0 0OpaTHYIO CBS3b NP pa3paboTKe pealbHbIX CUCTEM. ITO I103BO-
JseT pa3paboTUMKY OIpeNeIuTh IPAaBIIBHOCTD 11 3¢ (PeKTUBHOCTD IIPOEKTA eIlle 0 TOro, KakK cucremMa oyner
IIOCTPOEHA.

Cy1iecTByeT HECKOJIBKO aJITOPUTMOB IIPOrPAMMHOTO 00eCIIeUeHIIsT AT MOEIMPOBAHS MaHUITYIIITOPOB.
Bo mHOrmMx paboTax s KMHEMAaTIUeCKOro aHaJIN3a pasiNnyHbIX MAHUIIYJIITOPOB MCIIOIH30BAIaCh IpOrpaMMa
RoboAnalyzer [11, 15, 7, 14]. IlporpamMmHOe obecriedeHe Jjist aBTOMaTU3MPpOBaHHOro poektupoBanus « CAIIP»,
takoe kak SolidWorks, CATIA n Autodesk, Takske ncnonbsyercs [Iiist MOIENMPOBAHUS MAHUITYJIATOPOB [3, 12]. B
cratbe [13] paccMOTpeHbI METOBI MOMEIPOBAHI MAHNIIYIATOPOB C MCIIONIb30BaHIEM Pas3JIUHbIX IIPOrpaMM,
rakux Kak Grasplt!, OpenGrasp, MATLAB/Simulink, SynGrasp, V-Realm Builder u ADAMS.

B crarsx [6, 8] mpeyiararoTcss METOROIOTUM CO3TAaHMs BeG-rpadmmuecKkoro ojab30BaTeIbCKOro NHTepderica
IUI MOJEJIMPOBAHUA ABVDKEHUSA VM KMHEMATIUEeCKOTO VMCCIedOBaHN IIPOMBIIIIEHHBIX MaHUITYJIITOPOB. B
HUX OIIMICHIBAIOTCS IIPOCTBHIE U ITOHSATHBIE METOABI MONEIMPOBAHNS ¢ ucHob3oBaHneM Web Graphics Library
«WebGL» nns cosgaHus 11006071 TpeXMepHOI BUPTYaIbHON MOJEIN MaHUITYJIATOpoB Ha xosicre HTML nns
VMMUTAIVY ABVDKEHMS M PasiMUHbIX BUIOB aHanu3a. MogenpoBaHye KMHEMaTYeCKOTO yIIPaBJIeHMsT MaHUIIY-
JIITOPOM Ha OCHOBE aaIlTMBHOI Helpo-HeueTKolt cucreMb! BoiBoga «AHCB» 6b110 npencraBieno B pabore [1].
B craTpe [17] paspaboraHa quHamMmuecKas MOJENb MAHUIIYJIATOPA C 6 CTEIIEHIMI CBOOOMBI C IIOMOII[BIO YpaBHe-
Huit HeloToHa — Silepa 1 MpoaHaNIM3MPOBAaHO €ro AMHAMIYecKoe IoBegeHne. [JHaMmaeckoe MOeIpoBaHIe
OBLIO BBIIIOJIHEHO C IIOMOIIIBIO IIPOrPaMMHOTO obecIieueHus I AUHAMUYecKoro Mmogennposanus ADAMS.
B pa6ore [10] mpencTaBieH MeTOR aHaIM3a CIUII X MOMEHTOB MaHMUIIYJIATOPA C TpeMs CTEIIeHIMY CBOGOBL,
OCHOBAHHBIIT Ha MUTAIMOHHOI MOV MaHUITYyJIsITopa B cpefe Matlab/Simulink, 1 mpoBeneHo cpaBHeHme
IIOJIyYeHHBIX Pe3yJIbTaTOB C MaTeMAaTUUYECKIM PacUeTOM.

B nanmHoI1 paboTe MPUBOANMTCS IIPOEKTUPOBAHIIE U Peany3aliys IPOrpaMMHOr0 MOYJISI KOMITBIOTEPHOTO I
MMUTAIMIOHHOTO MOJIEIMPOBaHMsI MaHUITYJIATOpa B pabouell 30He, peanusyolue pa3paboTaHHbIe aJITOPUTMBI
U METOJBI, ITI03BOJIUT IIPMMEHATD UX B pa3paboTke MaHNUITYJIATOPOB, CUCTEMAaX yIPaBIeHNI MaHUITYJIATOPAMI.
JlaHHBINI IPOrpaMMHBIN MOAYJIb KOMIIBIOTEPHOTO VM MMMUTAIMOHHOTO MOJEJIMPOBAHUSA TaKXKe I03BOJISIET
MPOBOJVTDH 9KCIIEPUMEHTHI, HEOOXOIMBbIE IS MICCIIeTOBAHSI [IPEIIOKEHHBIX B paboTe METOOB U aITOPUTMOB.
PaspaboraHHbIe IIporpaMMHbIe MOAYJIN IIPERXOCTABIISIOT CIeAYIOIMe PYHKIMOHATBHOCTI: BU3yann3anus 3D-
MOJIEIMIPOBAaHNS; B3aNMOJIEICTBIIE C II0JIb30BaTeieM uepe3 rpaduueckuit narepdeiic; pacyer 0OpaTHOI 3a1aun
kuHematuku «O3K» manumnynaropa Ha ocHoBe Metona Jlesenbepra — Mapksapara u AHCB; pacuer o6parHoit
samaun auHamukn «O3[1» MaHunynsaropa Ha ocHoBe Metona HerotoHa — Oitnepa u AHCB; popmuposanme
TPAeKTOPUM I LIeJIEBOTO IIOJIOKEHVS M OpMEHTAlMM paboyero opraHa MaHMUIIYJISTOPa; MMUTALMIOHHOE
MOJeNNpOBaHMe ABVDKEHNI MaHUITYJIATOPA M0 3aJaHHOI TPAeKTOPUIL.

2. MeTomosorust. [y mporpaMMIpoOBaHUSA MaTeMaTUUeCKOI0 MOAENMPOBAHNI MaHUIIYIITOpa ObLia
BbIOpaHa cpega « MATLAB» [l peanusauuu 3D-mopxenuposanus Boibpana CAIIP-nporpamma«SolidWorks» ¢
LeJIbI0 HOCTIDKEHMsST (PaKTIIeCKOro pasMepa, CTelle I CBOOOABI I APYTUX (aKTOPOB, KACAIOIMXCS AaHIMALIN I
MOZEIMPOBAHMSI MaHUIIYJIATOPA, OyeT pasioKeH MaHUITYJIATOP C ISITHIO CTEIIeHIMI CBOOOIBI, KaK ITOKa3aHO
Ha pUCyHKe 1.

Puc. 1. MaHUIYJIATOP € MATHIO CTENEHAMY CBOGOMBI
Fig. 1. Manipulator with five degrees of freedom

IIponecc 3D-MonenupoBaHMsa MaHUITYJIATOPA pasfeeH Ha ABa OCHOBHBIX BUa AeATeIbHOCTH), a MMEHHO
rpaduueckuii qu3aiH u qusaid nosegeHusa. CHauasa ObLTa IIOCTpOEHa BUPTyalbHas TeOMeTpuYecKas MOAENb,
JCIIOJIb3YIOIasd peajbHbIe pasMepbl IKCIIEPUMEHTAIbHOIO0 MAaHNITYJIATOPA.
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Puc. 2. 3D-pmerany MaHUIYJISTOPA C MISTHIO CTEIIEHSIMIU CBOGOJBI
Fig. 2. 3D parts of manipulator with five degrees of freedom

Ha pucysxe 2 nokasaus! paspaboranssie 3D-nerann 3BeHbeB MaHUITYJISTOPA C IISTHIO CTEIIEHIMI CBOGOBL.

ITocie paspa6Gorku 3D-pmeraseit oTesbHbIE AeTaau 6L cOOpaHsbl B oanH ¢arn «cbopkax. [Tocie BBoa
meraseil B cOOpKy OBbLIM BBEQEHBI [IAPHUPHI BPAIleHNS MAHUIYJIATOpa. TaKksKe IPU BUPTYaJIbHON COOpKe
MaHUITYJSITOPA, IIOMIMO OOBIUHBIX OrpaHNMYeHMiT, 3D-1eTaay IoMeIaTcs B BEPTUKAIbHOE IOJI0KeHe. IT0
II0JIOKeHIe GBLIO IPYHITO MJIS 00JIerue s CIeAyOIIX [IaroB; COGpaHHOe ITOJIOKEHIe PACCMATPUBAETC KaK
JICXOJHOE, I BCe I3MEHEHIS YIJIOB CTBIKOB PACCUMTHIBAIOTCS B COOTBETCTBIN C 9TUM IT0JI0KeHMeM. [loyueHHas
3D-Mofeb, BBIOOP CUCTEMBI KOOPIAMHAT U KMHEMATUUECKIE ITapAMETPHI MAHUIYJISTOPA IIPENCTABIEHBI HA
puUCyHKe 3.

Puc. 3. 3D-Mozens cOOpKY MaHUITYJISTOPA C ISTHIO CTEIIeHSMI CBOOOMIEI
Fig. 3. 3D assembly model of manipulator with five degrees of freedom

3HaueHMs COOTBETCTBYIOIINX IIapaMeTPOB YKa3aHbl B TabJuile 1 11 reoMeTpUUeCcKIX [1apaMeTpoB B Tabiulie 2.

Tabnnua 1. Ilapamerpst Jenasuta — Xapren6epra ([I-X) MaHUIysaTopa ¢ MIThi0 CTEIIEHIMI CBOOOIbI

Table 1. Denavit-Hartenberg parameters of manipulator with five degrees of freedom

3Beno | a;_1 (M) | a1 (pan) | d (m) | 0 (panm)
1 0 7'[/2 d1 91
2 0.246 0 0 0,
3 0.163 0 0 05
4 0 /2 0 0,
5 0 0 0.165 05

3arem Mogens uHTepnpetupyercda B popmar URDF (YHudnuuposanHusit GopMaT onycanms po60TOTeXHIKIN)
IS IIpOBeeHsI MOOeIpoBaHus U aHann3a. Ha pucynke 4 nmokasas nporecc nepesona CAIIP, koTopslii, 1o
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Tab6nnuna 2. l'eoMeTpuueckme mapaMeTpbl MAHUITYJIATOPA

Table 2. Geometric parameters of the manipulator

3Beno | Bricora (M) | Paguyc (M) | Macca (xr)
1 0.071 0.06 0.102
2 0.295 0.035 0.569
3 0.205 0.035 0.310
4 0.091 0.035 0.123
5 0.08 0.05 0.142

CyTH, COCTOUT U3 ABYX 3Tanos. [lepBoHauansuo cbopka CAIIP, paspaborannas B SolidWorks, skcrroptupyercs B
¢opmar URDF. 3arem ¢arr URDF numnoprupyercs B MATLAB niist cosmaHmss MMUTAUMOHHO MOJEN, KOTOpast
OyZIeT OTKpbITa B Cpefie MOAENVPOBAHII.

Puc. 4. IIpouecc mepesoma CAIIP
Fig. 4. The process of CAD assembly file translation

3. Pa3paboTka KOMIIOHEHTOB MporpaMMHoro nHrepdeiica «GUI». [l ynpoleHns sKCIepuMeHTalb-
HOJI paGOTHI U ITOJTYUEHNUS JIYUIIETo IIpeACTaBIeHN O ToBefAeHuN cucteMbl B cpefe MATLAB 6bur paspaboran
rpaduuecknii nmonb3osarenbckuit nHTEpdeiic (GUI) ¢ ucnonpsoBanneM nHcTpyMeHTa Cpenpl paspaboTKu
rpaduueckoro moib3oBarenasckoro nHrepdeitca MATLAB (GUIDE). [Ins BbiGpaHHOro Habopa IapaMeTpoB
rpadudeckuii mHTep@eyic BBIIOTHIET MOASNNPOBaHIIe, OTOOpaskalolliee BpeMeHHbIe XapaKTePUCTUKIL YTIJIOB
CouJIeHeHMs, KpyTAIIMX MOMEHTOB B COWIEHEeHUAX I II0NI0XKeHNs pabouero opraHa MaHumynaropa. Ha pucyske
5 1306paskeHO OCHOBHOE OKHO IIPOTPaMMBI, B JIEBOII YaCTM KOTOPOrO HAXORAUTCS TPYIIIa MEHIO, B IIeHTPAIbHOI!
YacTV HAXOMSTCS ITaHeJV BBOJOB I BBIBOJIOB I B IIPABOJI YaCTV HAXOMMTCS ITAHEJb BU3yaJIN3aLMI MAaHUITYJIATOPA.
Vcronp3yd mepeKIrodaTeN B IPyIIIe MeHIO, I0JIb30BaTelb BEIOMpaeT He0OXOQMMBII TUII 3aHaun:

1. IIpsamas 3aaya KMHEMAaTUKH,

2. ObpaTHad 3aaua KMHEMAaTUKIL,

3. TpaexkTopus u AMHAMUKA.

Puc. 5. OCHOBHOE OKHO IIPOrpPaMMBbI
Fig. 5. The main window of the program

4. Pazpa0oTKa IpOrpaMMHOIO KOMIIOHEHTA PellleHNs MPsAMOIL 3a5auy KMHEMAaTUKII MAaHUITYJISATOPA.
OmnpeneseHne MMONOXEHNU 1 OpMeHTAIMM pabouero opraHa IIpU 3afaHHBIX 3HAUEHMI BEKTOpa 0000IIeH-
HBIX KOOPAMHAT MaHUIIYJISITOPA HAa3bIBAETCS IPSIMOIL 3afaueli KMHeMatuky. [IpamMyto sagauy KMHEMATIKI
MaHNIyasITopa GOPMYIUPYIOT CIeRyOIIM 06pa3oM: IO 3aTaHHOMY BEKTOPY OOOOIIEHHBIX KOOPIMHAT
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0 = (64, 0,, 05, 04, 05)T HasiTy momoxeHMe 1 opueHTanuI pabouero oprana s = f (). [losoxeHne 1 OpMeHTAIIIO
pabouero oprana 6yeM MCKaTh B GOpMe MATPULBI OHOPOIHOIO IPe0Opa3oBaAHM:

Ny Ox A4y Px
=" % % Py
n; 0 a; p;
0 0 0 1

CorsnacHo npasuiam [lenaBura — XapreHOepra, MaTpuiia OJHOPOXHOTO IIpeoOpasoBanus T;, KOTopas UMeeT BUL

cl; —sbica; sOisa; aijca;
s0; cOica; —cOisa;  a;sa;
T = .
0 sa; ca; d;
0 0 0 1

3a/aeT IePexo[ OT CUCTeMbl KOOpAMHAT (i—0ro) 3BeHa K ClCTeMe KOOpAuHAT (i—0ro) 3BeHa. BrImosHaAs
HeOOXOVIMble BHIUNMCIIEHNS, IOJIyYMM OpUeHTaluio pabouero opraHa:

Ny = 8185 — ¢5[ca(c15283 — c162¢3) + Sa(c1c283 + c16382) ],
ny = —c185 — C5[cq (515283 — c2¢351) + S4(c25183 + €35152) ],
nz = cs5(cy4S23 + 54€23),
0x = 581 + [ca(c15283 — c102¢3) +54(c10283 + €10382) ],
0y =S5 [64(513233 - 020351) + 54((,‘23153 + C381$2)] — C1Cs,
0, = —s5[ca(cas3 + C387) + s4(cac3 — $283)],
ax = cq(c1c283 + c1¢382) — s4(c18283 — ¢1CaC3),
ay = c4(c25153 + €35157) — S4(515253 — €2€351),

a; = s4(cz83 + €352) — cq(cac3 — $283).

A mosoxeHme pabodero opraxa:

Px = ds[ca(cicass + c1c382) — s4(c15253 — €1Ca3) ] + @zcico + ascicacs — a3y sySs,
Py = ds [C4(C23153 + C33152) — S4 (313233 - CngSl)] + asCy81 + A3C2C3S81 — 43515283,
Pz =di +azs; — ds[ca(cacs — 5253) — s4(c2s3 + €352) | + ascass + azcsss.

Ha pucyHke 6 npuseneHa 610K-cXxeMa aJITOPUTMA IIPOrPAaMMHOTO KOMITIOHEHTA IIPSIMOII 3aJauy KMHEMaTUKIL.

Puc. 6. Biok-cxeMa alropurma IporpaMMBbl IPSIMOIL 3aauyl KIMHeMaTIKI
Fig. 6. Block diagram of the program algorithm for the forward kinematics

5. Pa3pa6oTka mporpaMMHOr0 KOMIIOHEHTA pellleHNsI 00paTHON 3a7auy KMHEMAaTUKI MAaHIITYJISATOpA.
Merton JIeBen6epra — MapkBapaTa. OnpeneneHne BeKTopa 0600I[eHHBIX KOOPAWHAT, KOTOPBIN II03BOJIAET
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MaHUITYJIATOPY HOCTIYB XKeTaeMbIX II0JIOKEHIA I OpMeHTALII pabouero opraHa, HaspIBaeTcs 00paTHOII 3aaueit
KMHeMaTHKH. B maHHOI paboTe MJIA YMCIEHHOrO pellleHNs oOpaTHON 3afauy KMHEMAaTVKY JICIIONb3yeTCs
meron JlesenOepra — MapkBapara. KuHemaTudeckue mapaMeTpbl MaHUITYJIATOpA IIPEACTaBIEHBI HAOOpOM
OrpaHMYEHMII, KOTOpble HAaKJIaAbIBAIOTCSA Ha BeKTOp 0000IIeHHbIX KoopanHatT. OrpaHndeHme 10 IO0JI0KeHIIO
pabouero opraHa MOKHO 3aIIMCATh KaK:

_,d
pi(0) = pf,
rme p € R - rexymmee monosxenne pabouero oprama; pd € R® - 1eneBoe monoxenue B MpocTpancTse. [s

OTpaHMYeHNs] OpPUEHTALUN
Ri(6) = RY,
rae R; € SO(3) — opueHTanus pabouero opraHa; Rfl € SO(3) - ueneBas opmeHTalMs B IPOCTPAHCTBE. B 06oumx

CIIyuassx BEKTOp HeBSI30K e;(6) MoxeT ObITh ONpefesieH Kak

pd—pi(6)

0 =) ariri(0)7)

5

rme a(R) € R® nna npoussonbHOro R € SO(3) — 5KBUBANEHTHBIN BEKTOP YIIa-OCIL.
[IpuHMMas YMCI0 BeeX OTpaHMUYeHNiT 3m, ONpeeNnM BeKTop HeBsA30k e(6) € R3™ kaxk:

e(0) = [ef(0) €@ --- L) .

Penrenne O6paTHOI‘/'I 3alauMl KMHEMATNKN CBOOMTCA K PEIIEHIIO CIIEAYIOIIIETO HeJIMHENHOTO YpaBHEHUA:

e(0) = 0.

Puc. 7. Biok-cxema anropurma JleBenGepra — Mapksapara
Fig. 7. Block diagram of the Levenberg — Marquardt algorithm

AnroputM Metona JleBenGepra — MapkBapara IpeJcTaBieH Ha PUCYHKe 7 B BIfe GIIOK-CXeMBI I BKIIOYaeT
CIIEeyIOIIVIE STAIbL:
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[lar 1. MHnnmanusays 3HaueHu I, KOTOpble OyXyT MCIIONb30BaTHCS IS HACTPOMKM Ko3(ddrumeHTa
nemnduposanus: mapaMeTpos 0, BecoBoit MaTpuiel Wg, mapamerpa A, a Takxe Ayp 1 Adown.

[ar 2. [IpoBepka cYeTUMKA UTEPALNIL: €CIIM CUETUMK UTEPALI HE JOCTUT MAaKCIIMAIBHOTO KOJIMYECTBA
IIIaTOB, TO IEPEXON K IIATry 3, eIV JOCTUT, TO ITEPEXOM K KOHIy aJrOpUTMA.

[lar 3. Pacuer maTpuis! mpeoOpasoBanus T; U OLleHKA BEKTOPA HEBA3OK €.

ITar 4. ITpoepxka: ecinu C < tol, To mepexon k KoHiy; eciu C > tol, To mepexon K 1iary 5.

1
[ar 5. Beruncnenue matpuust Akobuana J, gr = JWgJ + AL, yuakuuu crommoctu, VC = T "WgeuC = Eez.

IITar 6. Beruncnenune HoBoro sHaueHud O,,c,, = 0 + g_lVC.
IMar 7. OreHKa HOBOT'O BEKTOPA HEBI30K €y¢4y B TOUKE, 3aMAHHOIN Oy ey, U BhIUMCIEHE QYHKIMY OLIEHKN B

2
new-

HOBOIT TOUKE Cpery = Ee
[Mar 8. IIpoBepxka: ecint Cpeqy > C, TO OTKIIOHUTB IIIAT, COXPAHUTH CTAPBII IapaMeTp IpeNIIonoKeHus 6 u
cTapble HEBA3KU e, M HACTPOUThb A = A X Ay, U mepexon K mary 2.
[Tar 9. ITpoBepka: ecaut Cpeyy < C, TO IpUHUMATE 1IAT 6 = Opey, M YCTAHOBUTD € = €pew U A = A/Adown 1

nepexon K 1Iary 2.

6. AmaniTUBHAs Helipo-HeueTKas cucremMa BbiBoga «AHCB» puisa pyurenns O3K. B aroit pabore mist
IIPOTHO3VPOBAHM YIJIOB OTHOCHUTENIBHO II0BOPOTA Y KPYTAIIIEr0O MOMEHTA COWICHEHNIT 3BeHbeB MaHUITYJIATOPA,
HeOOXOAMMBIX [IJIS1 BHIIIOJIHEHMSI 33[JaHHOI TpaeKTopuu B paboueir 30He, ucnonbayercs AHCB kak gpyroit
cnoco6. AHCB cocront 13 HelfpOHOB, COeIHEHHBIX HAPABIEHHBIMI CBSI3SIMY, B KOTOPBHIX Ka)XXIbIIl HEIPOH
BBITIOJTHSIET OIIpeeseHHYI0 PYHKLMIO Ha CBOMX BXO/SIINX CUTHAJAX [AJIS FeHepalyy BBIXOJHOIO CUTHAIA
OJIHOTO HeTipoHa. /{719 IIPOTHO3MPOBAHNA YTIIOB OTHOCUTEJIBHO IIOBOPOTA COWICHEHNII 3BeHbeB MAHNITYJIATOpPA
ncnonsayrorcs 5 AHCB. B kaxnoit AHCB 3naueHns xoopauHarel (py, Dy pz), 3aarolye II0JNOKeHUe I
sHauenus (y, S, a), sagarolue OpUEHTAIMIO CXBaTa MAHUITYJIATOpa pabOTAIOT KaK BXOIHbIE 3HAUEHMUS, a
3HAUEHNs YIJIOB OTHOCUTENIBHO IT0BOpPOTa 3BeHbeB (01, 05, 05, 04, 05) paboraror Kak BHIXOHHBIE 3HaueHus1. Ha
pucyHke 8 mpencrasiieHsl cTpyKTypsl AHCB c mecTsio BXogaMu 1 OJHUM BBIXOHOM I nporHosupoBanns O3K,
a CBOJKa ITapaMeTpoB 1 (aKTOPOB, YUUTHIBAEMBIX IIpu paspadoTke momenu AHCB, npencrasiena B tabnnue 3.

Puc. 8. Crpyxrypst AHCB (a) 3Bena-1, (6) 3BeHa-2, (B) 38eHa-3, (r) 3BeHa-4 u (x) 3BeHa-5 qus perrenns O3K
Fig. 8. Structures of ANFIS (a) link-1, (b) link-2, (c) link-3, (d) link-4 and (e) link-5 for solving inverse kinematics problem

Ha PpUCYHKE 9 InpuBeaeHa OJI0K-cXema AJITOpUTMa IIPOTPaMMHOTO KOMIIOHEHTA 06paTHOI7[ 3agaun KMHEMaA-
TUKN.
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Ta6numa 3. [Tapamerpst u pakrops: mogeneit AHCB s O3K

Table 3. Parameters and Factors of ANFIS Models for inverse kinematics problem

3BeHO AHCB-1 | AHCB-2 | AHCB-3 | AHCB-4 | AHCB-5
KonnuecrBo BxomoB 6 6 6 6 6
KonnuecTBo BhIXoq0B 1 1 1 1 1
Tun GyHKIWMIT TpUHALIEKHOCTI Gaussian | Gaussian | Gaussian | Gaussian | Gaussian
KonmuecTBo pyHKIMIT IPMHAIIESKHOCTI 23 21 25 26 31
KonmuecTso y3inoB 331 303 359 373 443

Puc. 9. Biiok-cxeMa alroputMa IporpaMMbl 0OpaTHON 3aJaun KMHeMaTUKIA

Fig. 9. Block diagram of the program algorithm for the inverse kinematics

7. Pa3paboTKa MporpaMMHOr0 KOMIIOHEHTA PellleHIs 06paTHOII 3agaun JIMHAMUKNA MaHUITYJISTOPA.
Metonx HoroTona - Jiinepa ana pymenuda O3]1. Onpenenenne caMux yIpaBIgiOIUX KPyTAIIIX MOMEHTOB,
obecIreunBaIOIX TpebyeMble 3aKOHBI ABIDKEHN 3BeHbeB, ABIAETCI 00paTHOI 3afadell AMHAMIKI. AJITOPUTM
HeloToHa — Diylepa COCTONT U3 OBYX YacTell — IPIMOIL peKypcuu 1 o6paTHoI pekypceun. IIpsamas pexkypcus
II03BOJIET OIIPENeIUTh CKOPOCTH M YCKOPeHN 3BeHbeB, 0600IIIeHHbIE CYUIBI 1 MOMEHTEHI CIJI, Je/ICTBYIOIINX Ha
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Bce 3B€Hbd 1 — n. PexypcuBHbBIe ypaBHEHUS MIMEIOT CIeAYIOIMI BU:

wir1 = RMw; + éi+1?z’+1 L
Wiy = Rf“@i + Rf“@i X 0is1Ziv1 + 01 Zin
i1 = R;+1 (d)i X b;+1 + w; X b;+1) +0;
0Ci+1 = Wiy1 X bic_,_i;—l + Wiy X (@ig1 X bicti_l) + 0it1s

rae w; — yriaoBas CKOPOCTh 3B€HA I} w; — YIJIOBOE YCKOPEHME 3BeHa i; Rl?“ — MaTpulia Iepexona OT CHUCTEeMBI
KOOpJAMHAT 3B€Ha [ B CCTeMY KOOpAMHAT 3BeHa [ + 1; éi — yIJIoBas CKOpPOCTH BpallleHus LIapHupa i; éi - YTJIOBOE
YCKOp€eHIe BpalllaTeJIbHOrO IIapHupa i; Z; - ock BpAllaTeJIbHOIO COUJIEHEHNS i; b;.“ — BEKTOp OT Havaja
CHUCTEMBI KOOpAMHAT [ A0 Havayla CUCTEMbI KOOPAMHAT i + 1; blci — BEKTOp OT Havuajla CCTEMbI KOOPAMHAT i 10

LieHTpa MacC 3BeHa i; 0; — yCKOpeHUe Hauaya CUCTeMbI KOOPANHAT 3BEHA i; U’Cl — YCKOpEeHMe LIeHTPa MacC 3BeHa i.
3HaH JITHEHOoe 1 YFHOBOe yCKOpeHI/IH LIEHTpa MacCcC OJId Ka*kKaoro 3B€Ha, MO>KHO VCIIOJIb30BaTh ypaBHeHI/IH
Herorona — Jityiepa 1y BBIYUCIEHNS MOMEHTOB CUJI MHEPLMY, IPUJIOKEHHBIX B LIEHTPE MACC KAKIOTO U3
3BEHbEB. Takum 06pa30M, meeM
Fiy1 = Mi410¢;
Nit1 = i1 @i + 01 X Li110441,

rae F; — oblasg BHEIIHAA cuJjla Ha 3BE€HO i; m; — o01as Macca 38eHa i; N; — CyMMapHBII BHEITHUI KPY TSI
MOMEHT Ha 3BeHe i; [; — TeH30p MHEepLMM 3BEHA | OTHOCUTEIBHO ero neHnrtpa Macc. O6parHas pekypcus Tpebyer
BBIYJICIIEHN CIJI I MOMEHTOB CIJI B3aIMOOEVICTBH, a TaKKe MOMEHTOB, pa3BMBa€MbIX B IpMBOAaX, HauUMHas
OT KOHEUHOTO 3BeHa MaHUITyIATOpa (1) 1 06paTHO K OCHOBAHMIO.

fi=Ri fin + Fi
— i i i i
n; = N; + Ri+1ni+1 + bCi XAFi + bi+1 X Ri+1ﬁ+1’
Ti = anZi,

rae f; - cua, nevicTByolas Ha 3BeHO (i) co cTOpoHBI 3BeHa (i'1); n; — MOMEHT, HelCTBYIOIINII Ha 3BeHO (i) co
cTopoHsbI 3BeHa (i71); 7; — BXOTHOI KpyTAIuil MoMeHT B rapHupe (i). Ha pucynke 10 npencrasieHa 610k-cxeMa
anropurMma s Merona HerotoHa — itepa, KOTOPBIIL MCIIONb3YETCS IS pELIeHIsT OBPATHOI 3aaul JUHAMUKY
MaHMIIyJsITOpa [2].

Puc. 10. Biiok-cxema anropurma HeioTona — Ditnepa fiis pelteHns 00paTHO 3aqauy AMHAMMKI MaHUITYJIITOPa
Fig. 10. Block diagram of the Newton — Euler algorithm for solving the inverse dynamics problem of manipulator

8. AmanTMBHAsA Helipo-HeueTKasA cuctema Bbrsoga « AHCB» mura pymerana O3/1. [[ng mporHo3upoBaHua
Y KPYTSIIIEro MOMEHTA COWIEHEeHNII 3BeHbeB MaHUITyIATopa ncronb3ytorcs 5 AHCB. B kaxxnoit AHCB, 3sHauenus
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(65, 05, 0;), 3amarorue BeKTOPBI TIOIOKEHI, CKOPOCTETT 1 YCKOPEHIIl B MIAPHUPAX COOTBETCTBEHHO PaGOTAIOT
Kak BXOJHbIE 3HAUEHN, a 3HaueHNs (7;), 3aaolue BeKTOPbI KPYTSIIEro MOMEHTa, paboTaloT KaK BHIXOMHBIE
sHaueHud. Ha pucynxke 11 npencrasnens! cTpykTypsl AHCB c nBeHannaThio BXogaMM M OMHUM BBIXOIOM IS
nporuosupoBanust O3], a cBogKa mapaMeTpoB U (PaKTOPOB, YUUTHIBAEMbIX IIpu paspaborke mogenn AHCB,
IpejcTaBieHa B Tabnuie 4.

Puc. 11. Ctpyxrypsr AHCB (a) 3Bena-1, (6) 3Bena-2, (B) 3BeHa-3, (r) 3BeHa-4 u (x) 3BeHa-5 s perenus O3]
Fig. 11. Structures of ANFIS (a) link-1, (b) link-2, (c) link-3, (d) link-4 and (e) link-5 for solving inverse dynamics problems

Ta6nua 4. [Tapamerpst u paxropsr mogeneit AHCB mus O3[]
Table 4. Parameters and Factors of ANFIS Models for inverse dynamics problem

3BeHO AHCB-1 | AHCB-2 | AHCB-3 | AHCB-4 | AHCB-5
KosnmuecTBo BxomoB 12 12 12 12 12
KonnuecTBo BBIXOIOB 1 1 1 1 1
Tun QyHKIMI IpMHATIEKHOCTH Gaussian | Gaussian | Gaussian | Gaussian | Gaussian
KosmuecTBo QyHKIMIT IPMHAIEKHOCTI 12 11 12 12 11
KonmuecTBo y3n0B 327 301 327 327 301

Ha pUCyHKE 12 IIpuBEAEHA OJI0K-cxeMa AJITOPUTMa ITPOTPaMMHOTO KOMIIOHEHTa O6paTHOI7[ 3agauml MMHaAMUKIN.
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Puc. 12. Biiok-cxema aJropuTMa IporpaMMbl 06paTHOI 3agaun AMHAMMIKI
Fig. 12. Block diagram of the program algorithm for the inverse dynamics

9. PesyipTaTsl MmogeaupoBaHus. [Ipy 3amycke NpiuIokeHNs Ha SKpaHe I0ogBJgeTcsa GopMa, CM. PUCYHOK 5.
B pexxmme IpsMoil KMHEMATHKIY II0JIb30BaTeJNb ONpeiesIgeT 3HaUeHNs YIJIOB, IIePeTaCKIBAS ITOJI3YHOK B IIATH
CycTaBax COOTBETCTBEHHO VMJIM BBOJS 3HauUeHINe YIJIOB Yepe3 TEeKCTOBOe IIoje (II0Ka3aHO B OKHe B BepXHell
LeHTPaJIBHOIl YacTu sKpaHa). [Ipy M3MeHeHNN 3HaUeHWUIT YIiIoB MaHunyasrop B 3D-mpocrpaHcTBe GymeT
IepeMeIaThCsa B COOTBETCTBYIOLINE ITOJIOKEHI 1 OPUEHTALMM B PeXKIMe PealbHOTO BpeMeHM (0ToOpakaeTcs
B OKHe B ITpaBOil YacTU 9KpaHa). Ha ocHOBe 3afaHHBIX 3HAUEHMII YIJIOB 3BeHBEB IIPOTPAaMMa BBIUMCIIAET
IIOJIO>KeHIIe ¥ OpMEeHTAalMIo pabouero opraHa npu HaxaTuy KHonkn «Calculate». Kak nmokasano Ha pucyske 13,
3HAUEHMA YIJIOB IIATH 3BeHbEeB MAaHMUITYJIATOPA M MX COOTBETCTBYIOIIIee IIOJI0KEeHMe Y OPMeHTaIsA pabouero
OpraHa IIOKa3aHbI B TEKCTOBBIX ITOJIAX.

Puc. 13. IlporpamMa B peskuMe IpsMOI KMHEMATUKI
Fig. 13. Program in forward kinematics mode

B pesxnme 06paTHO KMHEMATHKY OTIPeNeJIeTCs BEKTOp 0000IeHHBIX KOOPIUHAT COUWIEHEHUT 3BEHBEB,
KOTOPBIIL ITO3BOJIAET MAHUITYJIATOPY JOCTUUD >KeJIaeMbIX IIOJIOKEHMS ¥ OpueHTaumii pabouero oprana. Kema-
€Moe II0JIO)KEHME U OPMEHTALMIO paboyero opraHa MaHUITYJISTOPa MOKHO HACTPOUTD, BBEMIs IIOJIOXKEHIIE U
OPMEHTALMIO C IIOMOLIBIO TEKCTOBBIX I10JIEl (IOKa3aHO B OKHE B BEpPXHeI JIEBOJ YaCTH SKpaHa) MM MICXOMS U3
pe3ysbraTa pesKuMa MpsiMoil KUHeMAaTuK (pucyHok 14). B MeTome pacuera BHIGOP BKIIOUAET BO3MOKHOCTD
ncnonb3oBanusa Meroga AHCB win uncieHHOro Metona. 3aTeM BeKTOp 000OIIEHHBIX KOOPOVHAT COWIEHEHNIT
3BEHDBEB OyeT PACCUUTAHO B PEXKMME PEAIbHOrO BpEMEHN 10 00PaTHOMY KUMHEMATHUECKOMY AITOPUTMY
[IPOrPaMMBI-CKPUIITA (CM. PUCYHOK 9).

Puc. 14. IIporpaMma B peskiMe 00paTHOI KMHEMATUKI
Fig. 14. Program in inverse kinematics mode

Pesxym o6paTHOI AMHAMUKM OIIpefesgeT TpebyeMble KPYTAII[Ie MOMEHTSHI I 00eCcIleueHns ABIDKEHMS
VICIIOJIHUTENBHOTO 3BeHa MaHUITyJIITOpa 110 3aaHHOJ TpaeKTopuu. B aToM pexxume, BO-IIepBBIX, HEOOXOUMO
HaCTPOUTH TpaeKTOpuio pabouero oprasa B 00paTHO AMHAMIUKe. 31eCh B IIPOTpaMMe MCIIONb3yeTCsI METOL
IIJIAHMPOBAHNS TPAeKTOPMM Ha OCHOBE BeKTOpa 0000IIIeHHBIX KOOPAMHAT IIIAPHUPHBIX COUJICHEHNII 3BeHbEB
MaHumynsropa. [IonosxeHns, CKOPOCTH M YCKOPEHMs COUWJIeHEHNI OYAYT pacCUMTHIBATHCS C IIOMOLIBIO IIPO-
IpMMBI GOpMUPOBaHMS TpaeKTOpHUM. B MeToze pacuera BbI6Op BKIIOUAET BO3MOXKHOCTD MCIIONb30BAHMA METOMA
AHCB nin ynciieHHOTO MeTofa. KpyTaIme MOMeHTBI KasKIOr0 COUJIeHeHN , TpebyeMble A o0ecIeueHns
IBYDKEHVS 110 3a{aHHOI TPAeKTOpMM, OYAYT pacCUUTHIBATHCS 10 OOPAaTHOMY OUHAMUUYECKOMY aJITOPUTMY
[IPOrpaMMBbI-CKpUIITa (CM. PUCYHOK 12). B BupTyanpHOI cpee MOKHO 0TOOPAa3NUTh TPAeKTOPYIO ABVDKEHIIS
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pabouero opraHa MaHMUIIYJIATOpa, PUCYHOK 15. A Taxxe TpeOyeMble KpyTsIllie MOMEHTBI, II0JIOKeHIe, YIII0Bask
CKOPOCTB U YIJIOBOE YCKOPEHIE KaKIOr0 3BeHa MOI'YT OTOOPa3UThCS C IIOMOIIBI0 IpadKOB, KOTOPBIE MOIYT
CIIY’KUTBH OPMEHTUPOM JJIS IPOEKTUPOBAHMNS CHCTEMBI YIIPABIEHNS ¥ KOHCTPYKLIMI MaHUITYIATOpA.

Puc. 15. IIporpaMma B pexxume oGpaTHOI JIHAMMKI
Fig. 15. Program in inverse dynamics mode

3axmrouenne. B maHHOI paboTe MCIIOIB30BaH g3bIK IporpammuposaHus MATLAB mis mporpammu-
pOBaHNISA MaTeMaTMUECKOTOo MoaennpoBaHud. [ peanmsaruy 3D-Moneny MaHMITYJIATOpPa MCIIOJIb30BaHA
CATIIP-mmporpamma «SolidWorks». PaspaboTaHbl IporpaMMHbIe MORYJIM AJISI KOMIIBIOTEPHOTO ¥ MIMUTALMIOHHOTO
MOMEINPOBaHMS IlepeMellleHNsI MaHUITyJIITOpa B paboyell 30He €O CIeRyoImMy GYHKIMSIMI: BU3yasu3a-
uust 3D-monenupoBaHus; B3aMMOAEIICTBIIE C II0JIb30BaTeeM uepes rpaduueckuit marepderic; pacuer O3K
MaHUIIYJIATOpa Ha OCHOBe MeTona JleBeHOGepra — Mapksapara; pacuer O3K maunnynsropa Ha ocHoBe AHCB;
pacuer O3]l MaHMUIyIATOpa Ha OCHOBe MeTona HploToHa — Oiiepa 1 BU3yanmnsauusa pe3yiabTaTos; pacueT O3]
MaHuyasTopa Ha ocHoBe AHCB u Busyanmsaius pe3ynbratoB; GOpMIpPOBaHYE TPAEKTOPUM IS LIEIEBOTO
ITOJIOKEHNST M OpMEeHTalMy pabouero opraHa MaHUIIYJISTOPa; MMUTAIMOHHOE MOMENNPOBaHe ABIVDKEHS
MaHUITYJIATOpA 110 3aSaHHOM TPaeKTOPUIL.
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K 70-1eTuro mpodeccopa Anaronusa 'eopruesuua Kycpaesa,

OCHOBaTeJb I HAyUHbII PyKOBOAMTEND BiraqiKaBKascKkoro Hay4yHOTo I[eHTpa
Poccuiickoit akagemun Hayk (BHII PAH),
pyxoBopureis IOxHOTO MaTeMaTueckoro nHcTuTyTa — pmmana BHI] PAH,
pykoBogurenb CeBepo-KaBkasckoro 1eHTpa MaTeMaTuueckux uccienosannit BHIT PAH

14 ¢deBpains 2023 roga ucronamiocsk 70 et AHatonuio ['eoprnesnuy KycpaeBy, mokTopy ¢pusmko-mMareMaTu-
YeCKNX HayK, Ipodeccopy, M3BECTHOMY POCCHIICKOMY MaTeMAaTHKY, CIIELMATIICTy B 00IacTi (PyHKIMOHATIBHOTO
aHaIM3a U ero IPUJIOKEHNI, OGHOMY U3 MUPOBBIX JIMAEPOB B 001aCTV IPUMEHEHUST METOJOB MaTeMAaTIUECKOIT
JIOTMIKM K 3aJjauaM aHaJIusa.

Amnaronuii I'eopruesuy — ocHOBaTeNb ¥ HAYUHBI pyKOBOAUTENb BIagnKkaBKa3cKOro Hayu4HOTO IleHTpa
Poccuiickoit akagemun Hayk (BHI] PAH), pykoBoaurens IO;kHOro MaTeMaTnuecKoro MHCTUTYTa — (QruiMaia
BHII PAH, pyxoBomutens CeBepo-KaBkasckoro nenTpa MareMarnueckux ucciaenosarmit BHIT PAH.

I'maBHBIN peJakTOp HAYUHOTO XKypHala «BiagmkaBKascKMiI MaTeMaTHUEeCKUil XypHalI», HAyYHOTO U
00111eCT-BEHHO-TIOIMTUYECKOT0 KypHasa «BecTHuk BiragukaBkascKkoro Hay4HOTo IeHTpa».

YseH peaKOJIErUy MeX/AyHapOJHOIO MaTeMaTIUeCcKoro )XypHaia «Positivity», HayuHo-00pa3oBaTesbHOrO
U IPUKJIAAHOTO KypHaia «3BecTus BoIcIINX yueOHbIX 3aBeqeHmit. CeBepo-KaBka3cKuil permoH», HAyUHOTO
xKypHana «/3Bectus Kabapnnuo-Bankapckoro Hayunoro meaTpa PAH».

Amnatonnii leoprueBuy OKOHUMI MeXaHUKO-MaTeMaTuuecknit pakynbrer (1975 r.) u acnupanrypy (1979 r.)
Hosocubupckoro rocynapcrsenHoro yunsepcutera (HI'Y). 3ammrun kaugunatckyo (1979 r.) 1 JOKTOPCKYIO
(1986r.) muccepTanuy MO CIEIMATBFHOCTI «MaTeMaTNYecKuil aHanus» B UHcruryre matematuku nm. C. JI.
CoboneBa Cubupckoro otaenenns Pocenitckort akagemuu Hayk (MM CO PAH). C 1979 roga pa6oran 8 UM CO
PAH B mossxkuHoCTH Mitaaiero (1979-1984), crapurero (1984-1987) u Begyuero (1987-1991) Hay4HOro COTPYIHMKA.
ITo coBMeCTMTENBCTBY IIpeIofaBaj Ha MeXaHIKO-MaTeMaTuueckoM ¢akyibrere B HI'Y B MOJDKHOCTM accucTeHTa
(1978-1988), u. o. mpodeccopa (1988-1990), mpodeccopa (1990-1991).

IToueTHbIE 3BaHNIA 11 HATPAJBI:

v IlouerHoe 3BaHme «3aciIyKeHHBIIT qesiTeb Hayku Poccniickort Pemeparimm»

v Braromaprocts [IpesnpenTa Poccuiickoit Peneparinu

v Oppaen [dpysx6s1 Poccuiickoit Penepariun

v’ IToueTHoe 3BaHMe «IloUeTHBIN paGOTHIUK HAYKN M BBICOKUX TexHOJIOTHUII Poccuiickoit Pemeparium»
v’ IlouerHas rpamora Poccmitckoit akameMuu HayK

v’ IloueTHOe 3BaHMe «3aciIyKeHHBbI NedTend Hayku Peciybnuxu CeBepHas OceTnsa-AnaHns»

v Ilouernas rpamora [lapmamenTa Peciy6nuxm CeBepras Ocerus-Ananus

v Oppewn Ilouera Pecrry6iuku I0xuas Ocernst



88 Ilepconanuu

v' Opnen Hpyx6s1 Pecrry6iauku I0xuas Ocernst
v/ Menanp «B o3namenoBanue 10-metus nobensr B OreuecTBeHHOI BojiHe Hapona IOxxuoit Ocermm»
v' Menanp «B o3namenoBanne 20-netus PecryOimkm 0xuas Ocerwst»

Hayunas gestexbHOCTB. AHaTOoNit ['eoprieBuy npuHamIeKNT K HayuHo mkose akagemnka AH CCCP,
Jlaypeara HobeneBckoit nmpemuy, Jleonnga Buransesnua Kantoposuua. AnaTonuii ['eoprueBuy BHeC 0CHOBOIIO-
JIATAIOIINIL BKJIA] B HEKOTOpbIe pa3felsl QyHKIMOHATbHOrO aHann3a. OH — aBrop Gosee 300 HAYUHBIX TPYHOB,
cpeny KOTOpbIX 24 MoHOrpaduy u 26 yueGHBIX ocoouit. AHaToMeM ['eoprueBuueM BriepBble IIPeIOKeHbI
u paspaboTaHbl 9P PeKTIUBHbIE METOABI NCCIEN0BaHY QPYHKIMOHATBHBIX IIPOCTPAHCTB I OIIEPATOPOB B HUX,
OCHOBaHHbIe HAa KOMOMHIPOBAHNUY PA3JIMYHBIX CPECTB aHAIN3], aJIreOpsl M MaTeMaTnyecKoit sornku. K unciy
Ba)KHENIINX HayUHBIX HOCTIDKeHUIT AHaTomus ['eoprueBuya OTHOCITCS:

v/ MeTOJbI BEKTOPHOII {BOVICTBEHHOCTI;

v’ ucuucienne cyonupepeHINATIOB B TOIOJIOTMYECKOI IIOCTAHOBKE Ha OCHOBE METO/a OOLI[ETO ITOIOKEHMNS;

v/ Teopus Ma)KOPMPYEMBIX OIIEPATOPOB;

v/ ajanTaius TeXHOJOruu OyJIeBO3HAUHOIO MOAENMPOBaHMA K 3afauaM (pyHKIMOHAIBHOIO aHaIM3a I
TEOpPNU OIIEPATOPOB;

v/ peuieHne IpobaeMbl TIOPSIIKOBO OTPaHNUYEHHOCTY aBTOMOpGM3MOB 1 auddepeHnpoBanmil B GyHKIM-
OHAJIBHBIX aJiredpax;

v/ peitenne npo6iem JIMHAeHIIITpaycca, TEOMETPUUECKO XapaKTepU3aIui U M30MeTPIUECKOIt Kiaccuu-
Kalmiy I Kjlacca MHbEKTUBHBIX 0AHAXOBBIX PEILIETOK.

HayuHo-opranmusannmoHHas AesiTeIbHOCTh. AHaTOoNMit ['eopruesuu — ocHoBarens (¢ 1994 r.) u qupekrop
(mo 2018 r.) BiragmkaBkasckoro Hay4qHoOro IeHTpa Poccuiickoit akagemun Hayk (paHee — [ocygapcTBEHHBIN
HayuHblil HeHTp PeciyGiukn CeBepras Ocerus-Ananus (1994-1998rr.), CeBepo-OceTMHCKUIT HAYUHBIA LIEHTD
(1998-2000 rr.)). OcHOBaTenb u pykoBogureis (¢ 1996 r. mo Hacrosiee Bpems) IOKHOro MareMarnueckoro
nuctutyTa BHI] PAH (patee — MHCTUTYT IPpUKIATHON MaTeMaTUKY 1 MHOOPMATIKH, CO3MaHHBIL B 1995 T.),
Bowrexrero B cocras BHI] PAH 8 2000 rogy u cTaBLIero ogHUM 13 IpU3HaHHBIX B Poccuiickoit Penepanuu
HayUHBIX MHCTUTYTOB — JUEPOB B 00sacTy GyHIaMeHTAIbHOI MaTeMaTIKIAL.

B mepmop ¢ 2002 1o 2005 roxs! B coctase IlpaBurenscrBa Pecrry6mukn CeBepras Ocerus-Ananns AHATOIMI
l'eopruesmy KypupoBasl BOIPOCHl HAyYHO-TeXHNYECKOM nmonuTtuku. B 2008-2009 romax 1o corsiacOBaHMIO C
IIpesmaumymom Poccuiickoit akageMuy HayK BO3IJIaBIIsAl MuHMUCTepCTBO 00pasoBaHus U Hayku PecrryGinku
IOsxnas Ocetus, coBMeliast 3Ty paboTy ¢ JOJLKHOCTBIO pykoBogurens BHI] PAH.

Anatonuit ['eoprueBnu fABigeTcs MHUIMATOPOM M OPTaHM3aTOPOM PETrMOHAIBHBIX, BCEPOCCUIICKUX U
MeXIYHapOIHBIX MaTeMaTNUeCKIX KOH(pepeHIMiT, HayUHBIX I HAyYHO-00pa30BaTeIbHBIX IIIKOJI IS MOJIOJBIX
VUEHBIX, CTyHeHTOB, YUNTEJIell MaTeMaTHKI M INKONbHUKOB. Tpamuumonnoi mug IOMIM BHI] PAH crama
MeXIyHaponHas Hay4yHas KoHdepeHIusa «IIopsSaKOBBIM aHAIM3 M CMeKHBIE BOIIPOCHI MAaT€MAaTHUECKOTO
MOMENNPOBAHMS», KOTOPas IIPOBOIUTCS pas B ABa roaa ¢ 2003 r. i sIBJIIETCS KPYIHBIM HayYHBIM COOBITIIEM
IOra Poccun, mmpoxo nmpusHaHHBIM Kak B Poccnu, Tak u 3a pyOexom.

O6pasoBaTeJmHaﬂ AeATeNbHOCTD. B nepuoxn ¢ 1991 mmo 2022 roxs! AHaTonnit 'eoprueBnuu — 3aBeXyIOLINIT
Kadenpoit MareMaTueckoro ananmusa CeBepo-OceTnHCKOro rocyrapcrseHHoro yuusepcurera uM. K. JI Xerary-
posa (COI'Y). Ilox ero pykoBoacTBOM Ha Kadenape MaTeMaTueckoro aHanusa COI'Y paspaGoTaHsl 1 BHeAPEHbI
HOBBIE CIIEIMAIM3AlIN: MaTeMaTIUeCcKas 9KOHOMIKA U MaTeMaTyecKas 9KOJIOT .

Baxaoe MecTo B mesTenpHOCT AHaTous ['eoprueBuua 3aHnMaet comelictre passutuio B PCO-A mikos-
HOTO MaTeMaTuueckoro oopasosanus. Ilox ero pykosogcrsom B IOMU BHII PAH paspa6orana Pernonanpnas
MOJIeNIb PasBUTHS MaTEMATUIECKOTO 00pa3oBaHus, KOTOpast JIery1a B 0CHOBY KOMITJIEKCHOTO IITaHa MEPOTIPUSTIIL
o peanusaunuy B PCO-A «Konuenimu pa3sutus MareMaTinieckoro oopazosanus B Poccuiickoit Pemepany»
(2014-2016). C 2021 roma maHHass MOJIENb BOIUIOIIAETCS B pamkax peanusaruu B PCO-A nporpaMMbl pasBUTHS
PermoHaNIbHOrO HayuHO-00pa3oBaTeabHOro MaTeMaTiueckoro rearpa CKIIMU BHIT PAH.

Asmnarommit [eoprueBny akTMBHO 3aHIMMAETCS TIOATOTOBKOI HAYUHBIX Ka[JPOB, YUACTBYET B peOpMUPOBAHU
BBICIIIETO 00pA30BaHMS 1 €ro MHTErpalMy C akafgeMudyeckoit Haykoit. Cpeu ero yueHnKoB 20 KaHIMIaTOB
¢pm3nKo-MareMaTMUECKNX HayK M TpU AOKTOpa HAayK; HEKOTOpbIE M3 HUX HBIHE M3BECTHBIE MATeMAaTVKIL,
pa6oraror B Poccuu, CIIA, Kanane, Typryn.

Pexgxomnerusa >xypuana «Ilpuxnagaas marematuka & ®usuxa»
cepaedHo mosapasiaaer AHarona I'eopruesmaa KycpaeBa

c robmreeM M >KeJ1aeT eMy 3[40POBBA, JOJIT0TeTHA,
HOBBIX yCII€EXOB ¥ HAyYHBIX Pe3yJIbTaTOB.
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K 80-1eTuro mpodeccopa Esrenns Baragumuposuua PagkeBuua,

IOKTOp PU3UKO-MaTeMaTUYeCKUX HayK, Ipodeccop
MockoBCKIiT rocyapcTBeHHBIN YHUBepcuTeT nMenu M. B. JlJomoHocoBa,

MOCKOBCKUIT MHCTUTYT 3JEKTPOHUKI U MAaTeMATUKY (TEXHUUECKUIT YHIUBEPCUTET)
MocKOBCKIII TOCYy JapCTBEHHBIN TEXHIMUECKII YHUBEPCUTET PAAMOTEXHNKIY, 3JIEKTPOHUKM ¥ aBTOMATUKN
MOCKOBCKOEe MaTeMaTIIecKoe 00IIeCTBOCOBETCKIIL ¥ POCCUIICKUIL YUEHBII-MaTeMaTHK, 1earor BhICIIIE

LIIKOJIBI, PEKICCED, aKTEP.

26 suBaps 2023 roga mcnonaHwmwiock 80 sner Esrenuio Bragmmuposuuy PapkeBuuy, mokropy ¢usuko-
MaTeMaTHU-UeCKIX HayK, Ipodeccopy, COBETCKOMY M POCCUIICKOMY yUEéHOMY-MaTeMaTUKYy, IIeJarory BBICIIIE
LIIKOJIBL.

EBrenuit Bnagumuposudy poanics B ceMbe MHKeHepa. B 1965 roqy OKOHUMII MeXaHMKO-MaTeMaT4eCKIit
¢dakynsrer MI'Y, B 1968 rony — acumpaHTypy Tam >xe. Bo BpeMst yué6b! nprHMMAaT aKTUBHOE yuacTye B pabore
Crynenueckoro tearpa MI'Y mox pykoBoacrsom II. IT. Bacuibsesa (3atem — II. H. Pomenxo).

Ilo pacmpenenenuto moctynui Ha pabory B MHcturyT npobiem mexanuku AH CCCP 8 Otgen maTemarnue-
CKMX MeTONOB MexaHuKu (1968).

KanpnpmaT ¢pusuko-maTeMaTndeckux Hayk (1969, TemMa auccepranuy «'MIIOS/UIMIITIUECKYE OTIEPATOPHI C
nepeMeHHBbIMU Koapdunmenramm»)[2], yaeruk O. A. OneitHuk.

B 1974 roxy mepelén Ha IpernogaBaTenbckyto padory B MUIOM, 3arem — B MPOA.

He mpexpairiasg HayuHyI0 I IIPeII0aBaTeNbCKYI0 NeaTeIbHOCTD, B 1969 roqy nmoctynui, a B 1976 roqy OKOHUMI
TMTUC (crermanbHOCTh «Pexxuccypa gpamser», Kype Anpapes ToHuapoBa, OMHOKYPCHIKAMI Ha aKTEPCKOM
ormpesnenun 6b1n CBeritana Akumosa, Anexcauap Cososses, Urops Kocronesckuit, Anekcanap PaTiominH).
[NunmoMHBIN cnekTakib «Pacckas or nmepBoro smuma» rnocraBui B TeaTrpe Ha Manoit bponHoit y AHaTonns
Sdpoca.

B 1988 r. samuTuI guccepTanmio JOKTopa pusnKo-MaTeMaTHUECKUX HAyK, B 1992 I. eMy IIPUCBOEHO yUeHOe
3BaHue npodeccopa 1o xadenpe BHICIIEN MaTeMATIKI.

EBrennit BrnagymupoBudy siBIseTCS IIMPOKO M3BECTHBIM B HAIllell CTpaHe U 3a py0e)XoM KpYIIHBIM CIIelna-
JIICTOM B o6macTyt nuddepeHIManbHbIX YpaBHEHNI ¢ YaCTHBIMY IIPOM3BONHBIMIA, ABJISIETCS aBTOpoM 6osee 150
Hay4HbIX pabor u 3 MmoHOrpadmii.

B o6macTu ypaBHEHMIT ¢ YACTHBIMM IIPOM3BOJHBIMIL MM ObLIN ITOJYU€HBI JOCTATOUHBIE YCIOBYS TAITO3JIIINII-
TUYHOCTHU OIIEPATOPOB C KPATHBIMIU XapaKTePUCTUKAMH, IIOJydeHbl YCIOBMSA Pa3pellIMOCTY KpaeBhIX 3a/1au
IVl ypaBHEHMII ¢ HEOTPULIATENBHON XapaKTePUCTIUUECKOIT POPMOIL.

ComectHO ¢ O. A. OJyeifHMK IOJTyYeHBI IINPOKO N3BECTHBIE PE3YJIBTATHI B TEOPUN YPaBHEHUIT BTOPOTO
IIOpsKa C HEOTPUIIATEIBHON XapaKTePUCTUYeCKOIl GOpMOIl Ha OCHOBE KOTOPBIX OIyOJIMKOBaHa MOHOrpadus
"Second order equations with nonnegative characteristic form Rhode Island plenum Press, New-York-London,
1973. MoHorpadus monyunia mmMpoKoe MpU3HaHIe KaK y HaC B CTpaHe Tak 1 3a pyoesxoM. B 1974 monorpadus
IepeBeleHa Ha UTATbIHCKUIL, B 1 1975 IepeBefeHa Ha KuTaiickuil. B 2010 ony01mkoBaH ee pacIIMpeHHBII
IepeBOJ Ha PYCCKUIAL, B M3[1aTeIbcTBE MOCKOBCKOrO yHIBepcuTeTa. MIHTepec kK aToMy M3IaHNIO, IOATBEPANI
HeIIPOXOMSIIMII MHTepeC K COOpaHHBIM B HEM pe3yJIbTaTaM.
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B cepuu pa6oT 1o 3amgauaM co CBOOOIHOI rpaHmIlell pa3paboTaH METOX MOMEJIbHBIX OIIEPATOPOB, IT03BO-
JIMBIIVII ITOJYUUTH TEOPEMBI CYILECTBOBAHNS KIaCCUIECKIX PELIeHNII IIMPOKOro Kilacca 3afad co CBOGOHOI
rpanuieit. O60011eH METOM ONepaTOPHbIX MyUYKOB (ypaBHeHuit Kapiemana) muist mcciaemoBaHmus poGieMbl
OUHAMUYECKOTO YIJIa, II0JIyUeHb] YCIOBUS CYIIIeCTBOBAHMS KJIACCIUECKOTO peLe s A1 MOAU(PUIPOBAHHOM
3amaun Credana u 3agaun Bepuruna — Mackera. Ha ocHOBe 9Tux pe3yIbTaToB OIyOJMKOBaHAa MOHOTpadus
«MaTtemaTnueckme BOIIpOCHI HepaBHOBECHBIX ITpoleccoB», HoBocubmpck, 2007 r., IOTyunBIIas Tak XKe IIIPOKOe
IIpu3HaHNUe KaK Y Hac B CTpaHe, TaK ¥ 3a pyOesKoM.

B cepum pabor 110 HEpaBHOBECHBIM IIPOIIECCAM IIOJIYUEHbI yCIOBYS JIMHENHO yCTOUMBOCTII MOMEHTHBIX
aNIpOKCUMAIINIT KMHETUUECKUX ypPaBHEHMI; IJI1 MOMEHTHBIX alllIpOKCUMAINI KMHETUUECKOTO YpaBHEHNS
Bonsiimana — Ilaiteprica mosryueHs! yCI0BMS CYyLleCTBOBaHMS IMpoekimu Yernmena — DHckora B ¢pa3oBoe Ipo-
CTPaHCTBO KOHCEPBAaTUBHBIX IIepeMEHHBIX I 3ajauy Ko u cMerranHoI 3agaun; qiId Kilacca OIepaTopos ¢
IIepeMeHHOI KPaTHOCTBIO XapaKTePMCTIK ITOTYUEHBI YCIOBUA KOPPEKTHOCTY CMEIIaHHO 3aaul; MCCIem0-
BaHa IIPMPOJA JOKAIBHOTO paBHOBECU I QUCKPETHBIX KMHETMYeCKNX YPaBHEeHNI], IIOCTpoeHa Iapagurma
TypOyIeHTHOro-JIaMIHAPHOI'O IIepexoa.

B mocnegHue maTh JeT, B cepuu paboT MCCIeyeTcs KIace KpUTIUECKNX IIPOLecCoB, 00beIMHEHHBIX 001Ieil
TUIIOTE301 UTO OHM €CTh HEpaBHOBeCHBIE (ha30BbIe IIEPEXO/IbI: TAMIHAPHO-TYpPOYJIEHTHBI IIepeX0, HEYCTO-
unBOCTb Pasesi-Benapa, kpucranausaius OMHAPHBIX CILIABOB, pa3pylleHye KOHCTPYKIMOHHBIX MaTepuaIoB,
HeyCcToumBOCTh MapaHronnu. [liist IepBBIX UeThIpeX: JIAMUHAPHO-TYPOYIEHTHBII IIePeX0, HEYCTOMUNBOCTb
Panea-Benapa, kpucrayumm3anns MHAPHBIX CIIIABOB I paspyllleHre KOHCTPYKIIMIOHHBIX MaTepPIaIoOB IIOCTPOCHA
MoJeNlb peKOH CTPYKIMM HauaJIbHOM CTAAUM HeyCTOWYMBOCTY KaK HEpaBHOBECHOT'O IIepexXo/a, MEXaHI3MOM
KoToporo sBisiercs nupdysmonHoe pacciaoenue. IlokasaHo, uro cBobomHas sHeprus I'm66ca OTKIOHEHUS
OT OJJHOPOJHOTO COCTOSHMS (OTHOCUTEIHHO PAaCCMATPUBAEMOI HEYCTOUMBOCTH) €CTh AHAJIOT IIOTEHI{MAIOB
I'mus6ypra — Jlangay. IIpoBeneHb! YncieHHbIE S9KCIIEPUMEHTa CaMOBO30y>KIeHNSI O{HOPOJHOTO COCTOSIHISI
yIIpaBiieHIeM KpaeBbIM YCIOBUEM (BO3pacTaHyeM CKOPOCTH VLM TeMIIEPATypHI). YCTAHOBJIEHA HEJIOKAIBHOCTD
BO3MYIIEHN, YTO YKa3bIBaeT Ha HEBO3MOXXHOCTM IIPMIMEHEHNA B 9TOM cJIyuae KJIACCYEeCKO TeOpMI BO3MY-
ienus. ITox BHEITHNM BO3HENICTBUEM (BO3pACTaHVE CKOPOCTY IJIY TEMIIEPATYPBHI) HAOII0aeTCs IEPEXOM K
xaocy uepes OudypKalyu ygBoeHus Iepuoa, Iogo0Ho Kackaxy yaBoeruit mepuona deiirenbayma. Ha cHOBe
9TUX pe3yJIbTaTOB ONMyOIMKOBaHa MOHOTrpadus: «BBeqeHne B TeOpuI0 HepaBHOBECHBIX (Pa30BbIX IIEPEXOIOB I
TepMOAVMHAMIYECKIII aHAJINS 3a]]a4 MEXaHIKMY CIIIOLIHON CpefbI» M3AaTeIbCTBO MOCKOBCKOTO YHUBEPCUTETA,
2019 .

B 3710 )€ Bpemst B cepuy pabor o 3anaue Komu s AMCKpeTHBIX KMHETHYECKIUX YPABHEHWIT IIPOJeMOHCTPI-
POBAHO 3apOXKAEHNE Xa0TUUECKIX IIPOI[ECCOB BO BpeMeH 1 IIpocTpaHcTBe. C IIOMOIIBIO pellleHN s OJHOMEPHO
mopenn Kapiemana, mpu yBennueHuu apamerpa xaotusarun (B repmuaoiorun Jlanpay-I'musbypra), ana-
siora unciia Kuyacena. 9to nepBblit IpuMep OUCKPETHOrO KMHETHNYECKOTO YpaBHEHMsI, Te ObLIN BHISBIIEHbI
xaoTuueckue pesxumbl. Monens Kapiemana o61amaeT BaXKHBIMY CBOVICTBAMY KMHETIYECKOTO YpaBHeHNs. JTa
MOJEJb SIBJIAIOTCS CHCTEMOI IBYX HeJMHEIHBIX ypaBHEeHUII, OINCBHIBAIOINNX IIePEeHOC I B3aIMOIEICTBIE ABYX
TUIIOB YacTuIl. FIx MOXXHO paccMaTpMBaTh KaK 0COGBIN Bij 0OpaTMMOro XMMUYEeCKOro Ipoiecca. Ects nBa
MaTeMaTM4ecKxe CTUMYyJIa I MCCIIeJOBaHUS Takux Mopeieil. [lepBbIM 13 HUX ABISETCS HEMHTETPUPYEMOCTh
CIICTEMBI, KOTOPBHIIT yKa3bIBaeT Ha CYII[eCTBOBAaHIE ITI0JI0KUTEIBHBIX 9KCIIOHEHT JIAITyHOBA, KOT/[a CTal{lIOHAPHBIE
pelleHns 3aKauyl MOTyT OBITh JIMHEHO HeycTouuBbIMu. KpoMe Toro, 3111 cTalnmoHapHble peleHns MOTYT ObITh
JIETKO ITOJIYUeHBI aHATIUTIYECKN . UMCIIeHHBI 3KCIIepUMEeHT HauaJbHO-KPaeBoJl 3aJaul I 3TUX MOeIIelt
IToKa3aJ psif II0CJIe JOBATENIbHBIX OM(ypKaLIl IpY yBeINUeHNN IT0Ka3aTes XaOTUUHOCT-9(PeKTIBHOTO
uncio Kuyncena. [lng QMCKpeTHBIX KMHeTYeCKUX ypaBHeHnI-Kapiemana u 'ogynoBa-Cynranrasmusaa fokasaHa
aCUMIITOTUUECKas YCTOMUMBOCTD yCTOMUMBBIX CTALIIOHAPHBIX COCTOSHUIL.

E. B. PagxeBru MHOTOKpAaTHO yYaCTBOBAJ B paboTe MeXIyHApOAHBIX KOH(pepeHIIMII KaK y Hac B CTpaHe,
Tak U 3a pyoexom; ucrnonuurens I'panta POPU N 18-01-00524 u MHMIIMATIBHO HayUHOMCCIIELOBATENIbCKO
paborsr UIIMP-6, Bannpauus u Bepudukarms, N 15-01-03587(PTY MUPSA).

B teuenun nstu ser (2015-2019) E. B. PagkeBuu unran Kypc JeKUUIT U MIPOBOIII CEMIHAPHI 110 KYPCY
«MeToapl MaTeMaTNUECKOI GUBUKM», 110 KYPCY «YpaBHEHNS ¢ YaCTHBIMM IIPOM3BOIHBIMMI» Ha (pakypreTe
¢dyHmamMeHTanpHOI GU3NKO XUMuUeckoi uxkenepuu 8 MI'Y umenu M. B. JlJomoHocoBa.

Inst crymenroB n acnmpanToB E. B. PagkeBnu (coBmectHo ¢ A. Ilarauikum n A. IllamaeBsiM) Bemer
crericeMmnHap «KauecTBeHHBIE CBOIICTBA YPaBHEHUI C YACTHBIMU IIPOM3BOTHBIMII».

IIpounransl crienKypcsl: «IHTerpagpHbIe YpaBHEHN U TEOPEMEBI BIOXKEHIA», K ACUMIITOTIUECKIIE METONBI»,
«KoppekTHOCTD MOzesell MeXaHIKY CILUIOIIHEIX CpeJ] ¥ TePMOOMHAMIKA».

EBrenmem BramumupoBmdeM ITOATOTOBIEHO 7 KAHAMAATOB M OOVH JOKTOP HayK.

Penxomnerus >xypHana «lIpuknagaas matemaruka & Pusmka»
cepaeuHo no3apas/ader Epreansa Baagumuposuyua PagkeBuya
¢ Fo0IIIeeM U JKEJIAeT eMY 340POBbS, JOJITO0JIETHA,

HOBBIX yCIIEXOB VM HAYYHBIX Pe3yIbTaTOB.
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K 75-neturo npodeccopa Anekcanapa Ilaaosuua CosnpgaroBa,

[VIABHBII HAYYHBIN COTPYTHUK PenepaybHOTO MCCiIe[0BaTeIbCKOro nenTpa «MHdopmaTuka u yrpasieHme»
Poccuiickoit akageMun Hayk,
npogeccop MHCTUTYTA IPUKIALHON MaTeMaTuky u apromarusarun, punnan PIBHY «PenepanbHblit HayUHBI
LIEHTP <<Ka6apIH/IHO-Ba.T[KapCKI/H7[ Hay4HBIII HeHTp Poccuiickoil akageMun HayKk», T. Halpumk Be gyt
HayUHBIII COTPYQHUK Kadeaphl MPUKIAJHON MaTeMaTUKY ¥ KOMIIBIOTEPHOTO MOAeJIMpoBaHus, benroponckuit
roCyJapCTBEHHBIN HALVIOHAJILHBIN VICCIEN0BATEIbCKUI YHUBEPCUTET

18 auBaps 2023 ropma ucronHmIocs 75 aet Anekcannapy Ilasaosuuy CongatoBy, JOKTOPY GU3MKO-MaTeMaTH-
YeCKMX HayK, Ipodeccopy, 3aciyXxeHHOMY HesiTento Hayku Poccmiickoit Pemepariny, pycCKOMY yUEHOMY-
MaTeMaTHIKy, CIeMaJINCTy B 00aacTy auddepeHMaIbHbIX YPaBHEHNI ¢ YaCTHBIMY IIPOM3BOIHBIMU U MX
TIPAIIOKEHNIL.

Anexcaunp IlaBnoBuu pomuics B 1948 roxy. B 1965 ropy 3akoHums ¢pusmKo-MaTeMATUYECKYIO IIIKOIY-
unTepHat npu HI'Y, 3atem ¢ ormnmunem HoBocuOupckmit rocyjapcTBeHHbIN YHUBepcuTeT B 1971 r. 1o ceru-
agbHOCTU «MaremMaTuka», B 1975 I. 3aIIUTIII KaHAMOATCKYIO QUCCepTAanNIo B MareMaTueCKOM MHCTUTYTE
AH CCCP um. B. A. CrexnoBa, a B 1979 r. — JOKTOPCKYIO AuMcCCePTalNI0 B MOCKOBCKOM TOCyIapCTBEHHOM
yHuBepcurere uM. M. B. JJomoHOCOBa.

MHormne ropsl 1ccaeg0BaTENbCKYIO NesiTeIbHOCTD B akageMudeckux yupesxaeHusx BII AH CCCP, nosxe —
BIT PAH, BIT ®VI] 1Y PAH, a takxe B IHCTUTYTe IPUKIATHON MaTEMATUKM Y aBTOMATH3aluy — Guimae
®I'BHY ®HI] «Kabapauao-bankapckuit Hayunsiit neHTp PAH», r. Hanpunk Anexcannp [laBnoBudy ycrerHo
coueTaeT C IPeIoAaBaTeIbCKON NesTeIbHOCTHIO.

On npenogasan Bo Bragmmmupckom ITIY, Bosoromckom ITIM, B Hauane 2000-x 3aBegoBas Kadexpoit
MaTeMaTIUeCKOTO aHaIu3a I PyKOBOAWI aboparopueit nuddepeHInanbHbIX U NHTETPaIbHBIX YPaBHEHNII B
Hosropoackom I'Y.

[Ipurnamancs Takke B KaueCcTBe BUSUT-TIpodeccopa B PernoHanbHbI HayuHO-00pa3oBaTeIbHBIIL MaTeMa-
tigeckuit neHtp I0OPY (Pocros-Ha-[lony) (oxT26ph-HeKkadbps 2018 r.).

C 2004 r. paboraer B HIY «Benl'¥Y». B 2006 roxy Asekcaunp IlaBioBud cTas MHUIMATOPOM OTKPBITHS
nmuccepranoHHoro cosera [l 212.015.08 o crrermansrocty 01.01.02 «InddepeHnnanbuble ypaBHEHNS, -
HaMMUecKle CUCTeMBI I ONITHMaIbHOe yIIpaBieHue». Ha manHbIl MoMeHT Anekcannp IlaBioBuu aBisgercs
UJIEHOM aBTOHOMHOTO A¥iccepTalioHHOro coBeTa benl'y.22.01. IuccepTaliiOHHEBIN COBET UTPAeT 3aMETHYIO
POJIb B PasBUTUM HAyUHBIX MCCIETOBAHMIL M IIOATOTOBKE KaJAPOB BBICIIIEN KBATM(UKALIAIL.

C medTeBHOCTBIO COBETa TeCHO cBI3aH MaTtemarmuecknmit cemuaap HUY «Benl'Y», copykoBoguTeneM KOTo-
poro aBngerca Anekcaunap [lasmosiru. Ha cemnuape, B yacTHOCTH, IIPOXOAAT SKCIIEPTU3Y MHOTHE KaHAMIATCKIE
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¥ JOKTOpCcKue auccepTanun. Anexkcanap [IaBioBnd IpMHIMAaET TaKKe aKTUBHOE yUacTye B KOHCYJIbTUPOBAaHNIL,
peLieH3MPOBaHNUM ¥ OIIIOHMPOBAHNN KaHAMIATCKIX M TOKTOPCKIUX JVICCEPTALIVIA.

Anexcaunp [TaBioBny MHOTE FOIBI BO3IUIABIIAI Kadeapy MaTeMarnueckoro aHannsa HIY «Benl'V». B 2016 1.
IIOJ €r0 PYKOBOJCTBOM Ha 0ase MHCTUTYTa MHXEHEPHBIX TEXHOJIOTUII M €CTeCTBEHHBIX HayK GBLIO CO3[aHO
HOBOE CTPYKTypHOe IofpasfeeHne — kabenapa aupdepeHINAIBHBIX YpaBHeHUIL. B 2019 r., myTeM CIIMAHMS C
kadempoi1 ob1ielt MaTeMaTNKY, OHA ITpeobpa3oBaHa B Kadeapy IpMKIaTHON MaTeMaTUKI ¥ KOMIIBIOTEPHOTO
MopnenmpoBaHus. Anexcaunap [laBioBuy ABIsSETCS BeAyIIVIM Hay4YHbII COTPYIHMKOM 3TON Kadeapsl.

OcHOBHBIE HAyYHBIE JOCTIDKEHIIA

IIpodeccopom A. II. ConparoBsim:

« IlocTpoeHa HeTepOBCKas TEOPUS CUHTYJISIPHBIX MHTETPO-(PyHKIMOHATBHBIX yPaBHEHMIA.

« IlonyueHs!r Hanboee OGIIIVIE TEOPEMBI CYILIECTBOBAHNS U €AMHCTBEHHOCTH peltieHns 3anaun OpaHkisa u
00600111€HHOTI 3amaun TpuKoMu I ypaBHEHMII CMELIAHHOIO TUIIA.

« Pa3But mpsmort TeopeTnko-pyHKIMOHAIBHBII IOIX0N K OOIIMM 3JUINIITUYECKUM KpaeBbIM 3a1auam
Ha INIOCKOCTU. B 3TOM HampaBiieHUN M3ydeHbl CMeIIaHHble 1 KOHTaKTHBIE 3aJa4yl IIJIOCKOI Teopuu
YIIPYyTOCTI.

Hrorn I/ICCJIeJIOBaHI/H;I AneKcaana ITaBmoBIMUA U ero HayYIHOﬂ IIKOJIbI ITPVBJIEKJIVI BHUMAHVE€ MAaTEMATIIKOB
KaK B Halemn CTpaHe, TaK I 3a eé npenearamu, HEOJHOKPATHO JOKJIAAbIBAINICH I O6CY}KI[3IH/ICI) Ha pa3jIMIHbIX
MEXAYHApOOHBIX HAYUYHBIX MEPOIIPUATIAX, B TOM UICJIE€ TAKIX KaK:

« International Conference on Differential equations, December 9-12, 2017, Dalat, Vietnam;

« International Conference «Applications of Mathematics in Engineering and Economics» (AMEE’17), June
8-13, 2017, Sozopul, Bulgaria; International Conference on Analysis and Applied Mathematics ICAAM,
2016), September 7-10, 2016, Almaty, Kazakhstan;

+ 3rd International Workshop «Boundary value problems, functional equations and their applications», April
20-23, 2016, Rzesz?ow, Poland;

International Workshop «Wiener-Hopf Method, Toeplitz Operators, and their Applications», November 3-7,
2015, Veracruz, Mexico; un np.

YIeHCTBO B HAYYHBIX O0LIECTBAX
ITpodeccop A.II. ConpmaroB ABIIETCSI WIEHOM CIEAYIOLMX HayUHBIX OOIIIeCTB:

« MOCKOBCKOe MaTeMaTIuecKoe 00IIeCTBO;

« AmepukaHckoe MaTemarmueckoe obmectso (AMS), CIIIA;

+ Hemenxoe maremaruueckoe o61tectBo (GAMM), l'epmanus.
HayuHo-0opraHn3anioHHas NeaTeIbHOCTh

¢ WICH PEAKOJUIETUN XypHaja <<HpI/IK.TIaI[HaH MaTeMaTuKa & @Msvma»,

« uJIeH peaKoJulerny XxypHana «BectHuk CaMapcKOro rocy1apCTBEHHOTO TEXHIMUYECKOTO YHUBEPCUTETA.
Cep. Pusuxo-mMaTeMaTUeCKue HAYKI»,

* WIEeH OPIKOMUTETOB OoJee MecsiTKa BCEPOCCUIICKIUX M MeXAyHapOJHbIX KoH(pepeHIuit B obnactn nudde-
PeHILMAIBHBIX YPaBHEHNII, ypaBHEHMIT B YACTHBIX IIPOM3BOIHBIX M MaTeMaTIUECKOTO MOAEIPOBAHN,
KOTopele mpoxonyuiy Ha ocHoBe Camapckoro I'TY.

+ uJeH aBTOHOMHOTIO AMCCepTalioHHOTo coBeTa benl'y.22.01
« IIpefcefaTeNb quccepranmoHHoro coBera CamI'TY.

Harpapgpl, npeMun, nouéTHbIe 3BaHIA

+ ITouérneit 3HaK «OTianuHMK HapogHoro npocselnenyst PCOCP» (1990) — ormeueHs! 3acuyru AleKcaHapa
[TaBnoBMuUa B KauecTBe IpeaceaTeIeM KIOpM MaTeMaTIUecKIX oJuMIman Bragumupckoit obractu

« 3aciyxeHHBbI fesitenb Hayku Poccuiickoit ®eneparm (2001),

+ IEeVICTBUTENbHBIN wieH MeXIyHapOIHOI aKaieMuy HayK BbICIIell 1kousl (¢ 2001 roma).
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« OpgHOMepHBbIe CHHTYJISIpHbIE OIlepaTopbl 1 KpaeBsle 3agaun teopuu ¢pyukimii / A. I1. ConmaroB. — M. :
Berciu. mk., 1991. — 206.

« Kpaessie 3agaun reopun QyHKIMIT B KycOUHO-IIagkux obnactsax: B 2 u. / A. II. Conpmaros. Tomaucnu: UH-T
npuxi. mareMmatukn um. M. H. Bekya, 1992. 4.1. 260 c., U.2. 273 c.

+ T'unepananuriueckue GyHKUMM U UX IPUIOKeHNS : yuebHoe mocobue / A. I1. Conpmaros ; Pen. ar-Bo 1o
00p., Berropoackuit roc. yu-1. — Benropon : Bexropoackuit I'Y, 2006. — 102 c.; 20 cm.

« CuUHTyIApHBIe NHTErpaJIbHbIE OIlepaTOPhI U 3UIMITUUecKNe Kpaesble 3agaun. I/ A. II. Conmaros. CM®H,
63:1 (2017), 1-189.

Anexcannp ITaBnoBmu sBIsIeTCSI M3BECTHHIM, aKTMBHO pa0OTAIOIUM, CIIEMAINCTOM B obiaactu audde-
PEHIMAIBHBIX YPABHEHNI C YACTHBIMM IIPOM3BOAHBIMY, aBTOPOM Oojiee 300 HayUHBIX CTATE U HECKOIBKIX
moHorpaduit. B padorax A. IT. CongaToBa 110 ypaBHEHNSIM CMEIIAHHOTO TUIIA VMCCIENOBAH DS M3BECTHBIX
KpaeBbIX 3ajay — 00001ieHHas 3agaya TpMKOMU ¢ OTXOOM OT XapakTepucTuku, 3agaya Ppauxms u ap. B
YACTHOCTY, BIIEPBbIE UM OBLJIO CHITO T€OMETPUUECKOE YCIOBIUE Ha SJIIMIITIUECKYIO0 YacTh IPaHMIIBI 00JIaCTI
B TeopeMax eMHCTBEHHOCTH pellleHus 06001enHoit 3agaun Tpukomu n 3agaun Ppankisg. CpaBHUTEIHHO
HemaBHO (1994-1995 rr.) A.Il. ConngaToBbIM IIpeIOKEHBI HOBbIE KOPPEKTHBIE IIOCTAHOBKY CMEIIaHHBIX 3a1a4
119 MoJeJbHOrO ypaBHeHud JlaBpeHTheBa — buiiagse.

B Goxpirom nmkie pabor A. II. CompmaroBa ITOCTpOEHA TEOPUS OTHOMEPHBIX CUHTYJSPHBIX MHTETPO-
(YHKIMOHAIBHBIX OIIEPATOPOB, KOTOPBIE IIIMPOKO BCTPEUAIOTCI B IIPIIIOKEHMSX 1 00BEUHAIOT UEPThI CUHTY-
ssipHOTrO onepaTtopa Ko n oneparopos Bunepa — Xomda. 1u pesysrbTarsl Jeriu B OCHOBY €ro MoHorpadun
«OpHOMepHbIe CUHTYJISPHBIE OIIEPAaTOPHI M KpaeBble 3afaun Teopun GYHKIMII». P BaKHBIX pe3yJIbTaToB I10-
nyuen Anexcanapom [IaBioBnueM B IUIOCKOIL TEOPMUM YIPYTOCTH, Iie MM IIPeIJIOKEH HOBBII CII0CO0 peyKIMu
OCHOBHBIX KPaeBBIX 3a7]a4 K 9KBUBAJIEHTHOI CIICTeMe MHTETPAIbHBIX YPaBHEHNII Ha rpaHulie. V3BeCTHBI Takke
npuknagusle uccaenoBanus A. I1. Conparosa B Teopun GuiIbTpalun 1 IpOrHO3e YPOBHS IPYHTOBBIX BOI. B
9TOM HaIIpaBJIE€HUY OH CBBIIIE AEeCATU JIET YCIIeIIHO COTPYAHMYaeT ¢ IHCTUTYTOM IpUKIANHONM MaTeMaTUKI 1
aBromarusaiuu PAH (r. Hanpunk).

B mocnemuue rogsr A. II. ConpmaTtoBeIM M €ro MHOT'OUMCIEHHBIMM YUEHUKAMM aKTMBHO Pa3BMUBAETCS
TeopeTUKO-QYHKIMOHAIBHBIN IIOAXOM K OOIIMM KpaeBbIM 3aiauaM il SJUIMIITUUECKUX YPABHEHNIT I CUCTEM
Ha IUIOCKOCTM, OCHOBAHHBII Ha pa3paboTaHHOM UM allllaparte rPaHNYHbBIX MHTETPAIBHBIX YPABHEHNI.

Uccnenosanus Anexcanapa [laBnoBuya Bcerga IpuBiieKaloT IIMPOKOe BHUMAaHME CIIEHMATICTOB KaK y Hac
B CTpaHe, TaK U B APYTUX CTpaHaX.

Pepxosrnerusa xypHaia «Ilpukiaagaas maremaruka & ®Pusmka»
cepaedHO Mo3apapaeT Axekcanapa Ilaprosuya CoagaToBa

c robmIeeM M >kejIaeT eMy 340POBbs, JOJII0IeTHA,
HOBBIX YCIIEXOB ¥ HAYYHBIX Pe3yJIbTaTOB.

CI1cox OCHOBHBIX HayUHBIX cTareii A. ¢.-M. H., mpodeccopa A. I1. CoagaToBa
2022 rom:

1. ConparoB A. II. O6 oxHOIT KpaeBoii 3amave NI SJUIMIITIYECKOTO ypaBHEHS UeTBEPTOro IIOpsiaKa Ha
rurockocTy, JKypHai BBIUMCIMTEIFHON MaTeMaTUKy U MareMartuueckoit ¢puauku. 2022. T. 62. Ne 4. C.
616-624.

2. Soldatov A. P. On a boundary problem for a fourth-order elliptic equation on a plane, Computational
Mathematics and Mathematical Physics. 2022. T. 62. Ne 4. C. 599-607.

3. Soldatov A. P. Singular integral operators with a generalized Cauchy kernel, Doklady Mathematics. 2022. T.
105. Ne 2. C. 117-122.

4. ConpgatoB A. I K perreHnto o6paTHOI 3agauy TeOpUM paccessHus Ha Bceit ocu, JAuddepeHimanbable
ypaBHeHnud. 2022. T. 58. Ne 11. C. 1484-1499.

5. ConmaroB AIl CuHryngpHBle MHTeTpalbHbIE OIEpaTOpbl ¢ 0000IeHHBIM aapoM Ko [Jokitambl
Poccwmiickoir akagemnu Hayk. MaTemaTnka, I/IH(bopMaTMKa, npoueccs! ynpasnaeHnusd. 2022. T. 503. Ne 1.
C. 76-82.
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2021 rom:

. Averyanov G. N,, Soldatov A. P. Linear conjugation problem with a triangular matrix coefficient, Journal of

Mathematical Sciences. 2021. T. 257. Ne 1. C. 61-67.

. Kovaleva L. A., Soldatov A. P. Dirichlet problem for functions that are harmonic on a two-dimensional net,

Journal of Mathematical Sciences. 2021. T. 257. Ne 1. C. 41-47.

. Soldatov A. P. Tran Quang Vuong On solutions of the lame system in a flat anisotropic medium, Lobachevskii

Journal of Mathematics. 2021. T. 42. Ne 5. C. 1053-1066.

. OrenbaeB M., ConmaroB A. II. IHTerpanpHble IpeacTaBleHNs BeKTOP-QYHKIMIL, OCHOBaHHBIE Ha IIa-

paMeTpUKCce 3JIMITUYECKUX CHCTEeM IIepBOTO IMopsaka, KypHasl BBIUMCINUTENbHON MaTeMaTUKIU U
maremaTuueckoit pusmkm. 2021. T. 61. Ne 6. C. 967-976.

Otelbaev M., Soldatov A. P. Integral representations of vector functions based on the parametrix of first-order
elliptic systems, Computational Mathematics and Mathematical Physics. 2021. T. 61. Ne 6. C. 964-973.

Conparos A. I1. O6 unTerpane [lomnerw u HEKOTOPBIX ero 06o0eHusnx, Bectank I0xH0-Ypansckoro
rocymapcrBeHHoro yHuBepcureta. Cepust: MateMaTtiyeckoe MofeIpoBaHue U IporpaMMupoBanne. 2021.
T. 14. Ne 1. C. 60-74.

Conparos A. I1. CunrynspHbie MHTeTpaIbHbIe OllepaTopsl ¢ 06001eHHbIM sapoM Komm Ha KycouHo-
IJIafikoM KoHType, Maremarnueckne samerkyu CBOY. 2021. T. 28. Ne 3. C. 70-84.

Soldatov A. P., Rasulov A. B. Generalized Cauchy-Riemann equations with power-law singularities in
coefficients of lower order, B c6opuuxke: Springer Proceedings in Mathematics and Statistics. Cep. "Operator
Theory and Harmonic Analysis, OTHA 2020"2021. C. 535-548.

Mitin S. P., Soldatov A. P. Solution of the Dirichlet problem for the inhomogeneous Lame system with lower
order coefficients, Journal of Mathematical Sciences. 2021.

Conparos A.IL., Yeprosa O. B. 3agaua nnHEITHOTO CONpSKeHNS JI SJITUIITUUECKUX CUCTeM Ha INIOCKOCT,
Wrorn Hayku u texHuku. CoBpeMeHHas MaTeMaTuKa I ee IputokeHus. Temarnueckue 0630pseL. 2021. T.
195. C. 108-117.

Mitin S. P., Soldatov A. P. Bitsadze — Samarski problem for elliptic systems of second order, Azerbaijan
Journal of Mathematics. 2021. T. 11. Ne 1. C. 154-168.

2020 rom:

Soldatov A. P. A factorization problem on a smooth two-dimensional surface, Mathematical Notes. 2020. T.
108. Ne 1-2. C. 272-276.

Soldatov, A. P. Singular Integral Operators and Elliptic Boundary-Value Problems. Part I Journal of
Mathematical Sciences (United States), 2020. T. 245. Ne 6. C. 695-891.

Conpmartos A. II. O ppenrosbmoBocTy U MHAeKCe 06001ménHOIT 3anaun Heiimana, [uddepeHnunanbubre
ypasHeHnd. 2020. T. 56. Ne 2. C. 217-225.

Soldatov A. P., Chernova O.V. Riemann - Hilbert problem for first-order elliptic systems with constant
leading coefficients on the plane, Journal of Mathematical Sciences. 2020. T. 250. Ne 5. C. 811-818.

Conparos A. I1. O6 ogHoit 3agaue pakropmsanu Ha [JIALKOI ABYMEPHOI IOBEPXHOCTH. MaTeMaTuecKme
samerku. 2020. T. 108. Ne 2. C. 285-290.

2019 ron:
Rasulov A. B., Soldatov A. P. Riemann — Hilbert-type problems for Bitsadze equations with strong
singularities in low-order coefficients, 2019, Complex Variables and Elliptic Equations, 64(8), C. 1275-1284.

Soldatov A. P. The Riemann --Hilbert Boundary Value Problem for the Moisil-Theodoresco System, 2019
Journal of Mathematical Sciences (United States) 239(3), C. 381-411.

Zhura N. A, Soldatov A. P. Problem of the Riemann - Hilbert Type for a Hyperbolic System on the Plane,
2019 Differential Equations, 55(6), C. 815-823.
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37.

38.

39.

40.

41.

42.

43.

44.

Mitin S. P, Soldatov A. P. On asymptotics of piecewise analytic functions, 2019 Complex Variables and
Elliptic Equations 64(5), C. 804-815.

Begehr H., Nakhushev A. M., Soldatov A. P. Honoring A. V. Bitsadze’s service to science (on his 100th
birthday), 2019, Complex Variables and Elliptic Equations 64(5), C. 721-735

Soldatov A. P. On elliptic systems of two equations on the plane, 2019, Trends in Mathematics C. 279-301.

Conparos A. II. O 3agaue IBapua mus cucrembl Moncnia — Teogopecko B MHOTOCBSI3HBIX 00JIACTSX,
Continuum. Marematuka. Mudopmarnka. O6pasosanne. 2019. Ne 4 (16). C. 69-75.

2018 rom:

Soldatov A. P. Characteristically closed domains for first order strictly hyperbolic systems in the plane,
Journal of Mathematical Sciences. 2018. T. 232. Ne 4. C. 552-557.

Polunin V. A, Soldatov A. P. Generalized Cauchy integrals on the plane // International Conference on
Analysis and Applied Mathematics, Filomat, Vol. 32, Ne 3 (2018).

Soldatov A. P. On solvability of linear conjugation problem in weighted holder spaces, 2018, AIP Conference
Proceedings.

Soldatov A. P. On the Theory of Anisotropic Flat Elasticity, 2018, Journal of Mathematical Sciences December
2018, Volume 235, Issue 4, P. 484-535 (United States).

Koshanov B., Soldatov A. P. About the generalized Dirichlet -Neumann problem for an elliptic equation of
high order, 2018, AIP Conference Proceedings.

Soldatov A. P. Characteristically Closed Domains for First Order Strictly Hyperbolic Systems in the Plane,
2018, Journal of Mathematical Sciences (United States).

2017 rop;:

Polunin V. A, Soldatov A. P. An analogue of the Schwarz problem for the Moisil - Teodorescu system,
Springer Proceedings in Mathematics & Statistics vol. 216, 173-180 (2017).

Zhura N. A,, Soldatov A. P. A boundary-value problem for a first-order hyperbolic system in a two-
dimensional domain, Izvestiya Mathematics, 2017, 81(3), c. 542-567.

Polunin V. A,, Soldatov A. P. Integral representation of solutions of the Moisil-Theodorescu system in
multiply connected domains, 2017, Doklady Mathematics, 96(1), c. 358-361

2016 rom:

Soldatov A., Rasulov A. Boundary value problem for a generalized Cauchy — Riemann equation with singular
coefficients // Differential equations, 2016, Ne 5, T. 52, cTp. 616—-629.

Soldatov A. Mixed problem of plane orthotropic elasticity in a half-plane //Differential equations, 2016, Ne 6,
T. 52, cTp. 798-812.

Soldatov A., Mesheryakova E. Riemann - Hilbert problem in a family of weighted Holder spaces //Differential
equations 2016, Ne 4, T. 52, cTp. 495-504.

Polunin V. A., Soldatov A. P. The Riemann-Gilbert problem for Moisil-Theodorescu system in multiply
connected domains // Electronic journal of differential equation, Vol. 2016 (2016), No. 310, P. 1-5.

Polunin V. A,, Soldatov A. P. An analogue of the Schwarz problem for the Moisil-Teodorescu system in a
multiply connected domain // Journal of Fundamental and Applied Sciences, 2016, 8(2S), 2989-2995

2015 rop:

Kosanesa JI. A., Conmaros A. I1. 3agaua [{upnxie Ha AByMepHBIX CTPATUGUIIPOBAHHBIX MHOKECTBAX.
U3s. PAH. Cep. marem., 79:1 (2015), 77-114.

Kovaleva L. A., Soldatov A. P. The Dirichlet problem on two-dimensional stratified sets, Izv. Math., 79:1
(2015), 74-108.
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59.

60.

. ABeppsuos I'. H.,, Conpmaros A. II. 3ajaua JIMHETHOTO COIPSDKEHMS IS aHATUTUUECKUX (PYHKLIUIT B
ceMelicTBe BeCOBBIX IIpocTpaHcTB ['énbnepa. M3B. By3oB. MaTtem., 2015, 9, 56-61.

Aver’yanov G. N, Soldatov A. P. Linear conjugation problem for analytic functions in the weighted Ho?lder
spaces, Russian Math. (Iz. VUZ), 59:9 (2015), 47-50.

2014 ron:

Soldatov A. P. Generalized potentials of double layer in plane theory of elasticity, Eurasian mathematical
journal, 2014, V.5, No 2, P. 78-125.

Conparos A. I1. PaspermmmocTs 3amaun [Jupuxiie Ha IByMepHBIX CTPATHGUIIMPOBAHHBIX MHOXECTBAX B
kiaccax Co6onesa W'? u Tenpmepa C#, Mokn. AMAH 2013, T.15,Ne 2, C. 99-107.

2013 ron:

Kypa H. A., Conparos A. I1. K perrennro o6parnoit 3agaun [lItypma — JInysunns Ha Beeit ocn, Joxn. PAH,
2013, 453, 4, C. 386-372.

Conparos A. I1. 3agaua [Jupuxite nuist cabo CBI3aHHBIX SJUIMIITIYECKIX CUCTEM Ha Itockoctn, {uddepeni.
ypaBHeHud, 2013, T. 49, Ne 6, C. 734-745.

Conparos A. II. 3agaua HelimaHa 118 9JIMIITIUECKUX cUCTeM Ha mrockocty, Tpymner lecroit MexmyHa-
ponHoit koH(pepeHMu 110 AUPdepeHIMATPHIM 11 QyHKIMOHANBHO- AN depeHIMATPHbIM YPABHEHUSIM
(Mocksa, 14-21 aBIyCTa, 2011). Yacrs 4, CoBpeMmeHHaa MaTeMaTuka. PyHmaMeHTaIbHbIe HallpaBiIeHus, 48,
PY[IH, M., 2013, 120-133

Soldatov A. P. Mixed problems for the Lavrent’ev— Bitsadze equation Proceedings of the 38th International
Conference Applications of Mathematics in Engineering and Economics, AIP Conf. Proc. 1497, P. 199-204.
doi:http://dx.doi.org/10.1063/1.4766786

Mutus C. IL, Conmatos A. I1. 3agaua dQupuxie qis cucreMsl Jlame ¢ KyCOYHO - ITOCTOSHHBIMU K03ddu-
umreHTaMu, Marepuanbl MeXXAYHAPOLHOI HayuHON KoHepeHun «JuddepeHnnanbHble ypaBHEHNS 1
X IPUMJIOXKEHUA», 26- 31 mas 2013 r., Besiropon, C 124-125.

Murun C. I1., Conpmaros A. IL, 3agaua Jupuxie s cucrems Jlame ¢ KyCOUHO - ITOCTOSHHBIMMI K03 -
uuentamu, Hayunsie Bemomoctu Benl'V, Bexropogn, 2013, T.32, Ne 19(162). C 92-100.

Kogranesa JI. A., Conmaros A. I1. 3agaua [Jupnxie Ha ABYMePHBIX CTPATU(UIIPOBAHHBIX MHOXKECTBAX,
Marepuaisl MeXIyHAPOIHO HayuHOI KoHpepeHunu «uddepeHunarpuble ypaBHEHUS U UX IIPUIIOKE-
HUA», 26-31 mag 2013 r., Besropon, C 88-89.

Kypa H. A., Conpmaros A. II. K perrennto o6patroii 3agaun Illtypma — JInysuisa, Marepuanst MexxayHa-
poxnHoit HayuHOI KoHbepermu «AnddepeHnanpable ypaBHEHNS U MX IPUIOKEHUsI», 26- 31 mas 2013
r., Besrropogn, C 73.

Conparos A. II. O6o61enHas 3agaua Tpukomu s ypaBHeHus JlaBpernTbeBa Buianse B BeCOBbIX IIpo-
crpancrBax l'enpepa, Marematnueckas ¢pusnka i ee nprioxenus, TpeTbs MeXayHapogHasa KOH(epeH s
(Camapa, 27 aBrycra — 1 ceHTs6ps, 2012 r.)Marepuansi koHpeperuuu, C 280-282.

2012 rom:

Conparos A. IL, Yp6anosnu T. M. Xapakrepuctuueckoe CUHTYISIPHOE ypaBHEHNe Ha IIPSIMOIL B MICKIIIOUN-
TEJILHOM CIIyuae C IIPOM3BOJIBHBIMU IIOPAOKAMI HyJIel, B KHure « AHAIMTUYECKIE METObI AHAIM3A U
nudd. yp-umit, AMAIE-2011, moce. lamsaru npod. Kunbaca, nox pexn. Porosnua C.B. - Munck, BI'Y, 2012,
C. 195-206.

ConparoB A. II. MHTerpasnpHble IIpefcTaBlIeHnsa cucTeMsbl Jlame Ha ItockocTy, Marepmansl BTOpOI
MeXXIYHapOIHOI HayuHOI KoHepeHIN « CoBpeMeHHbIe METOABI U MIPOGIeMbI TEOPUY OIIEPATOPOB I
rapMOHMYECKOTO0 aHaJIM3a U UX NPIIIOKeHUA», T. PocTroBe-Ha-[loRy, 22-26 anpens 2012 r., C. 68-70.

Conparos A. II. O 3agauax tumna [upuxite mns ypasHeHnd JlaBpeHTseBa — bunanse, Tpynsr MaTemariue-
ckoro mHCTUTYTa M. B. A. CrekmnoBa, 2012, 1. 278, C. 242-249.
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Soldatov A. P. On Dirichlet type problems for the Lavrent’ev — Bitsadze equation, Proceeding of the Steklov
Institute of Mathematics, 2012, V. 278, P. 233-240.

Kypa H. A., Conpmaros A. I1. O6 acnMITOTNKe KyCOUHO—aHAIUTNUECKOI QyHKIUI, YIOBIETBOPSIOIIE
KOHTaKTHBIM yciroBusiM, CuOmpckuit MmaTeM. xypHai, 2012, T. 53, Ne 5, 1001-1006.

Zhura N. A, Soldatov A. P. On Asymptotics of a Piecewise Analytic Function Satisfying Contact Conditions,
Sib. Mathem. Journal, 2012, 1. 53, Homep 5, 800-804.
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Conpatos A. II. HenokanpHada KpaeBag 3agaua Pumana, Hayunsie Bemomoctu benl'V, 2011, 5, Boim. 22, C.
122-132.
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Teomopecky, Hayunsie Beqomoctu Benl'y, 2011, 5, Beim. 22, C. 106-111.

IMonyuus B. A., Conpmaros A. II. TpexmepHbiit ananor naTerpana tuma Kowwu // [nddepenit. ypapueHus,
2011, T. 47, 3, 2011, C. 366-375.

Polunin V. A,, Soldatov A. P., Three-dimensional analog of the Cauchy type integral, Differential Equations,
2011, Volume 47, Number 3, Pages 363-372.

IMonyuun B. A., Conmatos A. II. O6 mHTerpaJbHOM IIpeACTaBICHUN pelleHNiI cucTteMbl Moncnna —
Teomopecky, Matepuanst Mexxaynaponsoit "[uddepeHunanbHble ypaBHEHNS U CMEKHBIE BOIIPOCHI I10-
cBaIleHHas 110-1etuio co nHa poxxaenus W.IIlerpoBckoro, Mocksa, 29 masi—4 uiong 2011 r., Mocksa,
2011, C. 308-309.

Conparos A. II. O paspemmmocty 3agaun Aupuxie [ JUIMIITIYECKUX CUCTEM Ha IUIOCKOCTH B KJ1acce
C, Tpynst Becepoccuitckoit HayuHOi KOH(pepeHIMY ¢ MeXXIyHapoaHbIM yuactueM "[uddepeHunanbabre
ypaBHeHMd 1 UX ImpuioxeHud 27-30 uionda 2011 r. Crepnuramak, 2011, C. 85-87.

Conpatos A. I1. KpaeBas 3ajaua i ypaBHEHMs CMEILIIAHHOTO THUIIA BBICOKOTO Iopsanaka, Matepuansl VI
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