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Ipuanum Panes mia crpaTnuUIpoBaHHOTO JIATIIACHAHA
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AnHOTamuA. YcTaHABIMBAETCA aHAJIOT IPMHIIIA Pajies, yTBepKaaolero skcTpeMaIbHOe CBOJICTBO IIEPBOTO COOCTBEHHOTO
3HaUeHMs Jlaliacuata Jupuxie, B CUTyaluy, KOria BMeCTO 0ObIUHOrO oneparopa Jlamiaca paccMaTpyBaeTcs JIaIuIaciaH 110
cTparndUIIpPOBaHHON Mepe. PaHee 3TOT BOIIpoc GBI pelI€H AJIA JIallaciaHa Ha OJHOMEPHOM CTPaTH(UIMPOBAaHHOM
MHOKecTBe (reomeTpuueckoM rpade). ITosxe II. A. KyerroBbIM GbLI M3yUeH TakKe CIydall MATKOTO JalljaciaHa Ha
cTpaTudUIIPOBAaHHOM MHOXKeCTBe. 31eCh MbI JaéM pellleHye AV IIPOM3BOIBHOIO CTPATHUIPOBAHHOTIO JIalIachaHa.

KnrouesBsle ciioBa: cTparnduuupoBaHHOEe MHOX€ECTBO, JIaIulacaH, 3afada Jupuxite, npuaunin Pares

Huisa murupoBanust: Omrenkosa C. H., Ilenknun O. M., Hapes C. JI. 2024. Ilpuuimn Pasest qi1st cTpaTudguImpoBaHHOTO
namnacuana. [Tpuknadnas mamemamuka & Pusuxa, 56(3): 175-180.
DOI 10.52575/2687-0959-2024-56-3-175-180

Original Research
Rayleigh Principle for Stratified Laplacian

Sofia N. Oshchepkova! *, Oleg M. Penkin? =, Sergey L. Tsarev?
! Voronezh State University of Engineering Technologies,

19 Revolutsii av., Voronezh, 394036, Russia
osonia@mail.ru
2 Voronezh State University,
1 Universitetskaya sq., Voronezh, 394018, Russia
o.m.penkin@gmail.com, s@tzareff.ru

Abstract. In this paper we give an exact analog of Rayleigh principle for laplacians on stratified sets. Our main result may
be applied for an estimation of the first eigenvalue of stratified laplacian equipped with Dirichlet conditon. Previous results
on this subject were known for one dimensional stratified sets and for a specific laplacian, called soft laplacian, defined on
multidimensional stratified sets. Meanwhile there is a variety of laplacians on stratified sets. Our results are valid for all
stratified laplacians without any restrictions on the dimension.

Keywords: Stratified Set, Laplacian, Dirichlet Problem, Rayleigh Principle

For citation: Oshchepkova S. N., Penkin O. M., Tsarev S. L. 2024. Rayleigh Principle for Stratified Laplacian. Applied
Mathematics & Physics, 56(3): 175-180. (in Russian) DOI 10.52575/2687-0959-2024-56-3-175-180

1. OnmucaHme OCHOBHBIX IIOHATHIL.

1.1. CrpaTuduuupoBaHHOE MHO>XKeCTBO. B onpeneseHnn moHsITHs CTpaTnPUIIPOBAHHOTO MHOKECTBA
MBI B LIEJIOM cllefyeM paGore [1], HO MoguuumpyeM IepBOHAYAIBHOE OIIpefesIeHIe C yUETOM CIen(pIKN
paccMarpuBaeMbIX Hamu 3anad. TpebyeMyro HamMy MOAMUKALII0 MOKHO HaITH Takxe B [2, 3, 4].

MmuosxectBo Q C R” MBI HasbIBaeM cmpamuPuyupoaHHbiM, eCIV OHO CBSI3HO U IBIIETCSI 00beAMHEeHeM
KOHEYHOTO YJCJIa MHOr0o0Gpasuii (cTpar) oy (IepBblil MHAEKC 03HaYaeT pa3sMepHOCTh MHOr0oOpasus, a BTOPOIt
CILY’KUT [UJIS aBTOHOMHOJ HyMepaLuyl CTpaT JaHHO pa3MepHOCTH), MMEIOIINX KOMIIaKTHbIE 3aMbIKaHIS 11
YAOBIIETBOPAIOIINX CIeAYIOIIelT ITape YCIOBMI:

1. IlepeceueHme 3aMbIKAHUIL O j, O] JIIOOBIX CTPAT O j, Opyl, €CJIM OHO HEIIyCTO, SIBJIIeTCS 00beJMHEHNIEM
kj> Oml kjs> Oml
CTpar.

2. I'panuma doyj = oy \ ok j TaKKe ABJIeTCS 00beIMHEHNEeM CTPaT.

© , 2024
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Bcrony mastee crparsl cunrarorces nogmHoroobpasusamu B R”. OgHo 1 T0 jke MHOKXeCTBO () MOXKHO CTpa-
tuduuMpoBaTh MHOrMMU criocobamu. Bo nsbexaHue HeqopasyMeHMiT Mbl OyIeM CUMTATh, YTO HAGOp cTpaT
(o6o3Haunm ero S) pukcuposan. Boiee Toro, cienyer eré 3agarh crocod «cOOpkm» Q u3 aeMeHTOB Habopa
S - oToGpaskeHUE @, OTOKILECTBIAIOIIEE HEKOTOPBIE TPAHUUHBIE CTPATHI PA3IIMUYHBIX cTpaT. Takum o6pasom,
0K CTpaTUUUMPOBAHHBIM MHOXECTBOM CJIeqyeT MoHMMAath Tpoitky {Q, S, ¢}. Tem He MmeHee MBI caMo Q
HaMepeHBbI Ha3bIBaTh CTPATU(UIIMPOBAHHBIM, HE YIIOMIHAS OCTAIBHBIX 3JIEMEHTOB TPOIIKUL.

YenoBus 1, 2 BCTpeUarOTCs P ONIpeNesIeHNN KIeTOYHOro KoMIuTeKca. [IoMIMO HIX HaKJIAABIBAIOTCS EIIé
TpeboBaHuUs Ha oToOpakeHUe ¢. MbI chopMyIMpyeM 3TO yCIIOBME B BUe T€OMETPUUECKOr0 TPeOOBaHMS K
pesyabrary cOOpPKM — MHOKECTBY (2, pacCMaTpMBaeMOMY KaK TOIIOJIOTIUECKOe IIPOCTPAHCTBO C MHAYLIMPOBAHHOI
u3 R" Tomomormeit. A MMeHHO, MBI OTpeGyeM, UTOORI s 10603 Touky X € ox; C £ CyL[eCTBOBAJ LIap
B, (X) ¢ R" u iudppeomopdusm ® : B,(X) — B,(X) Takue, uto 06pas ®(B,(X) N Z) uacTy «KpUBOIL» 3B€3/bI
Z, cocTosIILelt U3 0y ; M MPUMBIKAIUX K Hell (k + 1)-MepHBIX CTpaT, ABngercs o0befuHeHneM k-MepHOTo
urapa (o6pasa ox; N B,(X)) 1 onmparolnmxca Ha HeTo, KaKk Ha AMaMeTPalbHYIO ILIOCKOCTb, (k + 1)-MepHBIX
rosyapuit — o6pasoB og41; N By (X), coorBercrByromux Bcem (k + 1)-MepHBIM cTpaTaM, IPUMBIKAOIIM
K O)j; MBI TOBOPMM, UTO CTPATA Of+1; IIPUMBIKACT K CTPATE Ofj, €CIIU IIOCIETHAS BXOAUT B TPAHMILY IIEPBOIL.
CitenyIommit pUCYHOK WJUTIOCTPUPYET MIPOLECC ITOTO «BBIIPAMIIEHUS».

Ot

Puc. 1. JlokanpHOe BBIIpAMIIEHIE

Fig. 1. Local straightening

Bcrony maiee Q mpenrosaraetcs IpeaCTaBIeHHBIM B Buae o0bequuerus Q = Qg U 9Qp, B KoTopoM Qg —
CBSI3HOE OTKPBITOE ITOJMHOXKeCTBO € (MBI 371eCh I10JIb3YeMCSI YIIOMSIHYTOI BBILLIE MHAYIVIPOBAHHOI TOIIOJIOTHEIT),
COCTaBJIEHHOE U3 CTpaT Habopa S 1 yIOBIETBOPSIOIIIEE PABEHCTBY Qo = Q. MHOXeCTBO Q) SBIETCI AHAIOTOM
BHYTPEHHOCTU HEKOTOPOI 3aMKHYTOI 00y1acT, a pasHocTb 9Qy = Q \ Qg — aHaJIOT rpaHUIlBL; B TOIOIOrUY
MHOX€eCTBO 0Qp HEeICTBUTEIHHO SIBJISETCS TOIIOJIOTMUECKOI IpaHmIell MHOKecTBa Q. OOCyKoaeMbIil fajee
cTpatnuLIMpPOBaHHBII JallIacuaH OyaeT KeilcTBOBaTh Ha QyHKIMM B Ipenenax Qg. PopMalbHO ompeneneHue
MHOXecTBa () He UCKIouaeT ciydas Qo = ( 11, Kak CJIeAICTBIE IIYCTOThI IPaHNI[BI, HO B HACTOsAIIell paboTe MbI
OymeM Ipenrosuararb, 4to 9y # &.

1.2. CrpatTudumuposannas Mepa. Kaxpjas crpara oy j, Kak HogMHOroo6pasue npocrpaacrsa R”, macnenyer
PUMAaHOBY METPUKY, a ¢ Hell 1 Mepy JleGera ji ;. 13 31X Mep MBI CKOHCTPYMPYEM CTPaTU(ULIMPOBAHHYIO MEPY
MU, OIIpeqeNds eé Ha M3MepUMBbIX IIOAMHOXKECTBaxX & C Q dopMyiroit

p(@) = > k),

O'kjES

rie wij = @ N ok;. IIpu 9T0M MHOXKeCTBO @ C  HA30BEM [I-UIMEPUMDBLM, €CIIN Ka)K[oe MepecedeHne wy;
M3MePIMO B CMBICIIe k-MepHOII Mepsl JleGera Ha o ;. HeTpyHO 3aMeTnTs, UT0 MHOKeCTBO M BCeX [i-M3MepuMbIX
MHOXXECTB SIBJIsIeTCs o-airedpoit Ha Q. Uamepumocts ¢pyHkuuu f : Q — R omnpepensercs crangaptHo: f
ABNSAETCA [I-M3MEePIMOIt, eciy e6erossl MHOKecTBa Lr(c) = {X € Q: f(X) < c} npunamrexar M npu Beex
¢ € R. HerpynHo 3aMeTuTts, uto uHTerpan Jebera y-nsmepnmont GyHKUUY 10 [-U3MEPUMOMY MHOXKECTBY @

CBOOUTCA K CYMMeE
/ fdp= Z / fdp.

w o’kjEkaj

B mpaBoii uacTy paBeHCTBa BMECTO d i, CTPOTrO FOBOPS, CIeI0BANIO GBI IICATh d ik j; OHAKO HaM YHXOOHO OIIyCKaTh
MHAEKCHI, eCIIV TOJIBKO 3TO He MO)KET BBI3BaTh HeOpa3yMeHMII.

>
1.3. luBepreHnusa M Jamiacual. BekropHoe mose F B mpocTtpaHcTBe R” Ha3bIBaeTCs KacamenrbHbiM K
-
Qo, ecaut st 106031 CTPATHI 0k C Qo 1 10601 Touky X € ok ; Bekrop F(X) mpuHammexuT KxacareapHOMY, B
o6pruHOM AuddepeHIMaTbHO-TeOMETPIIECKOM CMEICIIE, IIPOCTPAHCTBY Tx 0% .
O6o3nauenne C' () MpUMeHseTCS K IPOCTPAHCTBY KacaTeIbHBIX BEKTOPHBIX moJeit F Ha Qq, cykenud F|y,,
KOTOPBIX Ha K&)XXAYI0 BHYTPEHHIOIO CTPATy 0f; C 2y HenpepbIBHO AuddepeHupyeMbl I MMEIOT HeIIpephIBHOE
IIPOJOJDKEHNE B KAXK/IYIO TOUKY JIF000I IPMMBIKAIOIIIEe)l BHYTPEHHEIL, T. €. JIeKaIell B (g, CTPAThI Ha eUHUIY
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-
MeHblIIIel pasMepHocTi. HermpeprrBHOCTS o F B 1estoM Ha () He Ipeqronaraercd. [lociieqHee o3Havaer, 4To
KacaTeJbHOe BeKTopHoe rojte u3 C1(€)y) sBiseT coboit Habop He3aBUCUMBIX Toeit knacca C! B KOMMUECTBe,
PaBHOM KOJIMYECTBY CTpaT B €.

HuBepreHums KacaTeJIbHOI'0O BEKTOPHOro 1ojs F € CI(QO) B Touke X € oy; C Qg 3aaércs paBeHCTBOM

V.F(X) = Ve F(X) + Z F(X+0-7) -7, (1)

Ok+1i > Okj

rje CyMMMpOBaHMe IIPOBOAMUTCA IO BceM (K + 1)-MepHBIM CTPaTaM Ok.1;, IPUMBIKAIOIIIM K Ok, (3ammchk
Ok+1i > Of;j TIOJ 3HAKOM CyMMBI BhIpakaeT (akT 3Toro npumbikanus). CuMsoin Vi B IIpaBoif uacTu 0603HauaeT

oreparop oObIYHOII k-MepHOJI AMBepreHINN, IPYMEHEHHOI K Cy)XeHuIo F Ha cTpary o, V; — eqUHIYHas
BHYTPEHHA HOPMAJb K Ok; B TouKe X, HaIlpaBJIeHHAsd BHYTPb Ok.41; 10 KACATEIBHOI K Of41; (CM. CIIeyIOIIIIA

pucyHok), a F(X +0 - ;) — npegen F(Y) mpu Y € 0j4q;, cTpeMsitieMcs K X M3HYTPU CTPATBI Ok41; > Ofj BAOIb
HEIIPEPBIBHON KPUBOIL.

k+1i

Puc. 2. K onpeneneHnio nuBepreHIumn
Fig. 2. Toward the definition of divergence

CymrecTBoBaHNE TaKNX IIPEIEJIOB MOKHO IOTPeOOBATh I B CIydae, KOT/la Ok; — TPAHIYHAS CTPATa, & Ok41j —
BHYTPEHHS; MHOXECTBO BEKTOPHBIX ITOJIEI 113 51(90), 061aJaroImX TaKUM CBOICTBOM 0003HAUAETCsI 51(9).
Cpasy He BMIHO, YTO OIpefesIéHHAd HAMI QWBEPTEeHIVA IBIAETCA TOUHBIM aHAJIOTOM KIJIACCIUECKOI, HO
MO’KHO I10Ka3aTh, uto V - F (X), xaKk u B OOBIYHOJ CUTYAI(MI, SIBISETCS INIOTHOCTHIO IIOTOKA BEKTOPHOTO I10JIS B
TOuKe X, OTHECEHHOII K CTPATU(UIIPOBAHHOI Mepe [, OTIpeesIEHHOI B IIpeapIayiieM myHkre. [lonpobuee 06
sToM cM. [2].

IIpnMepoM KacaTelbHOTO0 BEKTOPHOTO IIOJIS SBIISETCS IPAfMEeHT VU CKaIIpHOM (QyHKIMM U, Cy)KeHue
KOTOPOII Ha Ka)XAyI0 BHYTPEHHIOIO CTPaTy HeIllpepbIBHO Auddepenipyemo. B atom cayuae Vu npencrasisger
co6oit mpocTo HabOp rpamyeHToB 9TNX CyxeHuit. Ecau Vu € ct (Q) (MHOXECTBO TaKux QYHKIMIT 0603HAUNM
gepes C?(Qy)), To omeparop Au = V - (Vu) ecTecTBeHHO Ha3BaTh CTPATUOUIIMPOBAHHEIM Jamnacuanom. Tak
ollpeeIéHHBIN JIallJIaCaH YacTO Ha3bIBAIOT «KECTKMM». MOKHO TakKe OIpefeluTsh 6ojee 00N aHAIOT
oneparopa Jlarutaca V - (pVu), rie p — Tak Ha3bpiBaeMast CTpaTuuumMpoBaHHas KOHCTAHTa, KOTOpAst Ha KaXO1
cTpare TOKIECTBEHHO paBHa nubo exuHuIe, 1160 Hyo. [Ipy sToM Bcerpa mpemmosaraercs, uto p = 1 Ha Bcex
CBOBOMHEIX CTpATaX; CTPATa Ok j CBOOOMIHA, €CIIM OHA He IIPUMBIKAeT HM K KaKoJl cTpare 60JIbIIell pa3MepHOCTH
(B aTOM CITyuae oHa, OUEBUIHO, BHYTpeHHAH, 0k; C o). IIpu aTom, ecnm Ha ocranbHEIX cTpartax p = 0, TO
COOTBETCTBYIOIUUIT CTPATU(PUIMPOBAHHBII JIATUIACHAH HAa3bIBAe€TCSI MATKUM. B maHHOI paboTe OCHOBHOII
pe3yabraT MbI OyQeM HOKa3bIBaTh B IIPEAIIONOKEHNY, UTO JIATUIACHAH SIBISIETCS KECTKUM (p = 1 Ha Bcex
BHYTPEHHNX CTpaTax), HO HAIIM PacCy>KIeHMs IPUMEHUMBbI KO BCeM CTpaTU(PUIMPOBAHHBIM JAIlJIacCaHAM
TPOMEsKYTOUHBIM MeTy MATKIM 1 skecTkuM. Oymkmmm kmacca C2(€)), yoBreTBopsionme ypapHeHmo Au = 0,
OymeM Ha3bIBATh 2APMOHUUECKUMU.

1.4. UHTerpaspHbIe TOXKAECTBA. 311€Ch MIPUBOIATCA AHAJIOTY KJIACCUUECKUX MHTETPATbHBIX TOXK/IECTB,
UTPAOILMX PELIAIOIIYI0 POJIb B HAIIMX paccMoTpeHnsx. Cilemyoiiee yTBEpKIeHIIE IBISETCA aHAJIOTOM TEOPEMBI
Taycca — OCTpOrpagcKoro mim, Kak 4acTo TOBOPSIT, TEOPEMBI O AMBEPTEHLINIL.

Teopema 1 (o guBeprennyu). [Iycmp Fe él(Q), mozoa

(F),du=— [ V-Fdp. )
29 Qo

o
30ecw (F), — cymMMa, ananozuuHas 6Mopomy CiiazaeMomy 6 onpedesieHul OUGepeeHyuL:

(B = > FX+0-7) -7

Ok+1i > Okj
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HO CYMMUDPOGAHUE Menepb PACNPOCMPAHIEMC MOTLKO HA CIPAMbL Okp1; C Qo; NOOUEPKHEM, UMO celiuac oy —
2PAHUYUHAS CIMPAMA, NOIMOMY HEKOMOpbie U3 NPUMBIKAUUX K Hell CMPAM Ojq; > Oj MOJNE MOZYM 0KA3ambvCs
2PAHUUHBIMU. SHAK «MUHYC» 6 Popmyite (2) c653aH ¢ mem, Umo 6clo0y Mbl NOJIb3YEMCS HYMPEHHUMU HOPMATIIMU.

[oka3aTerbcTBO 3TOiT TeopeMbl uMeercss B Kuure [2]. Eciu mbr monoxum B dopmyie (2) F = oVu,
rme u € C?(Q) (taxk MbI 6ymeM 0603HAUATh MHOKECTBO Takux QyHKuuit u € C2(Qy), uro Vu € C1(Q)), a
v € CH{(Qp) N C(Q), To monmyunm cTpaTubUIMPOBAHHBII aHAJOT TepBoit Gopmynsl [puHa:

/z)Audy+/Vv~Vudp=—/v(Vu)vdy. (3)

Qp Qo Qg

2. lIpunnun Panes puia mannacuana Ha crpatudUIIMPOBaHHOM MHOYKeCTBe. B aT0M pasnene mMbl
IIPMBOLVIM OCHOBHOI pe3ysbTar paboThl, IBISIOLIIMIICS aHAJIOTOM IIPUHIIIA Pajesi, yTBepsKIaoIero, uTo
IlepBoe cOOCTBEHHOE 3HaueHue Ay B 3aaue Ha COOCTBEHHbIE 3HAUEHS:

Au+Au=0, (4)
U]y, =0 )
yI[OBJIeTBOpHeT COOTHOILIEHUIO
[ 1Vul?
Qq
Ao = inf ————— 6
o= Inf I (6)
Qo

B IIPEATIOJIOKEHNI, YTO TaKoe COBCTBEHHOE 3HAUEHIIE CYLIECTBYET M €My COOTBETCTBYET COGCTBEHHAS (YHKINI,
coxpaHsIoIIas 3HaK B obmactu Qg; MHOKecTBO U cocrout u3 pyHKumit Kracca C', o6palaonxcs B HyJIb
Ha TpaHuie. B maHHOI paboTe MbI IPMMeM 9TU yCIOBHUS B KauecTBe TPeGOBaHIMIL, ITOCKOIBKY BOIIPOC 00 MX
BBIITOJIHMMOCTH B CJIyuae JIallIaciaHa Ha cTpaTu(UIMPOBAHHOM MHOXeCTBe BeCbMa HeTpUBHaleH. B KoHIle
CTaTb) MBI IIPUBEAEM HEKOTOpbIe KOMMEHTAPUM Ha 9TOT CUET.

OGosuaunm uepes C; (Q) muOKecTBO PyHKImMiT 13 C' (Q), 06paILarIUXCs B HyIb B HEKOTOPOIT OKPECTHOCTI
rpaHmIel ); 9Ta OKPECTHOCTH CBOS I Kakpoit ¢pyHkiyu. Ha sTom MHOkecTBe hopma

(u,v) = / Vu - Vody
Qo
obyiazaet BceMM CBOVICTBAMY CKAJSIPHOTO Ipon3BeqeHus1. [lomonHeHMe IpoCcTpaHCTBa Cé (Q) mo HoOpM™e ||u|| =

o
V/(u, u) sBnseTcs anamorom mpocrpanctsa CoGonesa 1 o6osHauaercs Hy(Q).
Teopema 2. I[Tycmv Ay — nepeoe cobcmeenHoe 3nauenue 6 3adaue (4), (5), a coomgemcmeyuyas emy coocmeeHHas
PYyHKYUA Uy nostoNcumenvha 6 g, mozda umeem Mecmo HepaseHcmao

f |Vul?
0

Q
Qo

™)

e}
ons écex gynkyuii u u3 knacca Hy(Q), He 00pawarousuxcs mosidecmeeHHO 6 HYIb.
Hoka3aTenbcTBO. B HalleMm oKasaTenbcTBe MBI CllenyeM upee, U31okeHHoll B [5]. Ilpexkne Bcero, samerum,

o
uto B cyury mrorHocty Cp (Q) B Hy(Q), KOCTaTOUHO OKA3aTh, YTO HEPABEHCTBO (7) BBIIIOMHSETCS Ha MHOKECTBE
dynxumit us Cy(Q). JIrobyro Takyro GyHKINIO MOXKHO IIPe/ICTAaBUTE B BUAE U = quig, T7ie ¢ HeIpephIBHA Ha Q, a
Uy — ynomsaHyTas cobcTBeHHas ¢pyHKIm. Mmeem:

/ (1Vul? = Aou) dys = / (1Y (quo) ? = AotoqPuo) .
Qo Qo

IMocnemuuit MHTErpal, ¢ yuéToM ypaBHeHNs (4), mpeobpasyeTcs K BULY

‘/ué|Vq|2 dy+/q2u0Auo du+/(q2|Vu0|2 +2quoVq - Vug) dp. (8)
Q Q Q

IMocnemHuit MHTErpal npeobpasyeM K BUAY

/ Vuto (¢ Vitp +2quoVq) dy = / Vato (Vo + oVg?) dp = / Vuo - V(quo)) d.
Qo Q Qo
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C yuérom aroro, cymMa (8) 0KaspIBaeTCsS PaBHOII

/ ul|Vql* du + / qPuoAug dp + / Vuo - V(q*uo)) dp.

Qo Qo Qo

CyMMa MocieHUX ABYX CJIaraeMbIX B cuty GopMyJbl (3), B KOTOPOII ciefyeT TOMOKUTb 0 = G ug, U = U,
peobpasyroTcs K BULY

/ qAuoAug dy + / Vuo - V(quy)) dp = —/ q*uo(Vug), dp.

Qo Qo Q)

SaMeTI/IM, YTO B CIIIY YCIIOBUA (5) HOC.T[eI[HI/If/I JHTETpaJI paB€H HYJIO. TeMm caMbIM Bce HaIIIlL BBIKJIAOKI MBI
MOKEM pPE3IOMIIPOBATDh CIEAYIOIINM PaBEHCTBOM

Jawup -0y au= [ uiivgr au )
Qo

Qo

OTKy[a ciiefyer TpedyemMoe HepaBeHCTBO (7). [ ]

3ameuanmue 1. /I3 qoxa3aHHOTO HaMU YTBEPKIEHNS CIEIYET, YTO IIPY CAEJTAHHBIX IIPEAIIOI0KEHNIX O
CYILIECTBOBAHUM ITOJIOXKUTENBHO COOCTBEHHOI (QYHKII, OTBEUAOLIEN I0JI0KUTEIFHOMY COOCTBEHHOMY
3HAUEeHMIO Ay, BBIIIOJIHsETCS HepaBeHCTBO [lyaHkape

/u2 duSC/|Vu|2 dp.
Qo

Q

Bompoc o HepaseHcTBe [Iyanxkape (a Taxxe CoboseBa) Ha cTpaTuGUIMPOBAHHOM MHOXECTBE XOPOILIO M3yUeH
(cm., HantpuMmep, [3, 4, 6]). 9TO HEpaBEHCTBO BBIITOIHIETCS JIMIIb IIPY YCIOBUM TaK Ha3bIBA€MOIL IIPOUHOCTY
cTpaTuUIPOBAHHOTO MHOXeCTBa. [IpocTeinit TUII T0{0GHOTO0 YCIOBUS COCTOUT B TOM, UTO K&XKIYIO CTPATy U3
Qo MOXHO COeVMHUTD CBI3HOI IIEIIOUKOI CTpaT 13 g ¢ HEKOTOPOI IPAaHMYHON CTPATOM TaK, YTO Pa3MEPHOCTI
COCeHUX CTpaT LENOUYKM OTIMUaroTca Ha eAuHMIly. [losroMy ycioBme CylieCTBOBaHMS ITOJOKUTENIbHOIN
coOCTBEeHHOI QYHKI[MH, OTBEUAIOLIell II0JI0KIUTeIBHOMY COOCTBEHHOMY 3HAUEHNIO, HAKJIabIBAaeT OrpaHIUeHIS
Ha TeOMEeTpUUYECKOe YCTPOVICTBO CTPATU(IUIIMPOBAHHOIO MHOXKeCTBa. [Io-BMAMMOMY, YIIOMSHYTOV Hamm
IIPOYHOCTY HOCTATOYHO IS CYIIeCTBOBAHVS COOCTBEHHOTO 3HAUEHMS M COOCTBEHHOM QYHKIMY C HYKHBIMNI
HaM CBOJICTBaMI, HO ITIOKa HaM 3TO He yAaJIoCh CTPOro 000CHOBATb.

3ameuanne 2. MO)XHO [10Ka3aTh, YTO IIPY YCIOBUY IIPOUHOCTHI CTPATU(OUUUPOBAHHOIO MHOXeCTBA COb-

o
CTBeHHas PyHKIUSA U € H(l)(Q), a IIOTOMY B IIpMBEJE€HHBIX BBIIIIE BBIKJIAKaX B KaueCTBe U MOXHO B3ITb U,
COOTBETCTBYIOLIee g Torna OymeT paBHo emuuuie. Torma us (9) mosyunrcs, 4To

[ [Vu|?

Qo

do= ——
e
Qo

Bxymne ¢ HepaBeHCTBOM (7) 9TO MPUBOAUT K KJIACCUUECKOi GopMynupoBKe npunuuna Panes (6). UmenHo B
TaKOIl, TPAAMUIIMIOHHON dopMe, IPpMHINI Pajes B ciyduae OMHOMEPHBIX CTPATU(PUIINIPOBAHHBIX MHOXECTB
(reomerpuueckux rpadax) 6511 mosyueH B padore [6].
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OpurunanpHOE UCCIeTOBaHME

O muddepeHIIaTBEHOM HEPpaBEHCTBE AJISI HESIBHOI YIIPaBJISIEMON CHCTEMBI

Ceposa I1. [I.
(Cmamus npedcmasnena unenom pedakyuonnot komnezuu O. M. ITenkuHbim)

Tam6oBckuil rocynapcTBeHHbI yHUBepcuTeT umenn I'. P. [lepxaBuHa,
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AnHoTamus. B craTbe uccienyercs HesiBHas nuddepeHInanbHas yIIpaBigeMas CICTeMa, OIIChIBaeMast He Pas3pelle HHbIMII
OTHOCHUTEJIPHO IIPOM3BOIHOI AnddepeHInaIbHbIMY YPaBHEHNAMM IIEPBOTo MOpAnKa. IloydeHs! yclIoBUA CyIecTBOBAHMA
U1 OIIEHKIY PeIeHNI1 B Bijie TeopeM o JuddepeHIaIbHbIX HepaBeHCTBAX THIIA TeopeMbl YaIuisryHa. VIcIons3yoTes MeTob
TEOpMM MHOTO3HAUHBIX OTOOPKEHIIT B YACTUUHO YIOPATOUCHHBIX IIPOCTPAHCTBAX U paHee IOoJMydeHHbIe aBTOPOM Pe3yIIb-
TaThl O HeABHBIX MU depeHIMaIbHbIX BKIIOUeHNAX. B IepBoil 4acTi paboThl IPUBOAUTCH YTBEP)KAEHNE O Pa3peIlNMOCTI B
YACTMYHO YIOPATOUSHHOM IIPOCTPAHCTBE OMEPATOPHOTO BKIIOUEHINS, IIOPOKAaeMOr0 MHOTO3HAUHBIM 0TOOpaXKeHeM ABYX
apryMeHTOB, 110 OJIHOMY 13 KOTOPBIX OHO HAaKpLIBAIOIIlEE, a II0 APYTOMY — aHTUTOHHOE. YTBepK/IeHIe IMEeeT BIU TeOpPeMbI
CpPaBHEHI C pellleH/eM COOTBETCTBYIOILIETO OIIEPATOPHOTO HepaBeHCTBA. Bo BTopoit yacTyt paboThI paccMaTpuBaeTcsa Kpaepas
3a/1aya JJIs1 CUCTeMbI HesIBHBIX Au(depeHIMaNIbHbIX BKI0UeHMIT. IIpMBORATCS YCIO0BMS paspelunMocTy (B K1acce abCOMIOTHO
HeIIpepBIBHBIX (QYHKINIT), OLIEHKU PELIeHMII, YCIOBUS CYLIIeCTBOBAHMS PellleHNs ¢ HayMeHblIIeil IPOM3BOAHOIL. B TpeTbeit
OCHOBHOIJI YaCTH C MICTIOTb30BaHNEM IIPUBEIEHHBIX BO BTOPOJ YaCTV Pe3yIbTAaTOB MCCIEAYeTCsS ABYXTOUeUHas KpaeBas
3ajlaya JUI HesABHOI AuddepeHIaabHOM yIpaBIaeMoli cucTeMbl. TpaeKTopus mpejnosaraercs aGCOMOTHO HENPEPHIBHOI,
yIpaBiieHre — U3MepUMBIM. IlosyueHs! ycIoB1Ma pa3peIMOoCTy, OLIeHKH pellleHNIl, yCI0BMA CYLeCTBOBaHMSA PellIeHNs C
HaMMEHBIINM YIIpaBJIeHNeM I C TpaeKTOpIell, MIMeoIell HaMeHbIITYI0 IIPOM3BOTHYIO.

KiroueBble clIOBa: yIpaBisfeMas CUCTeMa, HessBHOe TuddepeHnMansHoe ypaBHeHe, KpaeBas 3alaua, CyIleCTBOBaHIE 1
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1. Beegenne. HesiBHbIe, TO eCTh He paspelleHHbIe OTHOCUTENBHO CTApIIIell IIPOM3BOLHON, ypaBHEHIS LIIIPO-
KO JICITOJIB3YIOTCSI B Pa3IMUHBIX pasfesiaX MaTeMaT/KIL Y B IPUJIOKEHMAX. B 4aCTHOCTH, TaKMMY YpaBHEHUSIMMN
OIMCHIBAETCS AVHAMIKA HEKOTOPBIX HETOJIOHOMHBIX MeXaHIUecKux cucreM (cM. [1]), smexTprueckux Komneba-
TeJIBHBIX KOHTYPOB (CM. [2, c. 145, 148.]), 2JIeKTpOMAarHUTHBIX II0JIell B XOJIOJHOI aHM30TPOIIHOI IIIasMe (CM.
[3]), mpoueccoB TepMogUMHAMUKY U APYTHUX. IS McCileqoBaHMs HeIBHBIX N depeHIMANbHBIX YPABHEHUIT IIPU
HAJIMYIY IApaMeTPOB (B UaCTHOCTY, yIIPABIIEHNIT) MOXHO JICIIOJIb30BATh OCHOBAaHHEII Ha JleMMe Punnnosa 06
M3MepuMOM BbIGOpe (cM. 1. 1.5.2. [4]) MeTOX IOICTAHOBKM B ypaBHEHIE MHOYKECTBA BO3MOKHBIX IIAPAMETPOB,
CBOMSLIMIL YpaBHEHNE K BKIIOUEHII0. BO3MOKHOCTD IIpMMEHEHNS TAKOTO II0AX0/a OTKPBIBAIOT PE3YJIbTAThI O
CYLLIECTBOBAHMIN, OL[EHKAaX ¥ CBOJICTBAX pelleHMIT HessBHBIX A1 depeHIMaNbHbIX BKIIOUEHMIT, [I0TyYeHHBIE B
HemaBHUX paboTax [5, 6, 7].

B crarpe nccienyercs kpaesas 3afaua i HessBHOM A pepeHIaIbHOI YIIPABIIEMOI CUCTEMBL, ONMCHIBA-
eMasi He paspelleHHBIMI OTHOCUTENBHO IIPOM3BONHON quddepeHnmManbHbIMI YpaBHEHNSIMI IIEPBOTO ITOPSIKA.
C ucnonp3oBanmeM JeMMbl Punnmmosa 06 M3MepuMOM BEIOOPE IIOCTPOEHa aCCOIIPOBaHHAS CHCTEMAa HeSIBHBIX
nuddepeHIMANTBHBIX BKIIOUEHMIT, 11 KOTOPOIT MICCIeAyeTCsS COOTBETCTBYIOLas KpaeBas 3agaya. Takoit IIomxox
ITO3BOJINJ B HACTOSIIIIEI CTaThe MIOIYYUTh YCIOBUS CYIeCTBOBAHNS I OLIEHKH PeIleHUIT MCXOJHOII YIIpaBIgeMoil
CHCTEMBI B BULe TeopeM 0 AupdepeHIanbHbIX HEPABEHCTBAX TUIIA TeopeMbl Yarursirusa [8].

OrMmeTnM, UTO pacpoCTpaHEHMIO U 0000IIeHII0 TeopeMbl YaIlIbIriHa Ha CCTeMbl myipdepeHIMaIbHbIX
U1 MHTETPaJIbHBIX YpaBHEHNIT, QyHKIMOHAIBHO-AUdepeHIMaTbHIX YpaBHEeHNIT HaunHasi ¢ 50-x rogoB XX
BeKa IIOCBSIIIeHbI MHOTOUNCIICHHbIe ITyOIMKauu (CM., HarpuMep, MoHorpaduio [9]). OgHako [iid HesIBHBIX
ypaBHEHUII, BKIIIOUEHNIT I YIIPABJSIEMBIX CUCTEM IIOXOOHBIE Pe3yIIbTaThl II0Ka (PparMeHTapHbI (OTMETIM CTaThy

[10, 18, 20]).

2. OnepaTopHOe BKIIIOUEHIE B YACTIYHO YIOPSIAOUYeHHOM IIPOCTpaHcTBe. HamoMHNM onpeneneHns
JICIIOJIb3yeMBIX HIDKe IIPOCTEMINNX ITIOHITU TeOPUN YACTIUHO YIIOPSATOUEHHBIX IIPOCTPAHCTB.

O6o3naunm X = (X, <) — UaCTUUHO YIIOPAOUEHHOE IPOCTPAHCTBO. MHOKecTBO S C X HA3BIBAIOT Yenbio,
€CJIV IS JTEIOOBIX €T0 ABYX 3JIEMEHTOB U, W € S BBIIIOJIHEHO 0 < W MU W < 0.

OneMeHT 0 MHOKecTBa Xy C X HaA3BIBAIOT MUHUMAIbHbIM B X, €CIIM [JI 100010 0 € X), 0 # 0, BHIIIOJIHEHO
v £ 0. DnmeMeHT 0 € Xy Ha3bIBAIOT HAUMEHbUIUM B 9TOM MHOYKECTBE, €CJIN IS JII000T0 0 € Xg, 0 # U, BBIIIOJIHEHO
0 < v. AHAJIOTMYHO OIIPeNesIAI0TC MAaKCUMAIbHBIN 11 HarOOIbIINII 3JIeMeHThI MHOKecTBa Xy C X.

Ecan Bo muoxxectBe X C X CyllecTByeT Takoll 3jJeMeHT w € X, 4yTo w < X Ipm JoboMm x € X,
TO 3TO MHOXXECTBO HAa3BIBAIOT 0ZPAHUUEHHbLIM CHU3), a 3JeMEeHT W — ero HIDKHel rpanwuieir. HipkHIo
TPaHULy W MHOXeCTBa X) HA3bIBAIOT UHPUMYMOM, €CIU W > W MJIS JI00OM €ro HVGKHEN TPaHUIbI W.
AHaJOTYHO OIIpeAesIII0TCA TOHATUS OTPAaHMYEHHOTO CBEPXY MHOXECTBA, er0 BepXHell IPaHuIIbl, CyIIpeMyMa.
YacTIYHO YIIOpsAOUEeHHOE IIPOCTPAHCTBO Ha3bIBAETCS HUMICHEL NOJIypeulemKot, eCIIU ero JI000e JBYX3JeMeHTHOe
MHOXXECTBO MMeeT MHPUMYM, U 6epXHeli noTypeulemkotl, eciiu JII000e IBYX3JeMeHTHOe MHOXECTBO MMeeT
cynpemyM. IIpocTpaHcTBO, ABIAOIIEeCT Y HYDKHEI, U BepXHE IT0JIypelIeTKO, Ha3bIBalOT peulemKoi.

[ycTth 3ajaHbl YacTUUHO yHopsgodeHusie npocrpanctsa X = (X, <) n Y = (Y, <). [lng sanemeHnToB v, w € X
1 MHOKecTBa Xy C X 0003HaUUM

Ox(w) = {xeX: x <w), Ox(Xp) = U Ox(w), [o,wlxy ={xeX:v=<x<w}
YweX

Paccmorpum MHOrosHauHoe otrobpakenye F : X 3 Y, 1o ecTh oTOOpaskeHMe, COIIOCTABIISIONIee KAKIOMY
aneMeHnty x € X Helrycroe MHO)KecTBO F(x) C Y.

Hanomunm, uro orobpakenne F : X =3 Y Ha3bIBAIOT aHMumMoHHviM (U30mMOHHbIM) Ha MHOKeCTBe Xy C X,
ect st T00BIX v, w € X TaKux, uto w < v, 1 1isd Jrboro y € F(v) cymecrsyer z € F(w), yOOBIETBOPSIOIINIT
HEPABEHCTBY 2z > Y (COOTBETCTBEHHO, z <X ). AHTUTOHHOE (430MOoHHOe) Ha BceM X OTOOpaskeHue Ha3bIBAOT
AHMUMOHHBIM (U30MOHHBLM).

Onpepnenenue 1.1 [13]. Omobpancenue F : X =3 Y 6ydem Hazvieamb ynopsooueHHO HAKPbLEAUWUM MHONCECTNEO
Yy C Y, ecnu onsg mo6020 v € X 6binonHeHo

Oy(F(v)) N Y, € F(Ox(v)). 1)

3amernm, 4TO eciu Yy — OJHO3IEMEHTHOE MHOKECTBO, Yy = {y}, To BKi1oueHMe (1) paBHOCIIIBHO MMILINKA-
107078

Yo € X y € Oy(F(v)) = yeF(Ox(v)).
IIpu 3amaHHOM J € Y pacCMOTPUM BKJIIOUEHE
y € F(x) (2
OTHOCUTENbHO HemsBecTHOTo X € X. Bymem npenmonarars, uto F : X = Y mpencraBumo B Bume

F(x) = ®(x,x), Vx € X,
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rie orobpaxenue ® : X? =3 Y 1mo omHOMY apryMeHTy 06J1afaeT CBOICTBOM YIIOPSAMOYEHHOTO HAKPHIBAHNA, a
o Apyromy — aHTUTOHHOCTH. [To oTo6paxenio ® : X2 =3 Y, aneMeHTy 7 € Y ¥ IPOM3BONLHOMY MHOKECTBY
Xo C X onpemenum MmHOkecTBO S(®, Xp, ) Bcex memeit S C Xy TaKux, UTO NMEIOT MECTO COOTHOLIEHMS

Vx €S Ty e d(x,x) y =7,
Vx,ueS x<u = IEe[xu] yedu).

Teopema 2.1 (cm. [14, Teopema 1.2]). Tycmob cywecmeyrom ug € X u yo € ®(ug, o) maxue, umoyy > y, u
6bINOJTHEHbL YCIIOBUS:

(A) npu mobom x € Ox (uy) omobpaxcenue (-, x) : X 3 Y ynopadouenno nakpoieaem muoxcecmeo {y};
(B) npu mobom x € Ox (ug) omobpaxcenue O(x,-) : X 3 Y sensemcs amumoHHbiM Ha MHOXcecmae [x, Uy x;
(C) mmobas beckoneunas yenv S € S(®, Ox(up),y) ozparuuena cHuzy, u Ons HEKOMOPOU ee HUKNCHeT: ZPAHULbL
w € X cywecmeyem z € O(w, @), y006IeMBOPAIOUUT HEPABEHCMBY Z > 1.
Tozda sxmiouenue (2) umeem pewieHue, cpedu peuleHUll cyujecmeyem MUHUMATbHYLL TleMeH M, KOmopbltl npuHaoe-
scum mroxcecmay Ox (u).
U3 npuBeneHHOI TeOpeMBI BBIBOMITCS OCTATOUHBIE YCIOBMS CYILLIECTBOBAHNS HAIMEHBIIIETO 3JIEMEHTA B
MHO>KECTBE pellleHNIT BKIUeHNT (2).
CuencrBue 2.1. [Tycmv gvinonkenvl yenogus meopemvl 2.1 u 07st mobvix x, v € Ox (Ug) 6bINOTHEHO:

(D) ecnuy € F(x) uy € F(v), mo cywecmeyiom w € X, y € F(w) maxue, umow < x,w <vuy > 1.

Toz0a 6 mHONECMEe peuieHull 6KToUeHUs (2) cyujecmeyem HauMeHbwuil snemenm, u ox npunadnercum Ox ().

HMoka3aTenbeTBo. [lokaXkeM, YTO MUHMMAIBHBI B MHOJKECTBE PeIleHMiT BKIoueHns (2) aneMeHT @ € Ox (up)
(cy1ecTBOBaHIE KOTOPOIO YCTAHABIMBAET TeopeMa 2.1) sBiseTcss HauMeHbIINM. [IpeAIIonoKum, 4To 910 He
BEpPHO, U HAJETCs ellle OJIHO pPelleHMe U Takoe, 4To U # . CorsacHo npepnonoxenuto (D) cyiectByer
z € X, Takoit uto z < 4, z < w u cywecrsyer y € F(z) takoit, uto y > y. Eciu z = o, 10 0 < x, a 310 He

BEPHO, CJIEOBATENIBHO Z # @, TO eCTh zZ < . CornacHo TeopeMe 2.1 B MHokecTBe Ox (z) C Ox (1) cy1liecTByeT
pewtenue & BrnroueHus (2) u & < z < w, a 3T0 IPOTUBOPEUUT TOMY, UTO @ MUHUMAJIBHOE PeLlIeHIE.

3. CyliecTBOBaHIE M OL[€HKA pelIeHUIT KpaeBoit 3axaun mis gud¢epeHINaTbHOIO BKIIOUEHU.
O6o3naunm uepe3 W" mpoctpaHcTBo uaMepumsIx (1o Jlebery) pyukumit x : [a, b] — R” ¢ «ecTecTBeHHBIM»
MTOKOOPIUHATHBIM HOPSIKOM.

Harmmomuum, uro MHOXecTBo U C W" HasbIBAIOT UHMEZPATLHO 0ZPAHUUEHHBIM CHU3Y, ECIIU CYLLECTBYET TaKOe

C € R, uro s mo6oit pyukuumu 4 € U crpaBeqyinBo HEPABEHCTBO /ab u(t)dt > C.

st 0603HAUEHUS [EMCTBUS MHOTO3HAUHOTO OTOOpaKeHUs], MMEIOIIEro KOMIakTHble B R™ sHaueHus,
BMecTo cuMBosIa =3 R™ manee 6ymem nucare — K(R™), a B ciiyuae KOMIIAKTHBIX CBSI3HBIX 3HAUeHMTI OyaeM
mucars — KC(R™).

ITo aHayoruu ¢ «00BIYHOI» QYHKIMEIT, MHOro3HauHoe otoopaxkenue G : R — K(R™) HazoBeM HenpepvieHbiM
cnpasa 6 mouke xo € R (cm. [15]), eciu st mroGoro € > 0 cyrgecTByer Takoe § > 0, uto s BcexX x € (Xo, Xo + 9)
BbIIIONHEHO Hem (G(x)), G(x)) < €. 3mech cumBonoM Hgm 0603Ha4eHO paccrosHue 1o Xaycnopdy Mexmy
MHO’KECTBAMI B ITpocTpaHcTBe R™. AHATOTMYHO OIIpeIesIsieTcs CBOMICTBO HEIPEPHIBHOCTH CJIEBa MHOTO3HAYHOI'O
orobpaxenus G : R — K(R™).

IIyctp 3amanbl MHOrosHausle otobpaxkenus G : [a,b] X R® X R" xR" — K(R™), B : [a,b] 3 R" n
IouaroHaubHas n X n marpuua A = diag{A, ..., A,}. Paccmorpum nnddepenmansHoe BRIOUEHE

G(t,x,% %) 30, t € [a,b], 3)
IIpy JOIIOJIHUTEJIBbHOM OIpaHMNYEHNINI Ha ICKOMYIO (bYHKIU/IIO
(Lx)(t) = x(t) — Ax(t) € B(t), t € [a,b]. (4)

O6osHaunm L" ¢ W" — npocTpaHCTBO CyMMUpyeMbIX GyHKIuII [a, b] — R” ¢ moKoOpAMHATHBIM IIOPIIKOM,
AC"™ — IpOCTpaHCTBO TaKMX aGCOTIOTHO HENpePhIBHBIX PyHKUMII X : [a,b] — R", uto X € L". 3amernm, uro
1utst mo6oit pyukiun x € AC" sximrouenus x € L u Lx € L™ pasHocunbubl. Onpenennm mogMHuokecTBo L(B)
mpoctpaHcTBa L", coepikaliiee Bce CyMMUPYeMbIe CeUeHss MHOTO3HAUHOro otobpaskenns B : [a, b] — K(R"),
n mogMHOokecTBO AC £ (B) mpoctparcTBa AC™ Takux abCONIOTHO HeNpephIBHBIX GyHKImiI X : [a, b] — R”, uro
Lx € L(B).

Peurennem cucrems! Britouenuii (3),(4) 6ymem HasbIBath BCIKYI0 QyHKUMIO X € AC £ (B), yIOBIETBOPSIOLIYIO
BKitouenuio (3) mpu 1. B. ¢ € [a,b].

[Tycrp 3amaHbl qBe qMaroHalIbHble n X n MaTpuubl @ = diag{ay, ..., a,}, f = diag{ps, . .., fn} Takue, uro

@ >0, f; <0, /Ii;tln(—%), i=Tn. )
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Ins 3agansoro BexTopa y € R" paccMoTpum KpaeByro 3agauy s cucteMsl (3),(4) ¢ ycroBuem

ax(a) + px(b) = y. (6)

Bynmem 0603HauaTh MHOKECTBO ee peleHnit uepes R.
[t paccmaTprBaeMoro oroOpaskeHus co 3HaueHusMu G(t, x, v, w) celaeM 3aMeHy IlepeMeHHbIX

v=z4+Ax, w=y+Ax. (7)
TeM camMbIM I10 3aIaHHOMY OTOOpakeHU 0 G OIpenenuM oToOpaskeHme Gt [a,b] X R® x R" x R" — K(R™),
G’l(t,x,z, y) = G(t, x, z + Ax, y + Ax). (8)

ByleM IIpeamosararh, YT0 MHOTO3HAUHbIE 0ToOpaxenns G* 1 B yIOBIETBOPAIOT CIIeXYIOIINM yCTOBIAM:

o npu m00bix x, 2,y € R™ omo6paxcenue G* (-, x,z,y) : [a,b] — K(R™) usmepumo;

enpun. 6.t e [ab] umobbxy e R" omobpanenue G*(t,-, -, y) : R" X R" — K(R™) nenpepbvisHo cnpasa no
KAXC0OMY CKAJISIPHOMY APEYMEHMY X1, . .., Xn U Z1, . . ., Zn;

e npun. 6.t € [a,b] umobuxx,z € R" omobpaxcerue GA(t, X, 2,+) : R* — K(R™) HenpepwisHo;

® MHOICeCME0 USMEPUMDbIX CeueHUll MHO203HAUH020 omobpaxcenus B : [a, b] =3 R" e nycmo u unmeepanvHo
02PaHUUEHO CHUZY.

OTMeTIM, U4TO It MHOTO3HAYHOTO oToOpakerns G” He mpejrmonaraercs BbIIOIHeHNMe yeaosuit Kapateo-
nopu. TeM He MeHee IpUBeNEHHbIE YCIOBYUS 00€CIIEUNBAIOT €0 CYIEPIIO3NUMOHHYI0 N3MePUMOCTh (cM. [15,
Teopema 2.1]).

IMpu npousBonbHBIX q = (g1, ---,qn) € L", ¢ = (c1,...,¢cn) € R” paccMOTprM BCIIOMOTATENBHYIO JIMHETHYIO
KpaeBYIO 3a1auy

Lx=gq, ax(a)+ px(b) =c. 9)
B cuny HepaBeHcTB (5) aTa 3aaua npu JobbIx q € L”, ¢ € R"” umeer equHCcTBeHHOE peleHne x = (X, ..., Xy,) €
AC™, onipenensiemoe GopMyIIoit
x =W(q,c),

rae otobpaskerue W : L™ X R" — AC™ - 3T0 MHTerpayIbHBIII OIIepaTop

W(q’ C) = (Wl(qla Cl)>- . ~»Wn(CIm Cn))’ (10)

KOMIIOHEHTBI KOTOPOI'O OIIpENEIAI0TCA COOTHOIEHMAMMI

b
(Wilge) () =Xi(0)er+ [ Wi )a(s)ds, 1€ [anb] (1)
a
oAi(t=s)
a,e—, a<s<t<b,
Pt o+ e _
Xi(t) = ————, Wi(t,s) = i=1n (12)
a; +ﬁi€/1i _ﬂie/l,»(t—sﬂ)
———— a<st<s<h
a; + ﬁieli
O6o3HaunmM
D(t) = {(W(q.y))(t): ge W(B)} CR", t€ [ab],
Q= {(t,x,z, y): t€[ab], xeD(t), z€ B(t), y € B(t)}
U OTIPEeNIUM CYKEHIEe Gg : Q — K(R™) MHOro3HauHoro orobpaxenus G* Ha MHOXkeCTBO Q.
Teopema 3.1 (cm. [7, Teopema 2.1]). IIycmb 3adana pynkyus ny € AC p(B) makas, umo
G(t,10(2), 1o (), 7o (1)) NRY # 0, t € [a,b], (13)
ano(a) + pno(b) = y. (14)

Hycmb Mmakiice 6blNOJTHEHbL cneay;oume yciosusi:

(A) npun. s.t € [ab] umobbixx € D(t), z € B(t) omobpaxerue Gg(t, X, 2,-) : B(t) = K(R™) ynopsoouerno
Haxpvieaem mHoxcecmeo {0} C R™;

(B) onsn.e.t € [a,b] umobuixz,y € R", npui = 1, n makux, umo); > In (— ) omo6pa3fceHueG’1(t, X1, ooy Xic1s

a
Bi

Xitlr--52Y) : R — K(R™) usomonuo, a npu i = 1,n makux, umo A; < In (—;’Tf), omobpaxerue
G’1(t, X1y oo oy Xie1s s Xit1s - - -5 2, Y) : R = K(R™) anmumonno;

(C) npun. 6.t € [a,b] umobbixx,y € R" omobpaxenue G*(t, x, -, y) : R" — K(R™) anmumonno.
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Toeoa 3adaua (3),(4),(6) paspewuma, mo ecmv muoxecmeo R C AC p(B) ee pewenuii He nycmo, a 6 MHO}cecmee
LR c L(B) cywecmeyem muHumanvuwiti smemenm Lx, x € R, u onsa Hezo npu n. 6. t € [a,b] evinonneno
(Lx) (1) < (Lno) (1)

3ameuanue 3.1. Ymeepioenue meopemoi 3.1, 0ue8UOHO, Ocmaemcst 6epHblM, eciu 8 ycrosu (5) 3aMeHUmMb
3HAKU HEPABEHCMEAd HA NPOMUBONOTIONCHDLE, O eCb

a; <0, ,Bi>0, i=1,n.
ITpu smom 6 yenosuu (14) 6 HepaseHcmee OJIs KPAe6o2o YCIO6Us Makie HeobXo0UMO 3aMeHUMb 3HAK, MO eCMb

ano(a) + Pro(b) < y.

HeticmeumenvHo, npu maxux npeonoorerusx, Ons IKEUSATIEHMH020 Kpae6ozo ycnosus —ax(a) — fx(b) = —y
6ydym 6binoTHeHbl NPeOnonoxeHUs meopembl 3.1.
[IpuBeneM OOMOIHUTENBHBIE YCIOBUSA K YCIOBUAM T€OPEMBI 3.1, IPU BBHIMTOJIHEHNY KOTOPBIX st KPaeBoil
3amaun (3),(4),(6) Bo mHOKecTBe LR cyIliecTBYeT He TOJIBKO MUHMMANBHBII, HO ¥ HAMMEHBIIINIL 9I€MEHT.
ByeM mpemonarath, 4to m = n U Kaxmas i-g KomronenTta G;, i = 1, n, MHOTO3Ha4HOTO 0TobpakeHus G
MOXKeT OBITh 3aIliCaHa B BIULE

G;(t,x,0,w;), rme G; : [a,b] XR" XxR" xR — K(R)

(G; He 3aBUCUT OT MEPEMEHHBIX W1, ... Wi_1, Wii1, . . ., Wy). B 9TOM ciiyuae BxioueHne (3) mpeacrasiser coboit
cucremy
G;(t,x,%x,%x;) 20, t € [ab], i=1,n. (15)

CnencrBue 3.1. ITycmv ons 3adauu (15),(4),(6) évinonuenvr npeononoxcenus meopemvt 3.1, a MHOXcECMEO
B(t) c R" npu n. 6.t € [a, b] sensemcs nuxcneti nonypewemxoii. Tozoa 6o muoxecmee LR C L(B) cywecmseyem
HAUMEHbUWUTL dTTEMEHM.

HMoxasarenbcTBo. 13 Teopemst 3.1 cenyert, uro B MHOKecTBe LR C L(B) cyiiecTByeT MUHUMAIBHBII 3JIEMEHT
Lx, x € R. JokaxkeM, 4TO 3TOT 351eMeHT OygeT HauMensbIium B LR.

[IpeqImonoXum, uTo 3TO He BEPHO, a 3HAUNT CYILIECTBYeT Takxe peureHne x € R rakoe, uro pyukuus Lx He

cpaBunMa ¢ Lx. Onpenenum nsmepumyo QyHKUuo z = (z1,...,2,) : [a,b] — R" ¢ komnonenramn

zi(t) = min {&(t) - Aixi (1), x,(t) = Aix; (D}, t € [ab], i=T1n

Tax xak mpu I. B. ¢ € [a,b] BemonHeno z(t) = min {(Lx)(t), (Lx)(t)}, tre (Lx)(t), (Lx)(t) € B(1), a
MHOkecTBO B(#) C R" sBnsiercst HYDKHeI oyperetkoil, 1o z(t) € B(t). OueBunHo, QyHKIMSA z CyMMUpyeMa,
CIIeOBATENbHO, z € L(B). Ompenenum ¢pyHxumo ¢ = (g1, ...,¢n) € AC(B) coorHomenuem ¢ = W(z, y), roe
orobpaxenne W : L" X R" — AC" 3amano Bsiure dpopmyraamu (10),(11),(12).

Jlnst M0060T0 i = 1, 1 OTIpeTeINIM MHOeCTBA

E; = {t € [a, b] : Zi(t) = )'Ci(t) - /L-x,-(t)}, Ei = [a, b] \El

Benemcrsue artoro ompenenenus z;(t) = Xx;(t) — Ax,(t) mpu m. B. t € E,. Tlpy m. B. t € E; BBIIOIHEHO
G?(t,g(t),z(t), zi(t)) = Gf(t,g(t),z(t),)'ci(t) — Aix;(t)). A mockonbKy Ha [a, b] mmeer mecTo BKIOUeHME 0 €
G?(t, x(t), (Lx)(¢), %;(t) — Aix;(t)), TO B CYIIy aHTUTOHHOCTY OTOOPAYKEHUIS G?(t, o X (1) — Aix;(¢)) mpu . B. t €
E; C [a,b] cymectByer y > 0 Takoit, UTO BBIIIOJIHEHO Y € Gf(t,g(t),z(t),)'c,-(t) —dixi(t)) = G?(t, c(t),z(1), zi(1)).

AHaIOTUYHO JOKa3bIBAETCA, UTO IpHU II. B. t € E, cymiecTByeT y > 0, yJOBIETBOPAIOIINI BKIIOUEHIIO
y € Gilt, (), 2(8), 1,(1) — Aix,(1)) = Gilt,¢(£), 2(2), 71()) = Galt, 6(1), (L) (1), &i(t) — Aig()). Taxum oGpa-
30M, Ipu J060M i mouty Beiogy Ha [a, b] umeer mecto G;(t,¢(t), (Lg) (1), &i(t) — Aigi(t)) N Ry # 0. Urak,
G(t,¢(1), (Lg)(1), (Lg)(t)) NR? # 0, t € [a,b]. V3 3T0r0 COOTHOLIEHNS COTIIACHO TeopeMe 3.1 cieqyer cyiie-
CTBOBaHeE pelreHyst { KpaeBoit 3agaun (15),(4),(6) Takoro, uro L{ < z < Lx. Ho 310 HepaBeHCTBO IPOTIBOPEUNT
TOMY, uTO LX SIBJIsIeTCS MUHUMATIBHBIM 3J1eMeHTOM B MHOKecTBe LR.

CrencTBye qOKa3aHo.

Inst 3amaun Kowm 61m3sKoe yTBEp)KOEHIE O CYIECTBOBAHNY PELIEHNS C HAMMEHBIIIEN IPOM3BOSHO
rosryueHo B [ 16, reopema 3].

Coopmynupyem yTBep:kaeHUe, B KOTOpoM ycinoBre (A) Teopemsl 3.1 3aMeHUM Ha Jierde IIpoBepsieMoe,
[P 9TOM, KaK I B ciiecTBUM 3.1, GyIeT rapaHTUPOBAHO CYIIIECTBOBAHIE BO MHOKeCTBe LR HAUMEHBIIIETO
JJIeMeHTa.

IIyctp cHoBa m = n. Bymem npepmonarars, uto komnoHeHtamu QyHkunu G ssisiores yaxkuuu G; :
[a,b] XR" XR" XR — K€ (R),i= 1,n, (MMerorIIe 3HAUEHMSIMIL CBSI3HbIE KOMITAKTHBIE MHOKeCTBa B R, TO ecTh
KoHeuHble oTpe3ku). CooTBeTcTBEHHO (3) — 3TO cucreMa (15).
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s paccMatpuBaeMoro 3zech oTobpaxenus G orobpaxkerne G*, onpenensemoe coornourenyeM (8), Gymer
MMeTh KOMIIOHEHTaMU (QpyHKIIN

G} : [a,b] X R" X R" X R — K°(R), (16)
GMt,x,z,y:) = Gi(t,x, z + Ax,y; + 4ixi), i=1,n.

Hanee, mycTb 3aganbl QYHKIUU Wy, o € AC™ Takme, uto Lwy < L1g. 3amaanM MHOTO3HAUHOE OTOOpasKeHIe
B: [a,b] — K(R") dopmyoit

B(t) = [(Lwo) (1), (L10) ()]s t € [a,b]. (17)

CopmynupyeM ycI0BUs paspeIIMOCTIL pACCMATPUBAEMOI KPAaeBoil 3a1aull ¢ OTpaHNUeHeM (4), 3a1aBaeMbIM
MHOTO3Ha4YHBIM 0TOOpaskeHmeM (17).

Cnepcrsue 3.2. ITycmb dns mMHozoznauroii gynxyuu G* : [a,b] x R"X R™" x R" — KC(R™) ¢ komnoxenmamu
(16) svinonnenwvt yenosust (B), (C) meopemut 3.1, a 0nst pynkyuti o, wy € AC™ vinosiHeHo

awo(a) + fwo(b) <y < ano(a) + pno(b), Lwo < Lo,
G(t,n0(2), Ao (t), 10 (t)) NRE £ 0 npun.s. t € [a,b],
=G(t, w0 (1), do (), do(t)) NRY £ 0 npun.e. t € [ab].

Tozoa 3adaua (15),(4),(6) paspewuma, mo ecmv muoxecmeo R C AC p(B) ee pewienuil He nycmo, a 8 MHO}cecmee
LR c L(B) cywecmeyem HAUMEHbUWUTL ITTEMEHM.
MokasaTexbcTBO. [[0Ka3aTEIbCTBO STOTO YTBEP;KIAEHNUS MIPAMO ciiefyeT us ciaenctsus 3.1. Hamo muiup moxkasars,
YTO [JIS OTOOpasKeHMs Gé BBIITOJIHEHO ycioBue (A) TeopeMsr 3.1.

O6o3uaunm uepes B;, i = 1, n, KOMIIOHEHTbI MHOTO3HAYHOTO orobpaskenus B : [a,b] — K(R"), o ectb
B; : [a,b] — K(R), B;(t) = [a)Oi(t) — Aiwoi(t), noi (t) —Air]m-(t)],t € [a, b]. Ous kaxqoro i onpenenum MHOXKECTBO
T; C [a,b] takux t € [a,b], uro mpu m06bIx x € R", z € B(t) oTroOpakeHue Géi(t,x, z,-) : Bi(t) — KC(R)
HEIPEePBIBHO U BBHIMOIHEHO —o0 < Lwg(t), Lno(t) < +co. Mepa 3TOr0 MHOKecTBa paBHa b — a, U TIpU BCex
t € T; mHOXeCTBO B;(t) ecTh KOHeUHBIIT 0Tpe30K. [IpoBepum BhimonHeHue yemous (A) Teopemsr 3.1. Ilycts
I IPOU3BOJILHOTO i = 1, 1, IpY HeKOTOpoM ¢ € T; cymecTByIoT Takue x € R", z € B(t), uTo i-as KOMIOHEHTa
oTOOpaskeHMs Gg(t, X, Z,), TO €CTb OTOOpakeHUe Gél.(t, x,z,) : Bi(t) = K¢(R) ne apnsercs YIIOPSITOYEHHO
HakpbiBaomM MHOecTBO {0} C R. Torma cyiiectsyer takoe y € R, uTo MHOXeCTBO Géi(t, X, 2,1) COIEPIKUT
HEKOTOPOE ION0XKUTENLHOE UICIO, A IIPY JTI60M 3HAYeHNN y € [wo; (1) — Ajwoi (1), y] HOIb He IpMHATIEKUT

MHOYECTBY Ggi(t, X, z,y). [lokaskeM, uto cylecTByer Takoe § > 0, uto mpu J060oM y € [wo;(t) — Ajwoi(t), y]
BBITIOJIHEHO -

G, (tx,z,y) N (=8,8) = 0. (18)

B npoTMBHOM ciydae CyIIecTByeT IOCIeN0BaTeNbHOCTD {Yk i, C [@oi(t) — Aiwoi(t), y] Takas, uro mpu mro6om

k maipercs ¢ € G?h.(t, X2, Yk), ISk] < 2% TlocnemosaTenbHOCTD {yk},":=1 KOMITaKTHa, II09TOMY COREPIKAT
[TOAAIIOCIIEAOBATENBHOCTD, CXOASIIYIOCS K HEKOTOPOMY ¥ € [wo; (1) — A;wo; (1), y]. BeorepcrBue HenpepsIBHOCTI

oTOOpaskeHMs Ggi(t, X, z,+) B TOuKe y Oy/eT BBIIIOJHEHO BKIIoueHne 0 € Géi(t, X, 2,Y), KOTOPOE IIPOTUBOPEUNT
[IPUHATHIM [IPENTIONI0KEHIIIM.

U3 (18) B cuity CBI3BHOCTU 3HAUEHUIT Géi(t, X, 2,Y) clenyer, uto otpe3ok E = [wo;(t) — A;wo; (), y] aBastercs
o0beJUHEeHVIEM OBYX MHOXECTB

Ev={yeU: Gh,(t,x,zy) C [6+x)}, E-={yeU: G,(tx,2y) C (-o0,—d]}.

O6a 911 MHOKECTBa [IOJKHBI OBITh 3aMKHYTBHIMIU, TaK KaK OTOOpaKeH e G?h.(t, X, 2, *) HenpepbIBHO. O{HAKO 3TO
HEBO3MO>KHO BCJIENICTBIE CBSI3HOCTHU oTpe3Kka EX. Utak, mokasaHo, uto mpu iaro6om ¢ € T; mis Bcex x € R" n
z € B(t) oTrobpaxeHue Géi(t, x,2 ) : Bi(t) = KC(R) yrnopsmouenso HakpbIBaeT MHOecTBO {0} C R. A Tak
Kak Mepa MHOecTBa T; paBHa b — a, ycnosue (A) HeICTBUTENHHO BBIIIOIHEHO.

Ocraercst 3aMeTUTh, UTO OIpefessieMoe paBeHCTBOM (17) muokectBO B(t) C R” mpu 1. B. t € [a, b] sBnsercs
HIDKHET mosrypeutetkoit. Torma u3 ciuemcrBust 3.1 cienyer cyiecrBoBaHme perrenus 3amaun (15),(4),(6) ¢
HaVMEHBIIIEN IPOU3BOTHOIL.

CrencTBue qoKasaHo.

4. KpaeBas 3agaua s ynpasisieMoll cucteMsl. [[prMeHnM npuBeieHHbIE BBILIE B IIyHKTe 3 Pe3yJIbTaThI
K MICCJIEIOBAHMIO KPAEBOIl 3a/1auyl [JIsL yIIPABIAEMOI CUCTEMBI HESBHBIX MuQdepeHINalbHbIX YPaBHEHNUIL.

Iycts 3amans: byrkima g : [a, b] XR" xR*XR™ — R¥ i muorossausoe otobpaxenue U : [a, b] XR" xXR" —
K(R™), yooBieTBOpAIOIINE CAETYIOLIUM YCIOBUAM:

e npun. et e [ab] umobvixx,veR" pynkyus g(t,x,0,-) : R™ — Rk HenpepuieHa;
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e npu mo6om u € R™ dynxyus g(-, -, - u) : [a, b] X R* x R" — R¥ cynepnosuyuonno usmepuma (mo ecmo ons
06bix usmepumulx GyHkyuti x (), v(-) gynxyus g(-, x(+),v(+), u) usmepuma);

® MHo203HauHoe omobpacenue U : [a,b] X R" X R" — K(R™) cynepnozuyuonro usmepumo.

Paccmortpum Ha [a, b] ynpasisemyio cuctremy

g(t,x,x,u) =0 (19)
¢ 06paTHOI CBA3bIO
u(t) € U(t,x(t),x(t)). (20)

Pewenuem cucmemut (19),(20) 6ymem HaspIBaTh Hapy QyHKIMIA, YIOBIETBOPSIOIINX IIPK II. B. ¢ € [a, b] o6onm
cootHomenuaM (19),(20), 13 KOTOpBIX IepBas, Ha3bIBaeMas MpaeKmopueil — 9T0 aGCOIIOTHO HEIpephIBHASL
¢yukuus x : [a,b] — R”, a Bropas, Ha3bsIBaeMas ynpasieHuem — usdmMepumas GyHkuus u : [a,b] — R™.

Omnpepenum nuddepeHUMATBEHOE BKIIOUEHIE, ACCOLUNPOBAHHOE C yIIpaBiseMoil cucremoii (19),(20). 3ana-
M MHOTO3HauHOe oToGpaxenue G : [a, b|xR"XR" =3 RF dopmymoir

G(t,x,0) = g(t,x,0,U(t,x,0)), (t,x,0) € [a b]XR"XR".

3amerum, uTo u3 HempepbiBHOCTH GyHKuUMU g(1, X, 0, ) U KOMIAKTHOCTU MHOXecTBa U (t, x,0) cienyer, uto
orobpakenne G MMeeT KOMIIaKTHbIe 3HaueHus. Kpome TOro, JIerKo NMpoBepuTh, uTo G CYIEPIIOSULIMOHHO
U3MepuMo. PacCMOTPUM BKIIFOUEHUE

0€G(t,x,x), teab]. (21)

[IpuBeneM yTBEpKIEHIIE, TIO3BOISIOIIEE «IIEPEXOMNTD» OT PACCMATPUBAEMOIL 3[IECh «HESBHOI» yIIpaBJIsie-
Mmoii cucremsl (19),(20) k muddepeHManbHOMY BKIIOUEHNO (21).

Jlemma 4.1 (cm. [ 16, xemma 1]). Ynpasnsemas cucmema (19),(20) pasrocunvra éxmtouenuto (21), mo ecmv ecnu
napa (x,u) € AC" X W™ — pewenue ynpaesisemoti cucmemui (19),(20), mox € AC" sensemcs peulenuem 6KIHOUEHUS
(21), u o6pammo, ecniu x € AC™ — pewenue exrouenus (21), mo cyujecmeyem Pynxkyus u € W™ makas, umo napa
(x, u) semsemes pewenuem cucmemvi (19),(20).

[IpuBeneHHOE yTBEPKIEHNE AHAIOTMUHO U3BECTHOI TeOpeMe 0 PABHOCIIIBHOCTH yIipasisieMoit nuddepen-
LMaNBHO CUCTEMBI, Pa3peLIeHHON OTHOCUTENBHO IIPOU3BOLHOI, COOTBETCTBYIOIIEeMY auddepeHaTbHOMY
BKJIFOUeHMIO (cM, Hampumep [4, Teopema 3.4.1]).

Tenepb npuMeHNM JIeMMY 4.1 K MCCIIeOBAHNIO CYILIECTBOBAHNS PELLIEHII KPAEBOI 3a1auM IS YIIPABIISeMOIT
cucremsl. [l yno6ersa popmynupoBok cuctemy (19),(20) samuiiieMm B HECKOJIBKO THOM BITE.

IycTs 3agaubl pyukuus g : [a,b] X R® X R? X R” x R™ — R¥, MHOrO3HAUHBIE orobpaskenus U : [a, b] X
R* xR"™ — K(R™) u B : [a,b] =3 R", Bextop y € R". IlycTh Takke 3aaHbl QUATOHAJIBHBIE N X N MATPUIbI
a = diag{ay,...,an}, p = diag{fs,...,pn}, A = diag{A;,...,A,} Takue, yTO BBHITONHEHBI cOOTHOLIEHNS (5).
PaccMoTpuM KpaeByro 3aauy IUIsl YIIPABISEMON CUCTEMBI

a(t,x,x,x,u) =0, t € [a,b], (22)

¢ oOparHoIi cBs3bI0 (20) Ipy KpaeBoM yciroBuu (6) U JOIIOMHUTENLHOM OrpaHuueHun (4). MHOKeCTBO pereHmit
9TOII 3aaun 0003HAUUM Uepes Solg (B). CoracHo omnpeeNeHNIO pelIeHNs YIIPABIIEMOIl CUCTEMBI Solg (B) c
AC(B) x W™ Byiem paccMaTpUBaTh TAKKE MHOXKECTBO LSolg (B) c L(B) x W™ map (Lx, u) Takux, uto (x,u) €
Solg(B). Omnpenenum onepatopsl npoektuposanus m; : AC(B) X W™ — AC(B) u m; : AC(B) Xx W™ — W™
COOTHOLIEHUSIMI

Vo= (x,u) € AC(B) x W™ m8=x, md=u.

JI71s1 TOpO’KJAIOIINIX pacCMaTPUBAEMYIO YIIPABIIEMYIO CUCTEMY OTOOpayKeHMII

a, X X X X S(t,x,0,w,u) — g, x,0,w,u) € y
b] X R" x R" x R" x R™ RF
[a,b] xR" xR" 2(t,x,0) — U(t,x,v) € K(R™)

creraeM 3ameHy miepeMeHHBIX (7). Tem cambiM ompefenum dynkimio g : [a,b] X R® x R” x R” x R™ — RF u
MHoOro3HauHOe oToGpakenme U’ : [a,b] X R" x R" — K(R™) cooTHOIICHUMM

gt (t,x, z, y,u) = g(t,x, 2+ Ax, y + Ax, u), UMt x,z) = U(t,x, z + Ax). (23)

Bynem mpemnonarath, uto GpyHKImMs §* u MHOTO3HAUHBIE 0TOOpakeHus U”, B yIOBIETBOPAIOT CIIeYIOMIM
YCIIOBUAM:

® npu mobvix x,z, Yy € R, u € R™ Pynxyus gA(', x,z,y,u) : [a,b] — Rk uzmepuma;

enpun.éte [ab] umobbxy € R, u€R™ gynkyus g*(t,-, -y, u) : R" X R" — R nenpepwisna cnpasa no
Kax0oMy CKATIAPHOMY APZYMEHINY X1, . .., Xn UZ1, .. ., Zn;
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e npun. et e [ab] umobvixx,zeR" ueR" pynkyus g’l(t, x,z,u) : R" — R HenpepuieHa;

e npun. 6.t € [a,b] umobuxx,z,y € R" pynxkyus g/l(t, X z,1,) : R™ — Rk HenpepvleHa;

o npu mobvix x,z € R omobpaxenue U’1(-, x,z) : [a,b] = K(R™) uzmepumo;

e npun. 6.t € [a,b] omobpanenue UA(t,-,-) : R" x R" — K(R™) nenpepvisHo cnpasa no kaxoot KoMnoHeHme
X1,...,Xp UZL,...,2Z, 6EKMOPHBIX apeyMeHmos x, z € R™;

® MHOM#€eCME0 UBMEPUMbIX CeUeHUll MHO203HAUH020 omobpaxcenus B : [a,b] =3 R" He nycmo u unmezpanvro
02pPaHUUEHO CHUZY.

B cily TIpMHATHIX 3[eCh IIPeIOIOKeHuii, cormacHo [15, Teopema 2.1], dyukums ¢* u MHOrosHauHoe
oToGpaxkerue U” ABIAIOTCS CYIIEPHO3UIIMOHHO U3MEPUMBIMI (HECMOTPS Ha TO, UTO OHI He YIOBIETBOPIIOT
ycnosusaM Kapareomopm).

Ipu nponsBonbHEIX q = (¢1,...,qn) € L™, ¢ = (c1,...,¢n) € R" paccMOTpUM BCIIOMOTaTEIBHYIO JIMHETHYIO
KpaeBylo 3agauy (9). B cuny ycnosust (5) ata samaua mpu mo6six g € L”, ¢ € R” nmeer equHCTBEHHOE pellleHe
x = (x1,...,x,) € AC", onpenensiemoe popmyunoit x = W(q, ¢), rme marerpansuseii oneparop W : L XR" — AC"

onpenensercs: coorHoureHnsamu (10),(11),(12).
st xaskmoro ¢ € [a, b] onpenenum MHOKeCTBa

D(t) = {(W(qy))(t) : g€ W(B)} cR", U (t) = U(t,D(¢), B(t)) c R™.
HNanee onpenennmM MHOXeCTBa

Q= {(t,x, z,y,u): t € [a,b], x € D(t), z€ B(t), y€ B(t), u € ‘LI’I(t)},
Q= {(t,x,z) :t€[ab], xeD(), z€ B(t)}

U 3a7aiIM Cy>KeHIe gé : Q — RF pynxumm gt va MuOX)eCTBO Q U CyX)eHMe Ué : ©® — K(R™) MHOro3HauHOro
oroGpaxenus U Ha MHOXeCTBO ©.

Teopema 4.1. [Tycmo 3adanvt pyukyuu ny € ACr(B) u uy € W™ makue, umo uo(t) € U(t,no(t), fo(2)),
t € [a,b], u cnpasednuevl HepaseHcmea

a(t, n0(2), 70 (2), Hio(t), uo(t)) > 0 npun.e. t € [ab], any(a)+pPno(b) >y. (24)

Iycmy daree gvinosiHenbl credyoujue yCrogusi:

(A) npun.s.t € [a,b] umobbixx € D(t),z € B(t),u € U(t) ¢ym<uuﬂgé(t, x,2,-u) : B(t) — R¥ ynopadouenno
Hakpvieaem mHoxcecmeo {0} C RK; _

(B) npu n. 6.t € [a,b] u mobvix z,y € R", u € R™ ong 6cex i = 1,n maxux, umo A; > In (—%), PyHkyus
g’l(t,xl,...,xi,1,~,x,-+1,...,z, yu) : R — Rk so3pacmaem, a Ons i = 1,n makux, umo A; < In (—%),
PyHryus g’l(t, X1y ey Xiz1s s Xit1s - > 2 Yy uh) : R — RF y6vigaem;

(C) npun.e.t e [ab] umbvxx,ycR", uecR™ pynxkyus g’l(t, Xy u) R — Rk y6vigaem;

(D) npun. .t € [a,b] omobpaxerue Ué(t, -,+) : D(t) X B(t) — K(R™) uzomornHo.

Tozoa Ot ynpasnsiemoti cucmemut (22) ¢ obpamnoii ces3vio (20) u ozpanuuenuem (4) cyujecmseyem peuterue (x, u)
Kkpaegoti 3adauu ¢ yemosuem (6) maxoe, umo Lx < Lny uu < uy. Boree moeo, 6 MHoxecmse LSolg (B) cywecmsyem
napa (Lx,u) maxas, umo L£x — MUHUMATbHbLU dTeMeHm 6 T (LSolg (B)) u svinonneno Lx < Lo uu < ug.
MoxasarenscTBo. Onpenennm MHOro3HauHoe orobpaxkenne G : [, b] X R" X R" X R" =3 Rk npu (t,x,0,w) €
[a, b]XR"XR"XR" dbopmymnoit

G(t,x,0,w) = g(t,x,0,w,U(t,x,0)). (25)

PaccmoTpum BriIIOUEeHME
G(t,x,%,x) 30, t € [ab] (26)

B cuty nemmer 4.1 ynipaBiseMas cucreMa (22),(20) paBHOCHIBHA BKIIOUEHMIO (26), TO eCThb ecant mapa (x, u) €
AC™ X W™ — pelieHue ynpasiseMoli cucteMsl (22),(20), To x € AC" sBusieTcs pellleHMeM BKIOUeHNs (26), 1
obparHo, ecint x € AC™ — pelenne BrioueHus (26), To cyutectsyer pyukuusa u € W™ raxas, uro napa (x, u)
ABIIIETCA peleHneM cucreMsl (22),(20).

OG603HaUNMM MHOKECTBO pellleHNiT BKIoueHus (26) mpu orpannyenun (4) ¢ KpaeBbIM ycioBueM (6) yepes R,
coorBercTBeHHO, 0603HaunM LR = {Lx, x € R}. Cornacuo (4) Beimondeno R € AC £ (B).

[ns paccmaTpuBaeMoro otobpaxkeHus co sHaueHusamu G(t, x, v, w) coeraeM 3aMeHy IepeMeHHBIX (7), TeM
CaMbIM I10 3afaHHOMY 0TOOpakeHNI0 G oIlpemenyM oToOpaskeHue Gt [a,b] XR" X R" x R" — K(Rk),

Gt x,z, y) = G(t, x,z+ Ax,y + Ax).

3aMeTuM, 4TO
G (t,x.zy) = "t x, 2y, UM, x, 2)). (27)

Hna nuddepenunaapHoro BIoueHns (26) mpu orpanuueHun (4) ¢ KpaeBbIM ycIoByeM (6) BBIIIOTHEHBI BCe
TIpe/IIooKe st TeopeMsI 3.1 (To ecTh oToGpaskerus B, G u, coorsercTBeHHO, G! YIOBIETBOPAIOT YCIOBMAM
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(A)-(C) aroit Teopemsbl u HepaBeHcTBaM (13),(14)). CnemoBaTenbo, MHOKeCTBO R C AC f(B) pelieHnit KpaeBoit
3amaun (26),(4),(6) He mycro, a B MHOKecTBe LR C L(B) cyliecTByeT MUHUMAIBHBIN 9JIEMEHT X, U IJISI HETO
BeinosiHeHo Lx < Ln. [ToaToMy, MHOXeCTBO Solg (B) peutennit yrpasisieMoit cucteMsl (22),(20) mpu yCiIoBmsx
(6),(4) He mycro u cymectByer mapa (x, u) € Solg (B) Takas, uto Lx — MUHUMAJIbHBII 3JIEMEHT B 1T (.ESolg (B))
u BoinostHeHo Lx < Lnj.

YupasieHue, COOTBETCTBYIOLIleE TPAEKTOPMH X, YIOBIeTBOpsieT BKuroueHuto u(t) € U(t, x(t),x(t)) npn
. B. t € [a,b]. BcnencrBne M30TOHHOCTY OTOOPAYKEH ST Ué(t, <) : D(t) X B(t) —» K(R™) mpu 1. B. t € [a,b]
muoxKectso U(t) = UA (£, x(2), (Lx)(t)) N Orm (uy(t)) He MyCTO, COOTBETCTBYIOIIEE MHOTO3HATHOE OTOOpakEHILE
U : [a,b] — K(R™) sBnsieTcs mepeceueHreM N3MePUMBIX OTOOPaKEHMIT, TOITOMY caMo u3Mepumo. s 160ro
M3MEPUMOTo ceueHus U orobpaxkenus U mapa (x,u) — pellleHIe pacCMaTpUBAEMOIl 3alaull yIIPaBJIeHUs I,
OUEBUIHO, U < Up.

Teopema mokasaHa.

3ameuanue 4.1. Ymeepsicoenue meopemvl 4.1, 0ue6UdH0, 0CMaemcst 6epHuiM, eciiy 6 ycrosuu (5) 3aMeHUMb 3HAKU
HepaseHcmea Ha NPoMuUGononoxcHble, mo ecmv a; < 0, f; > 0,1 = 1, n. [Tpu smom 6 ycrosuu (24) 6 Hepasencmee dns
KpPaegozo yCciogus makie HeobXo0umo 3ameHumv 3nak, mo ecmv anjo(a) + fno(b) < y. Heiicmeumesnvro, npu maxkux
npeonoIoNceHUsIX OIS IKEUBATEHMHO20 Kpae6ozo ycmosus —ax(a) — px(b) = —y 6y0ym evinonHeHbl nPeonooNceHUs
meopembi 4.1.

[MonyurM MOTOJHUTENbHBIE YCIOBUSA K YCIOBUIM TeOpeMbl 4.1, KOTOpble o0ecIieyaT CyIllleCTBOBaHUE
HaVMeHBbIIIE TPAEKTOPUU Y HAMMEHBIIETO HOIIYCTUMOTO yIIPaBIeHN.

Mycts k = n. BymeM mpemmonarars, 4To KaXkmas i-f KOMIIOHEHTA §;, i = 1, n, GyHKINU § MOXKeET GbITh
3amycaHa B BULE

gi(t, x,0,w;,u), tme @§; : [a,b] X R" XR" XxRxR™ —» R

(9; He 3aBMCHT OT IIEpEMEHHBIX W1, . . . Wi—1, Wit1, . . ., Wy). B 3TOM cityuae ypaBHeHue (22) npezcrasisger coboit
cucremy
gi(t,x, %, %;,u) =0, t€[ab], i=1n. (28)

CuencrBue 4.1. [Tycmop ons cucmemut (28),(20),(6),(4) 6binonnens: npednonoxcenus meopemut 4.1, a MHO}CECMBO
B(t) c R™ npun. 6.t € [a, b] sensemcs nuxcHeii nowypewemxotil. Tozoa cyujecmeyem mpaekmopus x € AC r(B)
makas, umo Lx — HAuMeHvbWUL d/ieMenm 6 Jrl(LSolg(B)). Ecnu kpome nepeuucieHHvix YCIo8ull npu n. 6.
t € [a,b] u mobbix x,0 € R" mHoxcecmso U(t, x,v) C R™ sagnsemcs HuxcHeil nowypeulemroil, mo 6 MHo¥cecmee
LSolg (B) cywecmeyem HaumeHvwiuil ssemenm, mo ecmv makxas napa (Lx, u), umo ee nepsas komnonenma Lx —
MO HAUMEHLWUTL JTIEMEHM 8 MHOXMCECmGe nl(LSolg(B)), a 6Mopas KOMNOHEHMA U — HAUMEHbULUTL TIEMEHM 6
HZ(LSOIg (B)).

Hoxkaszatennbcrno. [uddepeHunanbaoe BKIoUeHMe (26), pABHOCUIBHOE PACCMATPUBAEMOI YIIPABIEMOI CUCTe-
Me, TOPO’KAAETCA MHOTO3HAUHBIM OTOOpakeHMeM (25), KOMIIOHEHTHI KOTOPOTO 3[4€Ch MOTYT OBbITh IPECTaBIEHbI
B BULIE

Gi(t,x,0,w;) = gi(t,x,0,w, U(t, x,0)), i=1n.

Urak, BKiouenue (26) B paccMaTpUBa€MOM CIIydae — 3TO CUCTEMA
G;(t,x,0,w;) 20, t € [ab], i=1,n.

KpaeBas 3agaua 11 3TOro BKIIOUEHMS C YCIOBUIMI (6),(4) yROBIETBOPsIET IPEAIIONIOKEHIIM TeopeMsl 4.1. A
Tak Kak ewge u B(¢) C R” npu 1. B. £ sIBJIsIeTCS HUDKHET IOy PELIETKOI, TO COTIACHO CIIEACTBUIO 3.1, B MHOKECTBE
R peleHMIT 9TOI KpaeBoil 3aaun (TO eCTb TPAeKTOPUIL YIIpaBiseMoii cucreMsl) uMmeercs pyukuns x € AC p(B)
Takasd, 4To Lx — HarMeHbINII ajeMeHT B LR.

IIyctp Temepb B OOIMOJHEHME K PACCMOTPEHHBIM YCJIOBUAM IpU I B. t € [a,b] u nwbbix x,0 € R
mHOkecTBO U(t,x,0) C R™ sapungercsa HKHell moxyperterkoit. OnpenennM MHOTO3HAUHOE OTOOpaXKeHMe
U: [ab] = K(R™), U(t) = U(t,x(t), (£Lx)(t)) N Orm(ug(t)). D10 0T0GpaskeHUe n3MepuMo. JoKaskeMm, 4T0 B
MHOJKECTBE €r0 U3MEPVMBIX CEUEHUIT MEETC sl HAUMEHBIINIT 3JIEMEHT.

Ona j = 1,m oIIpefieINM oIlepaTop IpoekTuposanus Pr; : R™ — R, Pr; (ug, .. Uy, Um) = uj. Ilomoxum
Qj(t) = Prj(U(t)) = {uj = Prju, u € U(t)}, t € [a,b]. B KOMIIAKTHOM HeIlyCTOM MHOKeCTBe Qj(t) MMeeTcs
HaMMeHpIIMit 31eMeHT u(t). Tak Kak sHaueHme ug;(t) — u j(t) ecTb paccrosiame 1o Xaycaopdy Mexay
MHOXKecTBaMu {ug; (1)} u Qj(t), TO cornacHo [4, Cnencraue 1.5.9] dynxima ug;(-) — gj(-) n3mepuma. [losromy
¢ynxums u(-) Taxke usmeprma. Tak Kak mpu 1. B. t € [a, b] mHOxectBo U(t) siBIsieTCS HIDKHEN PELIETKOI, TO
u(t) = (gj(t))j:m € U(t), t € [a,b]. Urax, pyHkums u(-) ABiseTCS HAMMEHBIIEN CPENN M3MEPUMBIX CEUeHUIT
orobpakernus U(-). [lokaszaHo, UTO B MHOKECTBE MI3MEPUMBIX YIIPABJIEHNII, COOTBETCTBYIOLIMX TPAEKTOPUI
x(+), cylllecTByeT HaMMeHbIIIee YIIPaBIIEHIIE.

JIJ1s1 IPOM3BOIBHOM TPAEKTOPUU X BBIIOIHEeHBI HepaBeHcTBa Lx < Lx u x < x. [lostomy, Benencreme
n30TOHHOCTM oTOOpaxkenus U(t, -, ), I I000r0 M3MEPUMOrO CeUeHMUs U MHOTO3HAUHOIO OTOOpasKeHNs
U(-,x(+), (£Lx)(+)) cywecTByeT M3MepuMoe CedeHme U, MHOro3HauHoro oroopaxenus U (-, x(+), (£x)(+)) Takoe,
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9TO U, < u. A TaK Kak U < u,, IONlydaeM HepaBeHCTBO U < u. Takum obpasom, mapa (Lx,u) aBngercsa
HaMMeHBIIIEN B MHOKECTBE DSolg (B).

CrencrBue mOKa3aHo.

Cdopmynupyem yTBepaeHme, B KoropoM yciaoBre (A) teopems! 4.1 3aMeHMM Ha Jierue IIpoBepsieMoe,
Ipu 3ToM Oy/IeT rapaHTMPOBAHO CYLI[eCTBOBaHIe pellleHns (x, U) KpaeBoil 3ajaun AJIs HESIBHOM YIIpaBiIsgeMoil
cHcTeMBI Takoro, uto napa (Lx, u) 6yaer HauMeHbIIIel B MHOKECTBE LSolg (B).

IIyctp k = n. CHOBa OymeM IIpeanosiarath, YT0 KOMIIOHEHTaMU (GYHKIN § IBISIOTCS yHKIMI

gi: [ab] xR*XR"xRxR™ >R, i=1,n.

CoorsercTBeHHO (22) — 31O cucreMa (28).
s paccMaTpuBaeMoii saech GyHkimy ¢ GyHKIMS §*, ompeenseMas IepBIM M3 COOTHOIIEHMIT (23), GymeT
VIMeTh KOMIIOHEHTaMU (YHKIUI

g} i [ab] XR"XR"XRXR™ > R,

2 e (29)
of (tx,z,yu) = 6i(t, X, 2+ Ax,y; + Aixj,u), i=1,n.
Hanee, mycTs 3amanbl QYHKIMN Wy, o € AC™ Takue, uto Lwy < Lng. 3agagum MHOr03HauHOE 0TOOpaskeHue

B: [a,b] — K(R") popmymoit

B(t) = [(Lwo) (1), (L10) ()]s t € [a,b]. (30)

CuencrBue 4.2. I[Tycmb 0na gynkyuu ¢* : [a,b] X R" x R” x R® x R™ — R" ¢ komnonenmamu (29) u
MHO0203HauH020 omobpasncenus UM : [a, b] x R" x R" — K(R™) evinonnenst ycnosus (B) —(D) meopemvt 4.1. ITycmp
3adanvl pynkyuu 1o, wy € AC" up, uy € W™ maxue, umo

uo(t) € U(t,no(t),100(1)), uy(t) € U(t, wo(t), do(t)) npun.e. t € [ab]

U 8blNOJIHEHbL HepageHCmea

g(ts T]o(t),f?()(t), ﬁo(t),ao(t)) =0, g(ta (A)o(t),d)o(t),d)o(t),ﬂo(t)) <0 npun. e. te [a’ b]> (31)

awg(a) + Pwo(b) <y < ang(a) + pro(b), Lwo < Lno.

Tozoa cywecmeyem pewenue (X, u) kpaegoti 3adauu c ycrmosuem (6) 0nst ynpasnsemoii cucmemvi (28) ¢ o6pamuotl
c63b10 (20) u ozpanuueruem (4),(30). Kpome moeo, cywecmsyem mpaexmopus x € AC p(B) maxas, umo Lx —
HAUMeHbWUTL STIeMeHM 6 IT] (LSolg (B)). Ecrtu kpome nepeuucienuvix yenoguii npu n. 6.t € [a, b] umobvixx € D(t),
v € B(t) muomcecmeo U (¢, x,v) C R™ agnaemcs HusxicHell norypewemrotl, mo 6 MHojcecmee LSolg (B) cywecmsyem
HaumeHbwuti smemenm, mo ecmv makas napa (Lx,u), umo ee nepeas komnonenma Lx — 3mo HAUMEHbULULL
JJIeMeHm 8 MHONCeCmEe Ty (LSolg (B)), a 6mopas KoMnoHeHma u — HAUMEHLULULL JTTEMEHM G Ty (LSolg (B)).
HMoxka3zatenbceTBo. [lokaxkeM, uTo crpaBenuso yciaosue (A) teopemst 4.1. [TycTb npu pUKCUPOBAHHBIX £, X, Z, U
UL HeKOTOporo y = (y1,...,Yn) € [(Lwo)(t), (LUO)(t)]Rn Y BCeX i = 1, N BBITIOTHEHO géi(t, X, 2,y u) = 0. A
Tak Kak B cuury (31) uMeeT MeCTO elle U HEPaBEHCTBO

gé)i(ts X, 2, wOl(t) - Aini(t)s u) <0,

TO B CUTY HEIIPEPBIBHOCTY (PYHKIIMN gé (t,x, 2, -, u), Haitmercs Takoe G; € [o;(t) —Aiwoi(t)), y], uro gé (%, 2,66
u) = 0. CoorBercTBeHHO, WA ¢ = (61, - - ., §p) VIMEEM gé(t, X, z,¢,u) = 0, u Takum obpasom, yciosue (A) TeopeMsl
4.1 BBIIIOJIHEHO.

Onpenensemoe paBeHcTBOM (30) MHOXecTBO B(t) C R npm 11. B. t € [a, b] aBisieTcst HIDKHEI IOy pELLIETKOI.
Hrax, [OKa3aHo, YTO BBIIIOJIHEHBI BCe YCI0BUS ciencTus 4.1, Takum 06pas3oM, CIIpaBeINBOCT OKA3BIBAEMOTO
yTBepKIeHNs IIPSIMO BbITeKaeT u3 ciaencrsus 4.1. Ciencreue qoKasaHo.

5. 3axiarouenne. OCHOBHBIMY pe3ybTaTaMy pabOTHI IBJISIOTCS YCIOBUS CYIIeCTBOBAHIS U OL[EHKI pelile-
HIIT JBYXTOUEUHOI KpaeBoil 3ajaull I CUCTEMBI HesIBHBIX AndepeHInaIbHbIX BKIOUEHNIT 11 IJIs HESIBHO
nuddepeHIaNBHOI yIIpaBIsieMoit cucTeMbl. [ToyueHHbIe yTBep)KAeHNs NMEIOT BU TeOpeM, aHAIOTMYHbIX
KJIaccuueckoli TeopeMe Yarurbirnza o auddepeHIMaIbHOM HepaBeHCTBe. TakKe II0Ka3aHO, YTO B YCIOBUAX
JOKa3aHHBIX YTBEP)KIAEHMII B MHOKECTBaX pelIeHNiI pacCMaTpMBaeMbIX 3a1ad CYLLECTBYIOT MIHIMAaJIbHbIE
3JIEMEHTBI, U IIOJTy4YeHbl JOIOJIHUTEIbHBIE YCIOBUA CYI[eCTBOBAHNSA HAMIMEHBIINX PEIlIeHNIA.
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1. BBemeHme. B HacTosIel! cTaThe MCCIeAyeTCs KpaeBas 3afgaua

() =—f(t,x(t), 0<t<l, (1)
x(0) =0, )
xX(1)=0, x"(1)=0, x"(1)=0, 3)

rge f : [0,1] X R*Y — R* — menpepriBHas ¢ynkuus. 3agaua (1)-(3) mogemupyer nedopMariio COCTOSHIISL
paBHOBeCUs yIpyToii OATKM, Y KOTOPOiT OMH KOHELl )KeCTKO 3aKpeIlIeH, a APyroii — IOABIDKHBII. B MexaHuKe
Takasl 3a/iaua Ha3bIBAeTCs YpaBHEHMEM KOHCOIbHOI Oanku (cM., Hampumep, [ 1, 2]), roe mpomsBoguble GyHKIUN
nedopmarmy x(t) mmeroT cremyromuit husmdecknit cMbicn : x4 — xecTkocTb TIOTHOCTN HATpy3Ku, X'/ —
JKECTKOCTH IOIIEPEYHOIT CUIIBL, X' — )KeCTKOCTh U3TMOAI0IIEero MOMEHTA I X' — HAKJIOH.

Ilenpro maHHOI paGOTHI SIBJISETCS MTOJyUeHIe JOCTATOYHBIX YCIOBUI CYIIIeCTBOBAHNIS M €AVHCTBEHHOCTI

MOJIOKUTENBHBIX peleHnii kpaesoit 3agaun (1)—(2). Cpenu GIM3KUX K HACTOSILEN CTAThe 3a[]ay OTMETUM

© , 2024
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[3,4, 5, 6, 7], B OCHOBE KOTOPBIX JIEKAT TEOPEMBI O HEITOJBIHKHOT TOUKE oreparopa. [1oyueHHbIE Pe3yIbTaThl
IOTIOJIHSIOT MICCIIEOBAHNS aBTOPA B 9TOM HarpasieHuu [8, 9].

2. OCHOBHbBIE pPe3yabTaThL. [ ymno6CTBa BBIKIAOK BBefleM CIeyIolie COKpalleHus IPOCTPaHCTB:
0603HauMM uepe3 R* mpocTpaHCTBO BCex HEOTPUIIATENBHBIX [IE/ICTBUTENBHBIX uncel, uepe3 C COOTBETCTBEHHO
npocrpanctso C[0,1] ¢ mopmoit ||x||c = maxe(o1] |x(t)], C™ — mpocrparcTo C™[0,1] ¢ HOpM™MOII [|x||cm =

1 H
max {||x||c, Ix llc, - . ., [lx(™) ||c}, L, — mpocrpancrso Ly (0, 1) ¢ HopMmoit ||x||p, = (/ x(s) ds) u yepe3s W™ —
0

npoctpaHcTBo CoboseBa ¢ HOPMOIL || x||wm = ( e [|lx(®) ||]2L2) .

Bmecre ¢ 3amaueit (1)-(3) paccMoTpuM JIMHEHYIO 33124y

xW (1) = —h(1), 0<t<l, (4)
x(0) =0, ©)
x(1)=0, x”(1)=0, x"(1)=0, (6)

rae h € L, - HeotpnuarensHas Ha [0, 1] pyHKIuA.
Jlemma 2.1. /lna kaxcdozo h € L, cywecmeyem eduncmeennoe nonoxcumenvhoe pewenue x € W* zadauu (4)—(6),
makoe umo

- 1, .
L A S E LT @

HoxasarexbcTBo. Jlerko mpoBeputs, uTo st roboro h € L, pyHkums

1
x(t) =/ G(t,s)h(s) ds, 0<t<1, (8)
0
rme
1 |3st(s—t)+1t3, ecmm0<t<s;
G(t,s)=-1", ©)
6 |s°, ecims <t <1,
d4
byukuus [puHa omeparopa T ¢ kpaeBbIMu ycosuamu (5), (6), mpuHamexut W* 1 aiseTcs eMHCTBEHHBIM

ITOJIOKUTENBHBIM pellleHIeM JIMHeIHO 3axaun (4)—(6).
C yuerom rpaHuuHOrO yciaosus (5) nmeem

x(t) = ‘/Otx'(s) ds, te]0,1].

CrnenoBaTenpHO, B CUITy HepaBeHCTBa [enprepa

t t 2
o) < [ |x'<s>|dssﬁ( i |x'<s>|2ds) <Y, telo1]
0 0

IA

OTKy[a ciemyer, uto ||x||, < \/i§||x’||L2. AHAJIOTMUHO, 3 COOTHOIIIEHUI

1 1 1
X () = —/ x”(s)ds, te[0,1], x"(t)= —/ x"(s)ds, te[0,1], x"(t)= —/ xW(s)ds, telo1],
t t t
coorsererserto oy [’ [lL, < J5lIx” Il I1x” I, < 5l lle, m llx" flz, < 51 ..

Kax serxo Bupmers mist h € C pynxius
x=GheCY

rae G — onepatop I'puna ¢ sigpom (9), IBJISIETCS KIacCUUeCKNM ITOJI0KUTENbHBIM pelteHneM 3anaun (4)—(6). B
cuy KoMTakTHOCTY Bioxenus Co6omesa W* < C3, omepatop G : C — C® sByisieTcs BIIOMHEe HENPepbIBHBIM
OIIEPATOPOM.

Omnpenenum otobpaxenue F : C2 — C paBeHcTBOM

(Fx)(t) = f(t,x(1)), te€[0,1].
Beuny HenpepsIBHOCTH f, HellpepbIBeH 1 onepatop F. OmpenennM CynepHno3UIMIO 0TOOpasKeHI T paBeHCTBOM
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W3 monuoit HerrpeprisHocTy G : C — C? ciiefiyeT mosTHAas HeIpephIBHOCTH omeparopa A : C° — C3. B cuny
onpenenenus oneparopa G MOJOKUTENBHOE pelleHne KpaeBoi 3agaun (4)—(6) SKBMBAIEHTHO HEIIOABIKHOI
TOYKe oIepaTopa A.

Teopema 2.1. [Tpeononoxum, umo cywecmeytom uucna 0 < a < 4 ub > 0, maxue umo

f(t.yo) < ayo+b, (11)

o 6cex (t,4o) € [0, 1] X R*. Tozda kpaesas 3adaua (1)—(3) umeem no kpaiineii Mepe 00HO NOTOH UMETbHOE PeUUeHUe.
NoxaszatenncTso. [Tycts A : C* — C3 - BriosiHe HenpepbIBHBII OmIepaTop, onpeaensgemsbrit popmymoit (10). Torma
[IOJIOKUTEIBHOE pelireHre 3anaun (1)—(3) 9KBMBaAIEHTHO HEMOABIKHOI TOUKe onepaTopa A. Bocronbsyemcs
teopemoii Jlepe — Illaynepa st [OKasaTeIbCTBA HATMUMS y OTlepaTopa A HEmoBIDKHOI Touky. C 3TOI LENbIo
PaccMOTPUM TOMOTOITHOE CEMEVICTBO OTIEPATOPHBIX YpaBHEH I

x = AAx, 0<A<1. (12)

[TokakeM, UTO MHOKECTBO TIOJIOUTENbHBIX pertenuti (12) orpanmueno B C2.

ycts x € C* - monoxkurensHOe pemtenue ypasaenus (12) ans A € [0, 1]. Beens o6osnauenme h = AF(x),
monyunM x = AAx = AG(F(x)) = G(AF(x)) = Gh. B cuny onpenenenus G BeipakeHne x = Gh onpenenser
eIHCTBEHHOE IIOJIOKIUTEIBHOE pellleHNe JIMHEeHOl TpaHmuHoi sagaun (4)—(6). Cremosarensro x € C*
YIOBJIETBOPSIET 3a/1aUe

@ (1) = =Af(t,x(1), O0<t<1, (13)
x(0) =0, (14)
x'(1)=0, x”(0)=0, x"(1)=0. (15)

YmHoxas ypasueHue (13) Ha —x'’(t), Bocmosp3oBasich (11), monyunm
—xW ()" (t) = Af (£, x()x" (t) < Aax(t)x” (t) + bx"' (1)) < ax(t)x”(t) +bx"(t), t€ [0,1],

rie 0 < a < 4u b > 0 — npousBoIbHbIE uKcia. VIHTErpupys Temepb 3T0 HepaBeHCTBO Ha [0, 1] ¢ yueTom
rpaHumYHbIX yceaoBumit (14), (15) 1 mpuMeHss HepaBeHCTBO [esibaepa K MpaBoil YacT COOTBETCTBEHHO IOy UMM

17

Ix™1IE, < allxlle, llx” I, +bllx” |l

B cuny nemmsl 2.1 umeeMm

a b
117, < —lIx"" I, + —ZIIX’"II

4 V2 La-

4b
V2(4-a)

Orcrona cienyer, 4TO

||x"'||L2 < M(), roe MO =

Ha ocHoBaHUM 3TOI OLIEeHKN 1 IeMMBbI 2.1 nMeem

3 % 1
: 1 1 1 2 15
(i)y2 7" _
X < x <|l=+-+-=-+1 X =,/ —M,.
% (;“| mJ @ its ) I I, = | 5 Mo

CrieioBaTeNbHO, B CUITY OTpaHMUYeHHOCTH Brokenus Cobonesa W2 «—s C2

15
Ixllc: < Clxllws < Cyf Mo =: My, (16)

roe C - nocrosiuHas Bioxenns Cobonepa W3 «— C2.
3

s
Hecnoxno mokasars, 4o maxX;e[o,1] G(t,5) = ra s € [0,1]. Torma Ha ocHoBauuu (12) nmeem

1.3

! s a b
= < - + < = + —
[|x]lc Atlen[e&)lc]/o G(t,s)f(s,x(s))ds < ‘/o S (ax(s) +b)ds < 24||x||c "

Otkyna

b
< =: M,. 17
lele < 50— ==, (7

[pounrerpuposas ypasHeHue (13) Ha [0, 1] ¢ yuerom rpanmysoro ycnosus x”'' (1) = 0, moxyunm

x"(t) = A/lf(s,x(s)) ds.
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Bocmonbsosasuinck (11) u (17), umeem

1 1
Ix"lc = A/ f(s,x(s))ds < / (ax(s) +b) ds < a||x||c + b < aM, + b =: Ms. (18)
0 0

OxonuarenbHo u3 (16) u (18) 3aki1rouaeM, uTo
lIxllc: = max {[|x[lce, [Ix"[lc} = max{M;, Ms} = M

STO 03HAUAET, YTO MHOKECTBO IIOJIOKUTEMBHEIX pemenuii (12) orparmueno B C*. CornacHo Teopeme Jlepe —
IITaymepa omepatop A MMeeT HEMOABILKHYIO Touky B C3, UTO PaBHOCHMIIBHO CYIIeCTBOBAHMIO TI0 MEHBIITel Mepe
OJTHOTO ITOJIOKUTENBHOTO perreHns 3amaun (1)—(3).

Teopema 2.2. [Tycmv guinonHenbvl ycnosus meopemol 2.1. Kpome mozo, npednooicum, 4mo cyujecmeyem uuciuo
0 < a < 4 maxoe, umo

lf(ty1) = f(ty2)| < alyr — y2l, (19)

ons ecex (t,y1,12) € [0,1] X R* X R*. Tozoa xpaesas 3adaua (1)—(3) umeem no kpatineii mepe 00HO NOOHUMETbHOE
pewenue.

MoxasarenbeTso. IIycTs x1, x; € C! — mBa pasnmuusbIX MoNTOXUTeNbHBIX petienus 3anaun (1)—(3). [omoxum
x=x3—xyuh=F(x;) — F(x1). UmeeM x = x5 — x; = Axy — Ax; = G(F(x2)) — G(F(x1)) = Gh. CnemosareibHo,
X SIBJISIETCS pellleHneM JIMHeTHo 3agaun (4)—(6) u yIOBJIETBOPSIET YPABHEHUIO

xW (1) = —[F(xp) (1) = F(x))(1)], te[0,1].

YmuO)as aTo ypaBHeHue Ha —x"'(t) = —(x,/(t) — x]'(t)), Bocmonb3oBasIIuch yeaosueM (19) moxydamm

—x®W ()" (1) = [F(x2) (1) = F(x1) ()] (x5 (£) = x7/ (£))
< alx(t) = x1(1) (x5 (1) = x{(t)) = ax(t)x”(t), te[0,1].

VHTerpupys 310 HepaBeHCTBO Ha [0, 1] 1 rcnonb3ys teMmy 2.1, HOIyunm

11 (X” 7112

I ZIIE,

17, < allxll, lIx” [, <

ITockonbKy @ < 4, M3 9TOro HepaBeHCTBaA ciexyer, 4To ||x””’||r, = 0. B T0 sxe BpeMst 3 eMMbI 2.1 BBITEKaeET,
ut0 [|x||1, < ﬁ”x”’ﬂb, orkyna ||x||r, = 0. CregoBaTenbHO X1 = X2. ITO 0O3HAUAET, UTO KpaeBas 3amaya (1)—(3)
MMeET TOJIBKO OIHO IOJIOKUTEIBHOE PelleHeE.

3. IIpumep. PaccmoTpum KpaeByro 3agauy

()= —24x()+p,  0<t<1, (20)
x(0) = 0, (1)
x(1)=0, x"(1)=0 x""(1)=0, (22)

roe f > %
IIpoBepmM, UTO COOTBETCTBYIOLLAS HENMHENHAsI cocTaBisowas f (£, o) = 24/yo + [ YXOBIETBOPSIET YCIOBUIM
teopembt 2.1. Baas a = 1 u b = f + 1, ma xaxmoro (¢, 1) € [0, 1] X R* umeem

ftyo) =24yo+f<yo+p+1.

CrnenoBarenbHo, [ ynoBierBopsieT yciaosuio (11) u B cuuty Teopemsl 2.1 kpaeBast 3agaua (20)—(22) umeer 1o
KpaliHell Mepe OQHO IOJI0KNUTEIIbHOE pellleHNe.

OueBupHo, pyukuus f HenpepsisHo qupdepennupyema ua orpeske [0, 1]. Torma, kak cienyer u3 GopMyIIbt
KOHEUHBIX [IPUpAIeHNI], OHA YIOBJIETBOPSIET YCIOBUIO (19) € MOCTOSHHOI

a= £t yo)] = :
(tyo)e[01xR+ x b Yo Jy + \/B

C yueToM orpaHMUeHuUIi Ha 5 JIeTKO BULETb, uto @ € (0, 4). CieHoBaTeIbHO B CILy TEOPEMBI 2.2 KpaeBas 3ajaua
(20)-(22) mmeer enMHCTBEHHOE IIOJIOKUTENBHOE PELLIEHIE.

4. 3akirouenne. B paGore paccmorpena kpaesas 3agava (1)—(3), Mmomenupyroias gedOpMAaIIi0 COCTOTHUS
paBHOBeCUs KOHCOJIBHOIT Ganku. B mommHeiHoM ciayuae ¢ momolsio TeopeMsl Jlepe — Illaynepa noxaszaHo
CYIIIECTBOBAHIE XOTS ObI OJJHOTO IIOJIOKUTENBHOTO PELIEHNS PACCMATPUBaeMoiT 3agaun. Kpome Toro, npu BbI-
nonHeHN yeaoust (19) mokasaHo, UTO JaHHAS 3a[aua MMeeT TOJIBKO eQUHCTBEHHOE IIOJIOKUTEIBHOE PeLLeHIe.
[IpuBeeH COOTBETCTBYIOLLUIL IIPUMep, WILTIOCTPUPY LI BBITIOJHEHNE YCIOBUIL TEOPEM CYIIeCTBOBAHMS I
€IVHCTBEHHOCTH MTOJIOKUTENBHOTO perrenus 3amaun (1)—(3).
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1. BBegeHnue. B maHHOIT cTaThe MBI M3y4aeM KpaeBYIO 3ailauy Ha COOCTBEHHBbIe 3HaUeHN NI OuddepeH-
LMAJIBHOTO oIlepaTopa L ueTBepToro nopanka Ha rpade I', koropas Bo3HMKaeT Py MOZIEIMPOBAHNN MAJIBIX
TedopMaIuii INIOCKUX CTEP)KHEBBIX CUCTEM:

Lu(x) = Ap(x)u, x €T, (1)

ulor = (Bu” — 9u')|or = 0. (2)

Omepatop L 3amaércst oObIKHOBEeHHBIMU AuddepeHIMaIbHBIMI YpaBHeHUAMM Ha pébpax rpada I', a B
y3nax rpada omeparop L 3agaércs HaGopaMu YCIOBUII coracoBaHms (cM. pasfel 2, ycaosus (5)—(6)). IIpu stom
nox nud¢epenanbHeIM ypaBHeHueM (1) Ha rpade MbI mogpasymeBaeM, ciienys [1], Habop 0OBIKHOBEHHBIX
nuddepeHnmanpHpIX ypaBHeHUIT Ha peOpax rpada 1 Habop yCIOBUI COTIACOBAHNS BO BHYTPEHHUX BEPIITHAX.

© , 2024
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K HacrosimeMy BpeMeHU IOAPOGHO M3yUeH BOIIPOC 06 aCUMIITOTUKE CIIEKTPA KpaeBbIX 3amau 2-To u 4-To
mopsigka Ha rpadax [2, 3, 4, 5], IOJIy4YeHBI OLIEHKY KpATHOCTEl COOCTBEHHBIX 3HaueHNII orreparopa Illrypma-
JInysuins [6] n oneparopa uerBéproro nopsiaka Ha rpade [7]. B manHoi pabore MBI 1aeM OLEHKY CHU3Y
BEyILLIEr0 COOCTBEHHOTO 3HAUEHUS KPAEBOII 3a1aUM YETBEPTOTO MOPSIAKA.

VmeeTcss HECKOJIBKO IIOIXOMOB K IIOJIYUYEHNIO TAKUX OLeHOK. HanGoee 001IMM SIBIISI€TCS OTIEPATOPHBIIT
ITOXOM, pa3BuUThII B padorax M.A. KpacHocensckoro u ero yueHuxos [8]. OcHOBHasI maest 3TOro Imoaxona
3aKJII0YAETCs B TOM, UTO OLIEHKa CHM3Y BeQYIIero COOCTBEHHOTO 3HaUeHNs KpaeBoll 3aauyl S9KBUBaJIeHTHA
OLIeHKe CIIEKTPaJIBbHOIO pafIyca MHTETPAIBHOTO OIlepaTopa, 00palllaoIero KpaeByo 3agauy. Iapom Takoro
MHTETPATIBHOTO OIlepaTopa ABisfeTcss QyHKUMs [prHA COOTBETCTBYIOLIEN KpaeBoit 3agaun. M Tor ¢axT, uro
[IOJIOKUTENBHOCTD QyHKIMY ['prHa 3agaun Ha rpade 00ecrieunBaT OepaTopy XOPOoLIle 3HAKOPETyJIIPHbIE
cBoiictsa [1, 9, 10, 11, 12, 13], maér BO3MOXKHOCTH IIPMMEHEHNS TEOPUIL OIIEPATOPOB, NEMCTBYIOIINX B IIPOCTPAH-
CTBax ¢ KOHyCaMI, [ ITOJyUeHNs OLeHKI BEAyIero co0CTBeHHOro 3HaueHns. OXHAKO, eCIIVt HAITV SBHBII
Bup ¢pyukuuu ['puHa sagaun Ha rpade HEBO3MOXKHO, TO YIIOMSHYTBII BbIIIIE OIIePATOPHBIIL ITOJXO0 HE MOXKET
OBITh IPMMEHEH Il HALIUX LIETIeIL.

[pyroit MOAX0 IpU MOJYUEHUN OLEHOK BEMyIIEero COOCTBEHHOTO 3HAUEHNS KPAEBOI 3aaUll VIS JIATIa-
CHaHa ¢ KpaeBbIMU yCIoBusaMy [upuxie Ha rpade OCHOBaH Ha IpUHIUIIE Pajtes u MeToze IepecTaHOBOK—
cumMerpusanyi [14]. [Ipu cummerpusanuu [IIBapia (mpy cMMeTpIYHOI II€PECTAHOBKE) HEOTPILIATENBHOI
dyuxmum us H! (R) Hopma ee rpamuenta 8 L2 (R) He Bospactaet. Bmecre ¢ mpuaIIom Pames aToT gaxT mossosmn
[IOJIyUMTh OLIEHKY IEPBOTO COOCTBEHHOIO 3HAUEH JIAIIACAHA, IOAUMHEHHOr0 yCJIoBusIM Jupuxie.

B HacrosiIeit cTaThe MBI Ja€M OLEHKY MUHUMAIBHOTO COOCTBEHHOTO 3HAUEHMs KpaeBoll 3amaunm aud-
(depeHUManBHOrO OllepaTopa YeTBepToro mopsaaka Ha rpade I' ananornunyio onenke [.P. [JaHHMHrepa mis
Omarracrana [15] (cm. Taxoke [16]). B mokasaTenscrBe ucnonb3yercs aHauor Toxaecrsa [lukone [17, Inasa X].

2. IToctaHoBKa 3agaun. B nanHoit paboTe MBI MCIIOIb3yeM TEPMUHOJIOINIO 1 0003HaueHus pabor [9, 18].
Ha niporsxennu Beeit cratbu I' € RN 0603HauaeT cBA3HBIN 1 KOHEUHBI 2e0Mempuueckuil pag 6e3 meTen, ¢
mHoxectBoM BepiunH V(T') u MHOXecTBOM Touek pebep rpada E(T). Pe6po rpada — 310 MHTEpBaAI KOHEUHOII
IUIMHBL, a 6epuiuHa rpada — 9To KOHIeBast TOUKa OJJHOTO JUIM HeCKOJIbKIX pebep. Pebpa rpada o6os3navarorcs y;,
BepLIMHBI 0603HauawTes a, b u 1. 1. s mo6oit a € V(T') uepes I(a) 0603HAUMM MHOKECTBO MH/EKCOB pebdep,
MHIUEHTHBIX BeplInHe a, n uepes |I(a)| 0603HAUMM KOIMUECTBO 9JIEMEHTOB MHOXecTBa I(a). dneMeHTHI
muoxectB J(I')) = {a € V(') : |I[(a)] = 2} u ol = {a € V(') : |I(a)] = 1} Ha3bIBAIOTCA GHYMPEHHUMU U
2PAHUYHbIMY BEPIIMHAMY COOTBETCTBEHHO. MbI cunraem, uto I' = E(T) U J(T') u o' # @. O6paTum BHUMAaHME,
YTO TPAHMYHBIE BEPIINHBI HE BKIIOUEHBI B rpad.

BBenem QyHKIMOHANBHBIE IPOCTPAHCTBA:

C[T] ={u : T — R|upaBHomepHO HenpepbIBHA Ha KasknoM pebpe y; C E(T)};
C[E(T)] = {u : E(T) — R|upaBrHOoMepHO HenpepriBHA Ha KaxxaoM pebpe y; C E(T)}.

Yepes u; 6ynem ob6o3Hauarts cyxenne pyuakuuy u € C[T'] (wnmu C[E(T')]) Ha coorBercTByIOIIIEe pebpo y;. Hnst

¢yuxuuu u € C[I'] (mnm C[E(T)]), npouseonsuoit Bepunsst a € V(') ui € I(a) monaraem u;(a) == lim  u;(x).
yidx—a

O6parum BHUMAaHMeE, uTo Uy (a) He 06s13aTenbHO paBHbI U;(a) v u(a), rae k, i € I(a) (k # i). lIpoctpancrBo
HenpepbIBHBIX QyHKuMit onpenensercs paseHcrBoM C(T') = {u € C[T]| u;(a) = u(a) (Va € J(T), Vi € I(a))}.

Tenepb onpeneanM Ipou3BOAHYI0 QYHKIMY Ha rpade. [ 9T0ro BBOAUM IapaMeTpU3aluio KaKIoro pedpa
vy = (a,b) C E(T), rme a,b € V(T), u cTaBUM B COOTBETCTBIE KAXKIOI TOUKe X € y koopauuary t € (0,]) C R,
ompenessieMyto cooTHouteHueM x = a + t(b — a)/l, rue | - niuna coorBercTByIOLIErO pebpa y. [IpousBogHas
¢yukunm u € C[T'] (mnu C[E(T)]) B Touke x € y ompenensercs Kak u’(x) = %u (a+t(b—a)/l).

Yepes C*[T'] (mnm C*[E(T)]) mb1 0603Hauaem mpoctpanctso ¢pyukumit u(x) € C[T'] (mnu C[E(T)]), mpo-
M3BOIHBIE KOTOPBIX IO IOPANKA N BKIIOUUTEIBHO CYIIeCTBYIOT U puHamiexat npocrparctsy C[E(T)]. dna
byukuum u(x) € C*[I'] (mmm C*[E(T)]) B 106011 Bepruute a € V(I') onpeneneHo MHOXECTBO IIPOM3BOLHBIX
ul.(j ) (a), 1 £ j < n, Boons pebep, CMEKHBIX € a. [I[pOM3BOAHBIE HEUETHOTO MOPSAKA 3aBUCIT OT OPUEHTALIUY
pebep. {715 ueTHOI IPOM3BOAHOIN OpMEHTALVI He BasKHA.

ITox muTerpasom dyukunu u € C[E(T)] moHnMaeM cyMMy MHTETpajoB

/ u(x)dx = Z /I ui(x(t))dt.

T viCE(T) %

B cratbe paccMaTpuBaeTcsl ypaBHEHME UETBEPTOTO IIOPSIIKA Ha reoMeTpuueckoM rpade I', KoTopoe KOpOTKO
MO’KHO 3aINCaTh B BUJIE
Lu(x) = f(x), xeT. (3)

IIpu atom nox nuddepeHimanbHbIM ypaBHeHEeM (3) MBI ITogpa3yMeBaeM Ha0Op 0OBIKHOBEeHHBIX nuddepeHiu-
aJBHBIX YpaBHEeHUIT Ha pebpax rpada

(pi()u")” = (qi(x)u)" +ri(x)u; = fi(x), x €y C E(D), 4)
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1 HaGOp YCIOBUIL COTIIACOBAHUS B KaXKI0I BHyTpeHHel Bepiuuue a € J(T)
ui(a) =u(a), Pi(a)u'(a) - di(a)ui(a) =0, i€l(a), ®)
>’ Dui(a) +r(a)u(a) = f(a), ©)

i€l(a)

rie D’u = (pu”’)’ — qu’ - TpeTbs KBa3UNpPOU3BOAHASA QYHKIMH U.

YpaBuenue (4)—(6) BOSHUKaeT IIPU MOAENNPOBAHUY MAJIBIX Ae(OPMALNiT CTEP;KHEBOI CUCTEMBI C YCIOBUSIMMU
yupyro-iapaupHoro coemuaenns (cm. [9], [19], [15], [20]). B aTom ciryuae paBercTBa (4)—(6) MOKHO TPaKTOBATh
crepyrommumM o6pasom: u(x) obo3HauaeT cMeleHe GaNKI IIPY BHIXOJE U3 COCTOSTHUS PaBHOBeCHsT; ycaoBus (5)
OTVCHIBAIOT KJIACCUUECKUE JIOKAIBHbIE YCIOBUS B y3jax rpada — IepeMelleHNs BCeX CTEP)KHEN CUCTEMBI
SIBIISIIOTCS HEIIPEPBIBHBIMI 11 IMEETCS YIIPYTO-IIIapHUPHOE COWIeHeHNe B BepiiuuHe a. [locienHee ycioBue —
3TO YCIOBYUE TUHAMUUECKOTO PABHOBECUSL.

Pewenuem qupdepennmansHoro ypasHeHus (3) 6ygeM HasbIBaTh BCIKYI0 QYHKINIO U € CH[r], YIOBJIETBO-
PAIOLIYIO HA KaXKIOM pebpe rpada COOTBETCTBYIOLIEMY OOBIKHOBEHHOMY MudQepeHInaIbHOMY YpaBHeHNIO (4),
a B KOKIOI BHYTpeHHeN BepiuuHe — yciaoBusaMm (5), (6).

Taxum obpazom, nuddepenmanpapii onepatop L : D — C[I'] ompenensercs COOTHOIIEHNSIMMI

D = {u € C*[T'] : uymosnersopser (5) Ha J(I)},

P’ = (qx)u') +r(x)u,  x € E(T),
Lu(x) =1 3" D*ui(a) + r(a)u(a), ae J(). ()

i€l(a)

Ha mpoTsS)KeHUM BCeil CTaThU MbI CUMTAEM, UTO BHIIIOTHEHBI YCIOBUS:
e p € C?[E(D)], i}sl(fr)p(x) >0,g€ CHE(M)],q>08aE(l),r,peC[T],r>0mal,p>0maE(N)mp >0
X€E

Ha J(I);

® B rPaHUYHBIX YCIOBUAX U YCJIOBUAX COTJIACOBAHMS B y3JIOBBIX BepLIMHAxX rpada BCe IPOU3BOIHBIE
BBIUVICIISIFOTCS. B HATIPABJIEHUI «OT BEPILIMHBI»;

e f(a) > 0,3(a) > 0u f(a) + I a) > 0 mns m060it a € I

o fi(a)9i(a) = 0u f;(a) + Ji(a) > 0 mnsa moboit a € J(I') n mroboro unpekca i € I(a), mpuuém Y, J;(a) > 0;

i€l(a)

e st J1I060r0 pedpa y; = (a, b) mo KpariHeit Mepe OfHA 3 BEINUNH Igleag/x q(x), 9i(a), 9;(b) monoxureapHa.

OTMeTuM, 4TO cepusi yCJIOBUIT Ha KO3((UIMEHTHI ypaBHEHMs U TPAHMUYHBIX YCIOBUIL OIIpEeResIIeTcs
¢msmueckuM cMbICIOM 3amaun (CcM., Hapumep, [ 1, I'masa 8] miu [18]). Uro kacaeTcs MOCIeTHNUX YCIOBUIL, TO
IpM UX HAPYIIEHUN 3a[jaya OKAa3bIBAETCS BBIPOJKIEHHOI. B aTOM ciiyuae cnextp 3amaunm (1), (2) us crporo
ITOJIOXKUTEIHFHOTO CTAHOBUTCS HEOTPULIATENLHBIM: IIEPBOe COOCTBEHHOE 3HAUEHIE OKA3bIBAETCS PABHBIM HYJIIO
(cm. [1, T'maBa 8)).

3. TosxgectBo Iukone. Paccmorpum omneparop L : D — C[T'], nopoxpmenuslit coorHourenusmu (7) ¢
xoadppunmentamu p € C2[E(T)], ¢ € C[E(T)], r € C[T]. BmecTe ¢ omepaTopom L MbI 6ymeM paccMaTpuBaTh
oneparop L : D — C[I'], moposkgaeMplif TeMU e COOTHOILIEHVWSIMMI C 3aMeHO K03 (UIIEHTOB p, ¢, I Ha
P e C*[E(T], Q € C}[E(T)] u R € C[I'] cooTBeTCTBEHHO.

Teopema 3.1. ITycmv ¢ynxyuu u,v € C*[T'] nenpepoienvt aT. Ecnuu/o € C(T'), mo

/ g (oLu—uLlo)dx+ Y. g(a) (0(a)Lu(a) — u(a) Lo(a))

r aeJ(T)
= / [(p-P)u"*+(q- Q) u* + (r - R)u’]dx + Z (r(a) — R(a))u?(a)
T ac](T)
14 u 144 2 0/, ’ u ’ 2 ’ u ’ 2
+/P(u —;v ) dx—2/?)7(u —;0) dx+/Q(u —;0) dx
T T T
u 3 _ 3
+a;F ~(@) [u(a)D’0(a) ~ 0(a)D*u(a)] (8)
2
+ ) (U@ @+ ) S (@(P) (@' (a) 2 ) = (@' (@)(Po")(a)
aedl’ acdl’ aedl’
2
+ 0 D ) @u(@)+ ] :—z(a) > (P (a))(a)
acJ(T) i€l(a) acJ(T) i€l(a)
2 ) 2(a) Y w@ @),
aeJ(T) i€l(a)
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HoxasaTeabcTBo. [IponHTerpnpyem 1o uactaM BaoJb I mpoussenenue ulu. Umeem
/ uLudx = / [pu”? + qu'* + ru]dx + Z [W (pu”) — uD*ulyeq + Z Z () (piw)) — u; D*u;] x=q.
T T acal acJ(T) i€l(a)

ITockoabpKy (PYHKLMSA U HEIpepbIBHA B KaXKH0I BHyTpeHHelr BepummHe a € J(T), To

/uLu dx = / [pu'? + qu'* + ru®]dx + Z u' (a)(pu”)(a) - Z u(a)D*u(a)

T T a€or a€ol

9)
30 D w@pa)@ - Y u@| Y Dua) +r(@u@|+ Y r(@u(a).

acJ(T) iel(a) acJ(T) i€l(a) acJ(T)

2
AHaJ’IOI‘I/ILIHO, VMHTETrpUpya ABaXIABI I10 YaCTAM IIPOM3BEAEHUE %LU, IIOJTYUYUIM

/ u—.[:v dx = / Py’ (u_) + Qo' (u_) +Ru2] dx
v | v v
T T
u?\’ uw . u?\’ T
+ Z [(7) (PU )— FD ] + Z Z (U_) (Pivi ) - U—ZD 0

acar lx=a  gej(T) iel(a) !

dx+/
T

2
4

xX=a

2 ’
Qv’ (%) - Qu’z] dx

r 2
= / [Pu"z +Qu? + Ruz] dx +/ Po” (u_

[
T T

+ Z (u—z)/ (Po") - u—21)30 + Z

acor L\ v x=a  gej(T)iel(a) [(U’

’
) _ Pu"z

’ uz
) (Pio}’) - —lﬂ%il
Ui

x=a
Beruncnum IIpOM3BOOHBIE JIpO6I/I uz/v. Torna IIpaBag 4acCThb IIOCJIIEAHETI0 paBEHCTBA IIPUIMET BU

/ [Pu”z +Qu? + Ruz] dx — / P (u" - gv”)z dx

T

T
+2‘/P%ﬁ (u’—gv’)zdx—/Q(u’—%v’)zdx
T

T

- Z—j(a)(%")(a)v'(a) +2 ) (@' (@(P") (@) - ”;z(aw%(a) (10)

aedl’ aedl aedl'

-] j—j(a) >, Pe@vi@+2 Y, (@) ) uj(a)(Pw])(a)

acJ () i€l(a) ae]J(T) i€l(a)

- Z %Z(a) Z D30;(a) + R(a)v(a) | + Z R(a)u*(a).

acJ(T) i€l(a) acJ(T)
u
Temneps, cocTaBisasa pasHOCTb f — (vLu — uLv) dx, n npusnekas (9), (10) u (7), momyuum (8).
v
r

Cuenctsue 3.1. ITycmv ¢ynkyus u € C*[T] ydosnemeopsem ycnosuam

ui(a) =u(a), Vace J(), Viel(a);

’ : (11)
u;(a) =0, ecnu fi(a) =0, Vae J(T), Viel(a).

Ecnuv € Duu/o e C(T), mo

VIu] := / [Py + Qu' + Ru?]dx + Z R(a)u*(a)
r aeJ(T)

<[l [P (e o [a(v =)o
T ) 2r J "
* 2, T @D(@+ 3 @@ @ =2 3 S (@(P)(@

+/%2Lvdx+ Z %Z(a)Lv(a).

T acJ(T)
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PaBencrso (12) cpasy cienyer us (8), (5) u ycnosus f;(a)d;(a) = 0, Beimonuennoro mis iwosix a € J(I) u
i €I(a).

CuencrBue 3.2 (toxxnmectso [lukone). Ecnu 6 yenogusx cinedcmsus 3.1 0OnOIHUMETbHO NPpednosloH UMb, Ymo
u|or = 0, Mo 6vinoHAEMCS MONKIECMBO

Viul = / » (u" - %”N)de— 2/ P%ﬁ (u’ - %v’)zdx+/ Q (u' - %v')zdx

r r T
2 2
+/u—£vdx+ Z u—(a)Lv(a).
v v
r ae](T)

(13)

CuenpcrBue 3.3. IIycmvu,0 € D uu/v € C(T'). Tozoa

/ " (vLu — uLo) dx + Z ;(a) (v(a)Lu(a) — u(a)Lo(a))

T acJ(T)
= /[(p -PYu"*+ (g - Qu*+ (r — R)u’ldx + Z (r(a) — R(a))u?(a)
T ac](T)
+J P (u" - %U”)Z dx — ZJ P%ﬂ (u' - %U,)z dx + r/ Q (u' - %v')z dx + a;r(Pu")(a)u'(a).

4. Teopema cpaBHeHus. Teopems! IlITypma 0 IrepeMeKaeMOCTI M CPAaBHEHNY AJISI YPaBHEHVSI BTOPOTO
ropsigka Ha rpade Briepssle 6puin ycraHoBiIeHH! B pabore 0. B. Ilokopuoro n O. M. Ilenknsa [1]. B pa6orax
[15], [18] 6bLmH mokasams! aHamoru reopemsl LlITypma o pasmeneHun HyJIel peleHni I ypaBHEHYSI UeTBEPTOTO
mopsaKa Ha rpade. B maHHOM IIyHKTe, Kak IIepBoe CIefCTBIe ToxaecTBa [IMKoHe, MBI IPMBOANM HEKOTOpBIE
cBolicTBa AnpdepeHIINaNbHBIX HEPaBEeHCTB 1, B UaCTHOCTH, T€OpeMy CpaBHEHNS LITYPMOBCKOTO THUIIA IJIs
ypaBHEeHUs YeTBEPTOTO MOPSAKA, 3aJaHHOI0 COOTHOLIeHNIMU (4)—(6).

Teopema 4.1. Ecru cywecmsyem HempusuanvHas yHkyus u € D, y0osmemseopsouas ycaosusm

ulu<0, xeT,

ulor =0,  (u'u)|or 20,

Wlu] = / [(p-P)u"*+(q—- Q) u*+ (r - R)u’]dx + Z (r(a) = R(a))u?(a) >0,
T aeJ(T)

mo nboe pewenHueo € D cucmembl HepaseHcme

Lo(x) >0, xe€T,
v”(x) <0, xe€kE(Q),

nososxumesnvHoe xoms 6vl 6 00Hoti mouke epaga I', umeem nynv 6 T U oI,
HMoxkasaTexbcTBo. [eiicTBUTeNbHO, ecau v # 0 BI'UJL, To v > 0 Ha I' U 9T Ilpusnekas dpopmyay (13), momyunm

0= —-WJu] +/ g (vLlu —ulo)dx + Z %(a) (v(a)Lu(a) — u(a)Lo(a))

T acJ(T)
:/P(u”—%v”)zdx—z‘/?’%”(u'—gv')zdx (14)
T T

+/ Q (u' - %v')z dx + Z (pu”")(a)u'(a) > 0.

T aedl

Mockomeky (u”u’)|or > 0,70 (pu”’)(a)u’(a) > 0 mns mo6oit rparMaHOl BepuMHb! a € JI. [loatomy u” —Tv” = 0
nu' — 2o’ =0 ma E(T). Orciona cpasy momyuaem u/v = const na I'. Ho aT0 mpoTusopeunt paseHCTBaM o = 0
n v|gr > 0. Teopema mokasaHa.

Jlemma 4.1. ITycmb nempusuanvras ¢pyuxyusu € C2[T'] ydosmemeopsem ycnosusm (11) u

ulor =0, V[u] <o. (15)
Toeda credyruias cucmema OudgpepeHyuarvbHbIX HepaseHCcms

Lo(x) 20 (x€T), o”"(x)<0 (x€E[T]), olgr>0 (16)
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He umeem peweruil ¢ kracce D.

HoxkasarexbeTBo. [Ipenmnonaras mpoTUBHOE, pACCMOTPUM pellieHne v € D cucremsl (16). 13 HempepbIBHOCTI

¢dyuxun v u HepaBeHcTB 0”(x) < 0 Ha x € E[T], v|gr > 0 ciemyer v > 0 Ha I'. [[eJICTBUTENBHO, B IPOTUBHOM

CIIyYae v IMeET TOUKY HEeIIOJIOKUTENBHOTro rinobansaoro Muanmyma b € J(I'). Torma u3 cBOICTB K03 PUIIMEHTOB

ycmosuiz (5) (cM. KOHel[ pasfena 2) Clefyer, uTo AJisi HEKOTOporo mHpaekca iy € 1(b) BbIIOIHEHO PaBEHCTBO

v;,(b) = 0, HecoBMecTMMOE C TeM, uTO b — Touka MuHMMyMa 1 v}/ (x) < 0. Cieposarensro, u/v € C(T).
IMoxcrasnsas GyHKUMM U U U B TOKAECTBO IIMKOHE, MOIyINM

0>Vul= / P (u” - gv”)zdx - 2/ SD%” (u’ - %0’)2dx
T

T
2 2
+/Q(ur_gv,)2dx+/ %Lvdx+ Z %(a).ﬁv(a) > 0.
T

T acJ(T)

" —

Ho torma u”” — 50" =0mu’ — 50’ = 0 ma E(T). Otcrona cpasy momyuaem u/v = const Ha I'. Ho 310 HeBO3MOXHO
BBUJY yCJIOBIIT JleMMBI u|or = 0 1 v|or > 0. CireroBarenbHo cucreMa (16) He paspemnma B D. Jlemma gokasaHa.

Teopema 4.2. ITycmb cywecmeyem nempusuanvas ¢yuxyus u € C2[T'], ydosnemeopsiowas yenosusm (11)
u (15). Tozda sr060e pewenue v € D cucmembl HepaseHcmE

Lo(x) >0, x€eT, ;
v’ (x) <0, xe€kE(Q), (17)

nooiumebHoe xoms 6vl 6 00HOU mouke epaga I', nubo nponopyuonanvra u na I', nubo umeem Hyav 6 T.
Hoxa3atenscTBo. [Iycts v € D ynosnerBopsieT (17) 1 1ookuTeNbHa X0Ts ObI B 0qHOI Touke rpada I'. Eciu
0 paBHA HYJIIO B HEKOTOpOI1 Touke rpada I', To yrBepxkaeHMe TeopeMsbl BepHO. [[09TOMY paccCMOTPUM CIIydait,
Korja v He uMeeT HyJeit B I'. B aToM ciyuae v|sr 2 0 u 13 meMMsr 4.1 cirefyer, UTo v MMeeT HyJb B I . Beuny
v>0unal mo”(x) < 0wuaE(T), Bce nynu ¢pyukum v us I nmpoctsie. [loaromy, yunteiBas u|sr = 0, UMeeM
u/v € C(I).

Pacemorpum npocrpancrso Cp” (T') dyrxumit us C*[I'], ynosnersopsromux (11) 1 MMEIOIIUX KOMIIAKTHBII
Hocurenb B I'. CHa6xum npoctparctso C;° (') HOpmoii

1/2 1/2

lullz = /u"2+u'2+u2dx + Z u*(a) (18)

T ac](T)

u 0603HaunM uepes HZ (') nononuenne Cy(T') mo sroit HopMe.

ITycts u ymoBneTBOpseT ycaoBUIM TeopeMbl. OueBUIHO, U € Hg(l“). ITycte {u[m]} — MOCTETOBATEIBHOCT
bysxmit us C;°(T'), cxogamasca x u B Hopme (18). IlockonbKy Kaxmas U3 QYHKIWI U[,] paBHA HYJIIO B
OKPeCTHOCTH IpaHuilsl oL, TO U[p| /v € C(T') u cTano GLITH BRIMONHAETCS paBeHCTRO (13). Jlerko BUAETH, UTO
V0[upm)] = 0. Ioatomy, yunrsiBas orpanndenHocts P, Q Ha E(T') n R Ha T', umeem

+ iu"(u[m] - u)"’ dx

|V [upm] = VIul| < K1/

r

+K2/ |uEm](u[mJ - u)') + |u'(u[mJ - u)'\ dx+K3/ |u[m](u[m] - u)| + |u(ulm] - u)| dx
T T

uf'm] (Upm) —u)”

+K, Z (|tim) @pm) = w)| (@) + |u(upm) — w)| (2)) -

ae](T)

ITpusnexas HepaBeHcTBO Kot — ByHIKOBCKOro, IOIy4YnM
[V lgm)] = VIul| < K (lugmllz + Nellz) lupm) = ullz-

IockombKY |[t[p) — ullz — 0 mpu m — +00, 10 V{[uim)] — V[u], a 3mauur, V[u] > 0. Ho o ycrnosuam
teopemsl V [u] < 0. Cnenosarensso, V[u] = 0.

Mycrs I, = {x € T': d(x,dl) > ¢}, rme d(x,dl') - MuHMManbHas AauHA MapiIpyTa B I' ot Toukn x 10 o' u
& > 0. [Tomoxxnm

u 2 7 u 2 u 2
Ulupm] = / P (uf’m] - %v”) dx — 2/ SD% (ufm] - %v’) dx + / Q (u’[m] - %0’) dx.
]"g 1} rs
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O6o3Hauag w = u/v, W] = U[n]/v, uMeeM (cM. (10))

(L{[u[m]] = / 7)”[;121] - PU”(u[m]W[m])” dx + / Quﬁn] - Q(u[m]W[m])'dx.
I, I.

ITockonpky v’ orpannuena Ha E(T'), To

dx

U upm] - Uu]| < Kl*/ |ui’mj(u[m] —u)” " (g — )"
L
+K§/ |y (Wim) = W)+ (w(upm) —w)”| dx+K;/ }u[mj (Upm) — )" +u' (U —u)’| dx
T: Le
+KZ/ |(u[m](w[m] - w)) + (wW(upm) — u))’l dx.
L

BHOBI), IIpUBJIEKAd HEPABEHCTBO Ko — BnyIKOBCKOI‘O, IIOJTYUYIIM

[ U upm] = U] < K" (lugm lor, + ullzr,) lupm) = ullor,

+K lupm) o 1Wim) — wllarn + K llwllon lupm) — ull2r,-

Tax kak ipfv > 0, To 13 onpeneneHns QYHKLULA W[, ] M W CIIeRYeT, 9TO ||W[p] —W|l2r. — 0npu ||upm)—ullor, — 0.

.
Suaunt, Ulurm)] — U[u]. Tlockonsky 0 < U [u[m)] £ V[u[m)], anpasasg uacts crpemures k Hyimo, o U [u] = 0.
Orcrona cpasy mosyuaem u’’ — %U” =0nu — %U, = 0 Ha E(I;). YuursIBas Ipon3BOJIBHOCTD £, OKOHUYATEIHHO
nonyuaeM u/v = const Ha T, T. e. v mponopronansHa u Ha I'. Teopema moxasaHa.

Teopema 4.3 (cpaBuenust). Eciu cywecmeyem HempusuanivHoe peuieHue Kpaegoi 3a0auu

Lu=0, x€T, ulsgr=0, W'u)|sr >0, (19)

yoosnemeopsiowee yemoguro W lu] > 0, mo mwoboe pewenue v € D cucmemvr Hepasencms (17) nomoxcumernvHoe
xoms 6bL 6 00HOTU mouke epaga I', mubo nponopyuonanvro u Hal', Tubo umeem Hynv ¢ T
Hoxa3zarenscTBo. Yeinosue ‘W u] > 0 sKkBUBaIeHTHO

V]u] < ‘/[pu”2 +qu'® + ruldx + Z r(a)u*(a). (20)
T aeJ(T)

IMockonbky Lu = 0 Ha T, To BBuAy (9) 1 rpaHMUHbIX ycroBuit (19)

acJ(T)

/ [pu"2 + qu'2 +ru?]dx + Z r(a)u®(a)
T

< '/[pu”2 +qu' + rufldx + Z r(a)u®(a) + Z v (a)(pu”’)(a) = 0.
T

acJ(T) aear

CiemoBaTe/IbHO BBHIMIOJIHEHEI BCE YCIIO0BMISI TEOPEMBI 4.2. TeopeMa JOKa3aHa.

5. HIbKHAA OIleHKa BeXyIero COOCTBEHHOTO 3HAUEHMA. B MaHHOM pasfeiie Mbl pacCMaTPUBAEM
CIIEKTPANIbHY0 KpaeByIo 3agauy (1), (2). YcranaBnuBaercs OLeHKa CHU3Y IS BeAYLIero COGCTBEHHOTO 3HAUEHUS
omepaTopa L.

Kak u B mpensinyiuem myHkre, BMecte ¢ oneparopom L : D — C[I'], mopoxkneHHbIM cooTHOIIEHUAM (7)
¢ xoapdurmentamu p € C2[E(T)], g € C[E(T)], r € C[T], M paccmaTpusaem omepatop L : D — C[T],
HIOpO>KaeMBIit TeM ke cooTHommernusMu (7), Ho ¢ koabdummentamu P € C2[E(T)], Q € C[E(T)], R € C[T].

Paccmorpum koadduimenT p us npasoit yactu ypasHeHus (1) u BBemeM ob6osnauenus: J,(T) = {a €
J(D)p(a) > 0}, T, = E(T) U J, ().

Teopema 5.1. IIycmv Ay — HaumeHbwee coocmaenHoe kpaesotl 3adauu (1), (2), a u — coomgemcmeyruyas
cobcmeennas pynxyus. ITycmo, danee, v — npoussonvhas pyuxkyus us D, yoosriemseopaouas ycrosusm:

(i) irgv(x) > 0;
(i) »”(x) < 0 Ha E(T);

(iii) Lo(x) = 0 na J(T) \ J,(I).
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EcnuW(u] = 0, mo

Ao = inf 2 (21)
xel, pu

Hoxa3arenxnsctBo. U3 (i) cnenyer u/v € C(T'). Ilosromy MBI MoOXKeM IpuBieds cienctsue 3.3. [Iockosbky
Lu(x) = Agp(x)u nns Bcex x € T, To umeem

/ e (vLu — uLo) dx + Z g(a) (v(a)Lu(a) — u(a)Lo(a))

aeJ(T)

/Aopu dx — /%ZLvdx+ Z Aop(a)u?(a) — Z %z(a).[:v(a)
T

acJ(T) acJ(T)

acJ(T)

+/ P (u" - %0”)2dx - 2/ P%” (u' - %o')zdx+ / Q (u’ - %v’)zdx+ Z (pu”)(a)u'(a).

T T T aedlr

/[(p PIu" +(q- Qu + (r=Ryuldx+ ) (r(a) - R(a)(a)
r

U3 ycoBuii TeOpeMbl 1 HEOTPULIATEIBHOCTH K03()DHUIMEHTOB KpaeBbIX YCIOBUI (2) ClleyeT HeOTPMLATEIbHOCTD
IIpaBoOJi YacTy nocieqHero pasencrsa. [lostomy

0< A / pu? dx — / pu22 dx + Ay Z p(a)u?(a) — Z uz(a)g(a).
pU v
T T acJ(T) aeJ(T)
Hakonew, npusiekas yciaoue (iii), mosyuaem

0 SAO/puz dx+AO Z p(a)uz(a) _/puZ%dx_ Z p(a)uz(a)%(a)

T aE]p(F) T ae]p (T)

.. Lo 2
< (Ao—xlgrfp p_v) /pu dx + Z p(a)u(a)|.

aej,(T)

ITockonbky

/pu2 dx + Z p(a)u?(a) > 0,

T aej,(T)
mosnyuaem Ay > inf Lo, Teopema qoxasaHa.
x€l, po
6. Ilpumep. Paccmorpum rpad-3sesny I', cocrosiumit us m pebep y; = (a;, b), i = 1, m. Touka b — sBusgercs

eQUHCTBEHHO BHYTpPEHHel BeplumHON rpada, a TOUKM a; obpasyror rpauuny rpada I'. Jnunay pebpa y;
0603HauMM uepes [;.
Ha rpade-3Be3ne I' paccmorpuMm 3amgauy Ha COGCTBEHHBIE 3HAUEHUS

=Au, xe€E(),
ui(b) =u(b), w(b)=0, Viel(b), Z ul”’ (b) =0, (22)

iel(b)
Blai)u” (a;) — H(ai)u'(a;) = 0.
IocTpoum npobHyIo GyHKIUIO 0 [ HepaBeHCTBa (21). B kauectBe onepartopa £ BO3bMEM OIIepatop KpaeBoit

3amaun (22):
D ={ueC*T]: u(b) =u(b), uj(b)=0, Viel(b)},

uV (x), x € E(T),
Lu(x) = Z w)” (x), x=b.
i€l(b)

IIpu Takom BbIGOpe onepaTopa L ouesuaHo I, = E(T') u Bemmonseno Toxpectso Wlu] = 0.

s onpenenéHHoCTH OygeM CUMTAaTh, UTO Bce pébpa rpada HalpaBiIeHbI OT BHYTpeHHE! BepLINHBI b
K IPaHIMYHBIM BepIIMHAM ¢;. IlapaMeTpusyeM Kaxxoe peOpo y;, COIIOCTABUB €My roMeoMOp(HO MHTepBa
(0,1;) ¢ R. 3aduxcupyem npoussosnbHOe ¢ > 0 1 onpeneanM GpyHKIUIO v Ha pebpe y; popmyroit

a(l; + & — t(x))

oi(x) = 2(l +2)

, X €Y, t e (0, ll)

Ipuknaonas mamemamuxa & Pusuxa, 2024, mom 56, Ne 3

ISSN 2687-0959
Applied Mathematics & Physics, 2024, Volume 56, No 3



206

O HuicHell epaHuye OJIsL MUHUMAJTbHO20 COOCMBEHH020 3HAUEHUS onepamopa. ..

OueBUHO, YTO IOCTPOCHHAA TAKUM 00pasoM (GyHKIMS v IOI0KUTENbHA, HerpepbiBHa Ha I u 0] (b) = 0 mna
Becex i € I(b). Kpome Toro, v’ (x) < 0 mus Bcex x € E(T). Hpusnekas popmyiy (21), monyumm, 4to

v 4
v T
Ay > inf — = inf ———.
ET) 0 icl(b) 16(1; + £)*
4
T
IMonoxkum [ = max {I;}. Torma, ycrpemiss ¢ — 0, monyuum Ay > —-.
iel(b) 1614

OrmeTnM, YTO IOJyYeHHAs OLeHKa ML Ay He 3aBUCUT OT KO9(P(PUIMEHTOB IPAHNUHBIX YCIOBUIL U OT
KosmuecTBa pébep B rpade-3Bese.

BrarogapHocTb. Agmop svipaxcaem 651az00apHOCb AHOHUMHOMY PeyeH3eHmYy 3a 6HUMAMeTbHOe NpoumeHue
meKcma cmambvu U YeHHble 3aMeUaAHUS.
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AnHoTtanus. TepmonuHaMuKa o61aaeT yHUBEPCATIbHOI Teopuell ¢ GOJIBIINM IOTeHINAIOM I pa3BUTUA HayKu. B maHHOII
CTaThe IIpejJIaraeTcs HOBas CUCTEMa U3JI0KEeHN OCHOB KJIACCYECKOI TepMOAMHAMUKH C VICIIOJIb30BaHMEM T€MIIOPAJIbHBIX
MpeCTaBJIeHNIT O TEPMOIMHAMUUECKIX IIPOIECCaX, UTO II03BOJIAET BBECTU BPEMs B OCHOBHBIE 3aKOHBI 11 COOTHOLIIEHMNS
TepMOAMHAMUKIL. [laeTcsl aHAMU3 CUCTEM M3JIOXKEHVS TEPMOAVHAMYKI, (POPMYIIMPYETCs METOXOIOTIS TEPMOAVIHAMUKI
Ha OCHOBE TEMIIOPAJIBHOIO II0JX0Aa. MeTomaMm CTaTMCTUYECKOro MOJeNupoBanys n AruddepeHanbHOI reOMeTPII
060CHOBBIBAIOTCS 3aKOHBI MJeaIbHOTO Ta3a, IPMHLNII CyIleCTBOBAHIS SHTPOIINY 11 YpaBHEHNUe coxpaHeHus sHepruu. [Ipu
MOJEeNMPOBAHUM CTATUKY U AMHAMMKI UEaIbHOTO Ta3a JMCIIONIb30BaH IIPYHIMII PABHOBO3MOKHOCTY TEPMOIAVHAMIYECKIIX
COCTOSIHUIL I IIPOLIECCOB. TO ITO3BOJIMIIO MCIIOIB30BaTh MeTox MonTe-Kapiro mmpu ¢popMupoBaHMy COCTOSHII 1 OLIEHKe
MX aIlOCTEPMOPHBIX BepOSATHOCTel. [If peaNbHBIX ra30B IPUHIIUII PAaBHOBO3MOXKHOCTI COCTOSHMUI He BBIMOTHAETCH,
[03TOMY IIPY CTATUCTIYECKOM MOENNPOBAHIY HEOOXOJVIMO yUNTHIBATh 3aKOHBI pacIipeieleHus BeINYIH, KOTOpbIe Oy ayT
CBSI3aHBI C SMIIMPUUECKIMM YPaBHEHUSAMI COCTOSIHUI — ypaBHeHueM BaH-nep-Baanbca, BUpMalbHBIM ypaBHEHMEM U T. 1.
[IpuBOASTCS HOBBIE TeMIIOpPAJIbHbIE COOTHOIIEHNS, IMeIoIIe 60JIbIlIoe 3HaUeHNe I Pa3BUTUS TEOPIUU, TaKle KaK CBA3b
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1. Introduction. The initial positions of thermodynamics are based on the postulation of system-wide laws
and patterns. These features are characteristic of macroscopic physical systems and established by experimental
methods. The bases of thermodynamics are distinguished by their logical originality. So it is quite possible to talk
about a certain beauty of this science in the context of its theory: it is characterized by integrity, simplicity and
universality. However, although solid there are several problems in this science, a solution to which has not been
found yet. Thermodynamic theory in its modern form is not complete, many its aspects are inconsistent and
confusing, and a number of provisions have no logical clarity. First of all, it is about the concept of entropy and the
principle of its increase, ideas of thermodynamic irreversibility, reflection of the fundamentality of time in theory,
the problem of correlation between determinism and probability and other thermodynamic paradoxes [1]—[4]. As
G. Falk noted 65 years ago, the main problem of the development of thermodynamic’s theory is how to find new
ways and expand the original concepts [5]. In this regard, the problem of reflecting time in the relations of classical
thermodynamics is fundamental. The ways of further development of this science are associated with it [6].

The purpose of this article is to formulate a new system of presentation the fundamentals of classical
thermodynamics. For that, we use temporal ideas of thermodynamic processes, which allows to introduce time
into the basic laws and relations of thermodynamics.

2. Thermodynamics Presentation Systems. There are several methods for presenting thermodynamic
foundations, for example, K.A. Putilov spoke of five such methods [7]. If we take into account the approaches
proposed by A.A. Guhman, A. Sommerfeld, M. Born, G. Falk and other authors the number of such methods will
be more than ten. Nevertheless, only two of them can be distinguished as integral systems of presentation of
thermodynamics. Let’s call them conditionally traditional and axiomatic systems.

The traditional system of presentation of thermodynamics is used in many courses of this subject. For
presenting the material, basic terms are introduced: body state, state parameters, thermodynamic process, amount
of heat, etc. Empirical laws of perfect gas are given. The first postulate of thermodynamics is formulated based on
the generalization of experimental facts - on the state of thermodynamic equilibrium, as well as the principle of the
existence of temperature (second postulate). Further, the fundamentality of the concept of absolute temperature
is substantiated and the relationship between empirical and absolute temperatures is established. The law of
conservation and transformation of energy is stated. The equation of the first principle of thermodynamics is
written in the form:

n
dQ = du + pdo + Z Pidzy,
k=1

where work dA = pdv, and p, v, z; —— state parameters.

To justify the second principle (law) of thermodynamics the definitions of the heat engine, working fluid,
thermodynamic cycle, hot and cold heat sources, thermal efficiency are introduced and an ideas of reversible and
non-reversible processes are given. After that we proceed to the justification of the concept of entropy, for which
the Carnot cycle and its thermal efficiency are described. The Carnot theorem is proved and the ratio for the
reduced heat is established. By defining entropy as the sum of the reduced heat it is shown that the Clausius
integral for the any reversible cycle is zero: 9§ dQ/T = 0. All this makes possible to represent the entropy change
in reversible and irreversible processes correspondingly in the form: ds = dQ/T and ds > dQ/T and to write the
law of conservation of energy in: Tds > du + pdv + },}'_, Pxdzi. The presentation of the material is completed by
the formulation of the most important differential equations of thermodynamics. After that we move on to the
issues of technical thermodynamics.

In the axiomatic system of presentation of thermodynamics at the first stage the semantic content of basic
concepts and definitions are also given. To justify the concept of temperature the postulates of thermodynamics
are presented. Then we introduce the concepts of heat, work and energy and give the law of conservation and
transformation of energy [8]. From here the fundamental differences in the content of material are already
observed, because they adhere to the approach proposed by K. Karatheodori [9].

At the next stage it is shown that for many parameters the energy conservation equation is represented by the
differential Pfaff form: dQ = P1(zy,...,2zp)dz1 + - - -+ Pp(z1, . . ., 2y)dzy,. After that, an analysis of the holonomicity
and non-holonomicity of differential forms is given. In the holonomic Pfaff form there exists an integrating divisor
Alzy,...,2z,), when dQ = Z,’c’zl Pi(zy,...,2y)dz = Ad®. Here @ is a function of parametres zy, .. ., z, which is
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a common integral. Then the physical sense of the amount of heat concludes the idea that near any point in
space E"(zy,...,z,) the points that are not achievable from it in the adiabatic process dQ = 0 are existed. This
property of space is called "adiabatic unreachability". In [9] K. Karatheodori postulated adiabatic unattainability as
a universal property of all thermodynamic systems and proved the validity of the theorem: if in the vicinity of
a certain point of n-dimensional space there are points that are not achievable without breaking the equation
ko1 Pe(z1,. .., za)dz = 0, then for this equation an integrating divisor in the form of absolute temperature A = T
is existed. In turn, the common integral ®(zy, ..., z,) = C is defined as the entropy of the thermodynamic system
ds = dQ/T. Due to the fact that the principle of the existence of entropy is justified we can easily proceed to the
conclusion of all other theorems and equations of thermodynamics.

The traditional system of presentation is usually criticized for its too close connection with the processes of
operation of heat machines, the insufficient expressiveness of mathematical formalism and the contradiction of
some provisions. The axiomatic system is criticized for its abstractness and formally mathematical approach to
the establishment of concepts, which does not correspond to the style of thermodynamic research and violates
the physical clarity and simplicity of the basic provisions. However, when justifying the fundamentality of
thermodynamics, the second system is preferable, although we must agree with critics that it misses the physical
content of some concepts.

It is especially noted that in both systems of presentation one initial principle is applied, which is based on all
subsequent conclusions. The whole system of thermodynamics is built on the universal position - the inviolability
of the thermodynamic form of the equation of the law of conservation and transformation of energy [1]. This
equation is a fundamental law. Using it the logical integrity of thermodynamics is originally formed.

3. Thermodynamics methodology based on temporal approach. Historically thermodynamics has
developed mainly in a phenomenological way from experiment to theory. However, the methods and means of
statistical modeling and differential geometry allow to operate with many model states and processes in the state
space of thermodynamic system and to establish basic patterns based on data analysis. In this regard, the model
of a perfect gas, which has the extremely simple structure, is the basis for the implementation of the temporal
approach in thermodynamics.

Based on statistical modeling methods and differential geometry, it is possible to propose a system of
presentation of thermodynamic foundations, using probabilistic and geometric models, and to obtain basic
empirical laws of thermodynamics.

Ask ourselves the following problematic question: is it possible in thermodynamics of an ideal gas to obtain
the Clapeyron equation, the principle of the existence of entropy and the law of conservation of energy in a
theoretical way, using ideas about the dependence of processes on time?

One of the important features of the statics and dynamics of an ideal gas is that its states and thermodynamic
processes are equally possible. Using this fact, the statistical modeling method can be applied to obtain the laws of
ideal gas. The second feature is that all positions and models in this area can be represented in three-dimensional
space by geometric objects with the ability to describe all their parametres. Thus, by methods of statistical
modeling and differential geometry using ideas about the temporality of processes, it is necessary to establish and
justify:

« Clapeyron equation, Charles and Gay-Lussac laws, etc.;
« the principle of existence of entropy and dependences for its definition;
« the law of conservation and transformation of energy in the form of the first principle of thermodynamics;

« new relationships of great importance for the development of the theory.

4. Perfect gas law. Let’s hold the following simple statistical experiment, using the Monte Carlo method.
Suppose that the state of the system is characterized by two independent parameters x and y. In the definition
area of these variables E2(0 < X < Xmax, 0 < Y < Umax) parameter x changes from zero to x4y, and parameter y
changes from zero to Y4y In this case when modeling we can get a random point, which is a certain state of the
system in space E2.

It follows from the probability theory that, if a uniformly distributed two-dimensional random variable is
given on the plane, then a geometric definition of probability is applicable. The probability of hit of random point
in rectangle is determined in the form of ratio of the domain of the rectangle, formed by coordinate lines x and y
to point A(x, y), to the domain of the whole rectangular E? [10]. Suppose, that the coordinates of the point A(x, )
during statistical experiments can be selected on segments [0, X,qx] and [0, ymax] absolutely by chance, taking
into account the uniform distribution of values x and y. Let’s define the probability of the point location as

p=0if0<xo0ory<0;p=1if x> Xmax and Y > Ymax;

x
p=—yif0<x§xmaxand0<y$ymax.
XmaxYmax
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Let’s accept a certain reference point Ag(xo; o) in domain E? where p = py. We will conduct a linear scaling
of the geometric probability. For this procedure we assign a value equal to zero, for example, (degrees or grades)
to the point Ay (xo; o), and a value equal to 100 (degrees or grades) to the point Aj(Xmax; Ymax)- Let’s construct a
linear scale of intervals in the form of an index ¢ [6]:

P~ Po - 100 XY — XoYo

t =100 .
= pPo XmaxYmax — XoYo

Further, we will determine the relationship between probability and index using regression methods.

Let’s conduct a computational experiment in the available physical data.

Suppose that the parameter x is the specific volume of the gas v and the parameter y is the gas pressure p.
Let’s take only two test points for random gas, such as helium. It is known that at a pressure of environment
equals to py = 101325 Pa, and physical conditions, when the water flows into ice, the specific volume of helium is
vy = 5.59910 m*/kg (point Ap). At the same pressure and conditions, when the water boils, the specific volume of
helium is v19 = 7.64893 m*/kg (point A}). We will consider the gas state is a certain joint event for which pairs of
values v and p are chosen by chance. Generating a specific volume v value from zero to v19y and a pressure value
p from zero to py with a uniformly distributed random number generator, we will obtain a set of helium states for
the domain E?.

Statistical processing of the data gives a practically functional dependence of the index ¢ on the probability p
for helium (correlation coefficient 0.999):

t=a+bp = —273.1496 + 373.1496p. (1)

Taking the experimental data for hydrogen (v, = 11.12720 m3/kg, 0199 = 15.20087 m®/kg) allows to receive the
equation (1) in a look:
t =—273.1493 + 373.1493p.

Similarly we can found, for oxygen:
t =—273.1492 + 373.1492p;

for nitrogen:
t = —273.1527 + 373.1527p;

for neon:
t =-273.1519+ 373.1519p.

Let’s introduce, taking into account (1) the concept of an absolute index T = Ty + t, where Ty = —a. Then we
have a simple linear relationship of this index with the geometric probability in the form T = bp. It can be shown
that the coefficient Tj is related to the probability p, at the reference point Ay and is equal to

_ 100,0()

T, =
=1

= 273.1496,
while the constants a and b in the equation (1) are practically independent of the choice of the reference point on
the straight line p, = 101325Paq, i.e. do not depend on the value of the specific volume. The main thing is that the
condition p, = 2~ = 0.732011, which is determined by the experimental data of heating of perfect gas at low
pressure, must be fulfilled on this straight line. Consequently, the obtained results are universal in nature and are
not attached to the physical properties of specific gases.

Thus, on the basis of statistical experiments, the absolute zero value was found and it equals to ¢, = —273.1496
grades on the scale t. From the given results it is obvious the analogies with the processes of constructing
temperature scales - the Celsius scale and the Kelvin scale. Everything described above allows to make the

following outputs:

« when measuring temperatures on the Kelvin scale inside the scale 0 < T < 373.15, the geometric probability
of the state of any abstract thermodynamic system, which is called ideal, is determined. The main feature of
such ideal system is the equal choice of values of gas parameters at low pressures;

« the absolute zero value on the Kelvin scale (T = 0K, t, = 273.1496°C) is determined exclusively by the
selected reference state (normal conditions: py = 101325Pa and ¢, = 0°C), the absolute zero temperature is

found from conditions p, = % Ty = 110_0_5:' In this case, it is conditionally accepted that 1°C = 1K. It follows

from the equation T = bp that the Kelvin scale is a positive scale, since the geometric probability p > 0;

« The Clapeyron equation follows as a consequence from equation (1):

pv  373.149 po
PoY100 1.3661 vaO.

T =373.1496p = 373.1496
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So we get the Clapeyron equation in the form:
pu = RiT,

here the individual gas constant is equal to R; = 0.003661p,v,, which fully corresponds to the experimental data.
Similarly, the Monte Carlo method justifies the validity of the laws of Charles and Gay-Lussac [6].

Thus, the thermometry procedures, used in the construction of the absolute temperature scale, are based
on the principle of linear scaling of geometric probability. Moreover, the perfect gas model assumes that its
parameters are subordinated to a uniform probability distribution, which is not characteristic of real systems.

5. Theoretical dependencies. In addition to the Clapeyron equation for the perfect gas, there is an
experimental fact that is associated with the existence of concepts of the amount of heat and heat capacities. Since
the ratio dQ = ¢;dT is true for any thermal process, the following ratios are also true:

@:cp (ﬁ) and@:cu (ﬁ) (2)
EY EY ap ap

where ¢, and ¢, are the heat capacities of the perfect gas respectively at constant pressure and constant volume.
In the most general case, the values ¢, and c, may depend on the parameters v, p or T. In this case, the change of
the amount of heat in any process [ can be represented as:
o0 2Q aT aoT
dQ=—dv+|—|d dQ =cp—dv+c, | —|dp. 3
Q > (ap) p or dQ cp 5, 40 cz,(ap) p (3)
According to the relations of differential geometry, the Pfaff form (3) corresponds to the first-order partial
differential equation. For example, based on the Clapeyron equation, temperature has the form of a second-degree
homogeneous function that satisfies the Euler formula [11]:
1( aT aT
T==|lo—+p—|.
v ap
This equation, taking into account relations (2), can be represented as a linear non-homogeneous first-order
partial differential equation:
v Q0 pQ_.

- @
cp U 2¢y Ip

The solution Q = Q(v, p) of equation (4) in space E*(v, p, Q) geometrically represents a surface, which is an
integral surface and is determined, using a system of ordinary differential equations for characteristics of the
form [12]:

2cp— =2¢,— = — =ds, (5)

where s is a real parameter that can be defined as the arc length varying along the characteristic curve [12]. At
once, from the first two equations (5) for the value ds the following dependence is obtained (it is known from
thermodynamics for entropy):

ds:d—Q:cpd—0+cud—p;s—so:cpln(£)+cvln(£), (6)
T 0 p Vo Po

and from the last follows the well-known formula dQ = Tds. Thus, in geometric representation the entropy can
be determined by the arc length of the characteristic curves corresponding to the field of directions, which is
determined by the system of equations (5). Based on this, the integral surface Q = Q(v, p) is uniquely connected
to the surface s = s(v, p), taking into account the ratio dQ = Tds.

Shall we introduce in consideration a value du = c,dT that we define as the energy of the perfect gas. The
value du is a total differential, since the value dT is a total differential by definition, based on the existence of
the Clapeyron equation. Let’s present a ratio dQ = Tds, taking into account (6), in the form of the equation of
conservation and transformation of energy:

Cp — Ri Cy
dQ = du. + pdv, where du, = Tpdv + R—vdp. (7)
i i

Suppose that du, is a total differential, then applying the Euler sign, it can be shown that du, is a total differential
under the condition: ¢;, — ¢, = R;. The last relation is the known Mayer equation for the perfect gas, with the
validity of which, the value du. is identically equal to du:

du, =du = c—vd(pv) = c,dT.
R;
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Thus, under the condition ¢, — ¢, = R; equation (7) is represented with energy in the form:
dQ = du + pdov, or dQ = du + dA. (8)

If we do not impose strict conditions as the Mayer equation on the relationship of values c,, ¢, and R;, then
du, will not be a total differential. Here the important result is can be expressed in the form: the possibility of
representing the law of conservation of energy in the form (8) is a consequence of the existence of the Clapeyron
equation pv = R;T, which we have determined on the basis of statistical experiments, as well as dependence on
the amount of heat dQ = Tds. Moreover, this law in the form (8) is a consequence arising from the principle of the
existence of entropy and the dependencies of the form (5).

6. Justification of the law of energy conservation based on computational experiments. Now on the
basis of statistical modeling we will justify the law of energy conservation for perfect gas in a form (8). Using
the Monte Carlo method, we will conduct a statistical experiment that allows us to generate many processes for
changing the states of a perfect gas. To do this, we will randomly create the points of the beginning and the end of
each thermodynamic process, after which we will connect them to each other. This procedure we will be carried
out several times for various gases.

For example, for helium, generating a specific volume value v from zero to v199 and a pressure value p from
zero to po by a uniformly distributed random number generator, we get 1000 states that will determine the
beginning of the process (point A; (v1, p1)). Similarly, we create another 1000 states that will determine the end
of the process (point A;(vs, p2)). Connecting points A; and A by straight lines, we get 1000 linear processes of
changing helium states. Now let’s check the validity of the law of energy conservation in the form (8). Integrating
(8) over the curve of each process from point A; to point A,, using dependence

d0 = Tds = Lpdo + Zod
Q= s—Ripo Rivp,

we find:
cp+ o

(02 _ v%), k = Pz;})l’

2R; z U2 — 01

c
AQ = %(Pl — ko) (02 —v1) +k
1
where the curve of each process is defined by the equation

P—pD1 _ 0 — 01

pa—p1 vz—0r
Similarly,
k
Au = CU(TZ — Tl),AA = (pl — kl)])(?)z — Ul) + 5(0% — U%)

The data processing results of the computational experiment for 1000 linear helium state change processes are
shown in Figure 1.

Value AQ-10°, Jkg

'
-
o

-1,5
-1,5 -1,0 -0,5 0,0 05 1,0 1.5 2,0

Value Sum-10, Jkg

Fig. 1. The equation for conservation of energy (8) for helium state change processes,
Sum = Au + AA (number of statistical experiments - 1000)
Puc. 1. YpaBueHue coxpaHeHus sHepruu (8) Iuis IPOLIECCOB M3MEHEHMsI COCTOSHIII TeJIVIs,
Sum = Au + AA (4mcio craTucTIuecKnx sKCIepumMeHToB — 1000)

As can be seen from the figure 1, the equation (8) holds exactly at least for linear thermodynamic processes.
Similar results were obtained for other perfect gases (hydrogen, oxygen, nitrogen, neon, etc.).

Thus, the law of energy conservation for a perfect gas is a mathematical model and can be justified by
conducting statistical experiments.
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214 Temporal Method of Presenting the Fundamentals of Classical Thermodynamics

7. Temporal patterns. By the temporal method we can study both linear and nonlinear processes and assess
the degree of influence of time 7 during processing:

v=20(1); p=pi(7); T =T (7). %)

We will assume that each process is done in a definitely given time 7; and the initial moments of time equal to
zero are correspond to the points A;(vq, p1). Since the process paths have different lengths of segments and the
time intervals for each process are also different, the speeds of the processes will be different. Let’s construct
a linear scale of absolute temperature between points O(v = 0;p = 0; T = 0) and A (vo; po; To), then the scale

equation will be:

T o p

T w po 7

This scale belongs to the equation of the state pv = R;T. The linear segment between the points O and A,

can be divided into 273.15 parts, and each degree corresponds to a certain length of the segment §. For the
temporological estimate of processes we will introduce the concept of the amount of impact - a mathematical
value that determines the intensity and duration of the processes of changing the state of a perfect gas, based on
the external and internal conditions of the impact [1]. The amount of impact Q. will mathematically characterize
the thermodynamic process [, unlike the amount of heat Q gives a physical characteristic of the process, based on
experimental data and is defined as dQ = Tds = % pdo + %Udp. We will use the amount of impact as a criterion
for the similarity of processes to each other:

20.= /I Ti(e)de. (10)

where de is the arc differential of the curve I. Here the value T will characterize the states during the process [,
and the length of the curve will characterize the duration of this process. To determine the values Q. and é we
shall lead curvilinear integrals the definite integrals over time.

For all generated thermodynamic processes let’s determine the amount of impact according to the ratio (10).
By specifying the unit of measurement § as a fraction 1/273.15 of changing of the amount of impact for the
process OA, and determining the line integral (10) for an arbitrary linear process [ = A; A, we shall get the value
AQ, in a dimensionless form:

_ 1 P10z + P20y p2—p1 2 (o -0\’
AQ*_\/ET1+T2+ 2R; )\/( Po )+( % ) -

We’ll determine the line integrals and the length of the path of each process on the basis of parametric setting of
linear processes with respect to the time 7:

T—Tl_l)—l)l_p_pl_f
T,-Ty v,—v1 pa—p1 T

According to equation (11) the changing of the amount of impact is always a positive number. In [6] it has
been shown that if any value, for example Q., characterizes the dynamic process of changing properties of an
object and is additive with respect to the curve of this process, then the changing of this value can be represented
as dQ. = 0ds,, where 0 - the interaction potential, which depends only on the parameters of the properties, ds. -
the change of the state coordinate and ds, = ®(7)dr. According to this, we introduce the concept of dynamic
entropy ds. as a temporal characteristic of any process in the form of a function of time. At the same time the
method of determining (measuring) this value is directly related to the amount of impact ds. = dQ../T.

The general solution of the equation (4) is a family of integral solutions in a space E*(v, p, Q), that are
associated with the characteristics (5) of this equation. Each solution in the state space corresponds to a certain
state change process [(7), which is characterized by properties of parameters, changing in time (9). Only one
characteristic curve (5) passes through each point of the process curve [12].

Based on this, dynamic entropy value can be assigned for each point of any process curve /(7). In other words,
the length of the curve I(7) is uniquely related to the value As, and the length of the curve I(7) may be measured
in units of this value and vice versa. Thus, the entropy differential ds. will be proportional to the differential of
the arc of the process curve [(7), which in a dimensionless form is determined according to the relationship:

2 72
v (7 T
e (22) "+ (22
o Po
where the parameters are given by equations (9). Since in any process the value Ae always increases over time,
the rise of dynamic entropy is determined by the irreversible course of time.
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8. Justification of established temporal patterns. Using the obtained patterns, we will compare the
modeling results with experimental data. Based on known values AQ.. for each process, we’ll find changes of the
values of dynamic entropy As, and establish the relationship between the values AQ and AQ.. Figure 2 shows the
dependence of the change of the amount of heat on the change of the amount of impact, which is expressed by
almost straight lines. There are four processes Iy, Iz, I3, Is here with the following parameters:

o Iy = A1Ay: 01 =7.50 m3 kg, vy = 2.70 m3/kg, p1 = 42300 Pa, p, = 12200 Pa;

o Iy = AjAy: 01 = 2.00 m® kg, vy = 6.50 m®/kg, p1 = 1500 Pa, p, = 100000 Pa;

o Iy = AjAy: 01 = 7.00 m® kg, vy = 3.00 m®/kg, p1 = 85000 Pa, p; = 25000 Pa;

o Iy = AjAz: 01 = 1.50 m®/kg, vy = 7.50 m3/kg, p; = 30000 Pa, p, = 70000 Pa.

The dependence of thermodynamic entropy As on dynamic entropy As, for each process has a weakly
expressed nonlinear character (Figure 3). Entropy increments As in processes can increase or decrease, be both

positive and negative, and changes of the dynamic entropy are strictly positive and always increase. In this case
the value As, is determined by the equation As, = AQ./T and the entropy of the state As — according to (6).

1,6E6

1,2E6

o
b, o8 S8°
b

8E5 80@170

4E5

70 =

0 ST Q&t&&zﬁ
4E5 “%&g{o%

a ®000p, ¢

-8E5 | %Q’%

-1,2E6
0

Change of the amount of heat

o,

50 100 150 200 250 300 350
Change of amount of impact

Fig. 2. Dependencies of amount of heat AQ on amount of impact AQ. for helium state change processes: a) process I1;
b) process Iy; c) process I3; d) process Iy
Puc. 2. 3aBucumocTy KommdecTBa TeIIOTEI AQ OT KomdecTBa Bo3aecTBIA AQ, I IPOIeCCOB N3MEHEHN COCTOSHMIT
resust: a) mpouecc [1; b) mpouecc Iz; ¢) mpouecce I3; d) mporecc Iy

The relationship of dynamic entropy with the length of the process path is shown in Figure 4. An important
statement follows from this: in any thermodynamic process the change of dynamic entropy uniquely depends on
the length of path of this process and, as a result, on time 7. Since changes in entropy As are closely related to
changes in value As, (Fig. 3), then thermodynamic entropy As also uniquely depends on the length of the process
path Ae and, of course, on time 7.
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8000 530098000007 d
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Fig. 3. Dependencies of thermodynamic entropy As on dynamic entropy As. for helium state change processes: a) process [1;
b) process Iy; c) process I3; d) process Iy
Puc. 3. 3aBUCHMOCTI TEPMOAMHAMUYECKON SHTPOIMY AS OT AMHAMIUECKOI SHTpOIMM AS, IJIS IPOLECCOB U3MEHEHUS
cocrostHMII resus: a) npouecc ly; b) mpouecc Iz; ¢) mpouecc I3; d) mponecc Iy
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Fig. 4. Dependencies of dynamic entropy As. on the length of the process path Ae for helium state change processes:
a) process I1; b) process Iz; c) process I3; d) process Iy
Puc. 4. 3aBUCHMOCTI JUHAMUYECKOI SHTPOIUM AS, OT AJIMHBI TPAEKTOPUU IIPOLECCOB A€ P M3MEHEHUM COCTOSHII
renusi: a) npouecc l1; b) mpowecc ly; ¢) npowecc I3; d) mporgecc Iy

Thus, the relationship between changes of the amount of heat and the amount of exposure, between
thermodynamic and dynamic entropies can be established. As well as relationships between entropy and the path
length of the process have occurred. It was done on the basis of experimental data in the thermodynamic process
of changing of the perfect gas states.

8. Discussion of results and conclusions. Thermodynamic temperature is a fundamental concept in
thermodynamics. However, as can be seen from the results obtained, this value is a mathematical model since a
reference point A, for the constructing of a temperature scale is taken randomly. The domain E? is also freely
selected, which allows you to set a second reference point Aj. Based on the obtained equation T = 100p,/(1 — py),
the absolute zero value will change in the Celsius scale in the model by setting the value py = v/v100. But
experimental data for all perfect gases give the same amount 0.732011 for this value. That is why the model of
thermodynamic temperature is fundamental in thermodynamics, since it is of a system-wide nature.

It should be noted that for real gases outside the domain of ideal thermodynamic states, the principle of equal
probability of states will no longer be fulfilled. In this case, it will be necessary to take into account the existing
laws of distribution for a two-dimensional random variable, which will be associated with empirically established
state equations - the Van der Waals equation, the virial equation, etc. The extension of the proposed method to
this case is a separate problem of statistical modeling.

The research results make it possible to propose new methods for determining and measuring entropy
when changing of the states of thermodynamic systems. They are based on the established relationships of
thermodynamic and dynamic entropy, entropy and the path length of the process, as well as entropy and time.
Therefore, further research should be aimed at the practical application of the proposed methods.

In conclusion, we note that the proposed system of presentation of the fundamentals of thermodynamics
principally differs from the traditional and axiomatic systems of presentation. The lack of time in classical
thermodynamics, as a basic physical theory, is paradoxical. In turn, the temporal approach is based on dynamic
process models, where time is fundamental. The method, proposed in the article, allows to solve the problem
of introduction of time into classical thermodynamics and reveal the physical and mathematical meaning of
entropy. It also permits to exclude the contradictory concept of equilibrium of processes and to formulate adequate
ideas about the irreversibility of thermodynamic processes. In turn, generalization of the obtained patterns in
multidimensional thermodynamic systems is given in the work [6].
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AnvHoTanus. B kBasucranumoHapHOM IpUOIIDKEHUN Ipy MaibIx unciax PeitHonbaca u [lekire mpoBemeHo TeopeTnueckoe
omncanye HoTodhopeTHUecKOro ABIDKEHUS YMEPEHHO KPYIIHOI MCIApSIOIelicss BBICOKOBA3KOIL Karm chepuueckoit Gopmer
(OTCYTCTBYIOT LMPKYJISI{MS BEIeCTBA BHYTPY KAIUIN U CIJIBI MeK(pasHOTO II0BEPXHOCTHOTO HATSKEHNIS) B BI3KOIL OMHAPHOIL
rasoBoit cMecH ¢ $pasoBBIM IIEPeX0TOM OJHOTO 13 KOMIIOHEHTOB Ha IIOBEPXHOCTY KOHAEHCHPOBaHHOII (asbl. B rpaHmuHbIX
YCJIOBYISIX Ha IIOBEPXHOCTM KAIUIM YUMTHIBAINCH JIMHEHbIE [TONpaBKy 1o yncity KHynceHa (130TepMmyeckoe, TeIIOBOE
u 1 y3MOHHOE CKOIBKEHNSI, CKAUKOB TeMIIEpaTyphl ¥ KOHLIEHTPALIN, a TaK jKe CKOJIb)XKeHIe, BO3HIKAIOIIee 13-3a
HEOHOPOMHOCTH TeMIIePaTyphl BAOJIb MCKPUBIEHHOI IIOBEPXHOCTM YaCTUIIbI), peaKTUBHBII 3 deKT 1 BKIaA IPSIMOro
BIMSHMS KO3 duImeHTa ucnapeHus ¢ yueToM TepMoanddysmoHHbIX U cTepaHOBCKUX 3P deKTOB.
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Abstract. A theoretical description of the photophoretic motion of a moderately large evaporating highly viscous spherical
droplet (absent, circulation of matter inside the droplet and interfacial surface tension forces) in a viscous binary gas mixture
with a phase transition of one of the components on the surface of the condensed phase is carried out in the quasi-stationary
approximation at low Reynolds and Peckle numbers. In the boundary conditions on the droplet surface, linear corrections by
the Knudsen number were taken into account (isothermal, thermal and diffusion slip, temperature and concentration jumps,
as well as sliding due to temperature inhomogeneity along the curved surface of the particle), the reactive effect and the
contribution of the direct influence of the evaporation coefficient taking into account thermodiffusion and Stephan effects.

Keywords: Photophoresis of Evaporating Droplets, Movement of Droplets in the Field of Electromagnetic Radiation, Heat and
Mass Transfer
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Sliding Mode, Taking into Account Thermodiffusion and Stephan Effects. Applied Mathematics & Physics, 56(3): 218-225. (in
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1. Beenenmne. fIBnenne dporodopesa B rase 3aKIH0YaeTCs B JBIDKEHUI YACTHL] B II0JIe 3JIeKTPOMArHUTHOTO 13-
smyueHnd. Haxondrmadcsa B mojie HalpaBJIeHHOTO M3JIyUeHNd YaCTMIA ITOTJIOIaeT IeKTPOMarHUTHYI0 SHepruio,
KoTOpas IIpeoOpasyeTcs B TEILIO M BhI3bIBaeT HEOAHOPOIHBII HATPEB ee IIOBePXHOCTM. ['a3, B3aMOeICTBY C
HEOJHOPOAHO HarpeToll I0BEpXHOCThIO, HAUMHAET ABUTAThCA BIOJb IIOBEPXHOCTY B HAIIpaBJIEHU BO3pACTAHUSA
TeMIIepaTypbl. ITO IBJIEHIE HAa3bIBAETCS TEIUIOBBIM CKOJIBKEHIEM U OHO BBI3BIBAeT ITosBiIeHMe dpoTrodoperu-
yeckoit sl [lo meiicTBMEM 3TOJ CUIIBI KaIlIsd HauyHaeT ABurarscs. Korna Beiamunna porodopernueckorn
CIJIBI CTAHOBUTCA PAaBHOII IO BeJIMYNMHE CVUIIBI BA3KOT'O COIIPOTUBIIEHNS Cpebl, KaIlld HaulMHaeT ABUTAThCI
paBHOMepHO. CKOPOCTH paBHOMEPHOT'O JBIDKEHMS KAIUIM Ha3bIBAlOT (OTO(OPETIIECKOI CKOPOCTHIO.

B saBucumocTy oT pazmepos, GOpMBI IIOBEPXHOCTY YACTUIIbI, OIITUUECKIX CBOJICTB ee MaTepuaa, JJINHbI
BOJIHBI M3JIyueHMs Oojlee HAIPETOl MOKET OKa3aThCsl KaK OCBeIlleHHas, TaK M TeHeBask CTOPOHA ITOBEPXHO-
cTu. B cBsA3M ¢ 9TMM HaGMIOMaeTCs Kak MOJIOXUTENbHBIN poTodopes (ABUKeHNE YAaCTUIIBI B HAIIpaBIEHUN
pacIpocTpaHeHys U3JIyUeHNs), TaK M OTPULATENbHBIN (IBYDKEHIIE YaCTULBI B OOpaTHOM HAIIPaBJIEHIMN).
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C maremaTuueckoil TOuku 3peHus Gporodopes sBIIETCS CIOKHOI 3aJaueil, COCTOSAIIEN U3 JIeKTPONITHA-
MMUecKot 3afaun (pacyeT XapaKTepUCTYK IIOIVIOIIEHHOIO 3JIeKTPOMAarHITHOTO II0JISI B 00'beMe YaCTHMIIbL),
TEIJIOBOII 3afaun (pacueT TeMIIEpaTyPHBIX [0JIell B 060beMe U Ha IIOBEPXHOCTH YACTHIIBI) ¥ Fa30KMHETIIECKOII
3agauy (OmucaHMe TeIIoOMaccoIlepeHoca B Ta30Boit (ase, BEIUMCIICHNE IIOJIEN CIUI, JAaBJICHUIT, CKOPOCTEN U T. 1.).

Hecmotpst Ha To, UTO 3TO siBIIeHME GBLIO OTKPHITO B Hauase 20 Beka [1], mHTepec Kk HeMy He ociabeBaer,
a TostbKO pacreT. OTKpBIBAIOTCS BCe HOBBIe 00sacTy npumMeHeHus ¢porodopesa [2]-[13]. Bo-nepBoix, 3T0 Ii10-
6asnpHasA IpobiieMa GOPHOBI € 3arpsI3HEHNUSIMIY BO3QYIIHO CPeIbl a9pO30JIAMMI KaK MCKYCCTBEHHOTO, TaK ¥
€CTEeCTBEHHOIO IIPONMCXOKAeHNs (YIaBIMBaHIe YaCTIUI[ ¥ JIEBUTALIVI); BO-BTOPBIX, MHOTOUMCIIEHHbIE TeXHOJIO-
IUYecKue IPIUIIOKeHNS TPeOYIOT CBeIeHNII O II0BeIeHNI AUCIIEPCHBIX CPe/l B pasiIMUHbIX YCIOBUIAX. Takue
MpoGIIeMbI aKTYaIbHBI A1 XMMUUECKOI IIPOMBIIIIIEHHOCTH; AJIS BCEBO3MOKHBIX TeXHOIOTHIL, MCIIOIb3YIOLINX
IIPOIIECCHI OCAKIEHISI YaCTII] B KaHaax; IPY IIPOBeAeHNN TOHKOM OUMCTKY HeOOIhIINX 00BEMOB ras3a; 0Toope
a9pO30JIbHBIX ITPO0; HaHeCeHM 3aaHHOI TOIILMHBI CIIeNAIbHBIX IIOKPBITHIL. B-TpeTbux, BOIIPOCHI ITOBENEHMS
YaCTHMII BO BHEIIIHMX IIOJIIX B yCJIOBMSAX BBICOKOTO BaKyyMa, HallpUMep, acTpOpM3NKa I T. 1.

2. ITocranoBka 3amaun. Paccmorpum cdeprueckyio ymeperso kpynaywo (0.01 < Kn < 0.3, Kn — uncio
Kuyncena [14]) BBICOKOBA3KYIO KAILTIO (OTCYTCTBYIOT IMPKYJISLS BEL{ECTBA BHYTPY KAILIV ¥ CIJIBI MeX(a3HOTo
[IOBEpXHOCTHOTO HATSDKEHS) pafuyca R, B3BeIlIeHHYI0 B OZHOPOLHOI! 10 TeMITeparype G1IHapHOTI ra30BOI CMeCcH
¢ TemepaTypoii T,, INIOTHOCTBIO P, TEILIONPOBOTHOCTEIO Ao, nuddy3smeit D1z, BIZKOCTHIO Ll ¥ KOIPPUIMEHTOM
MCIIapeHns o.

BunapHas razoBas CMeCh OIVCBIBAETCS OTHOCUTEIBHBIMI UVCIOBBIMY KOHIIEHTPAUUAMI KOMIIOHEHTOB
C1 n Cy. 3pecs C1 = ny/ne, Ca = na/ne, ne = ny + ny — MOJIHOE KOJIMUECTBO MOJIEKYJ B eAMHNIE 00bEMa CMECH,
Pe = P1+ P2, p1 = N1My, P2 = NaMy, M1, N1 U Mg, Ny — Macca U YUCJIeHHas KOHLIEHTpALMs MOJIEKYJI IIEPBOTO U
BTOPOT0 KOMIIOHEHTOB cMecH. IlepBrIit KommmoHeHT C; 10 CBOeMY (PU3NKO-XMMUYECKOMY COCTaBY COBIIaaeT C
BEILIECTBOM >XKMIKON Karuin. BTOpoit KOMIIOHEHT CUMTAETCSI OCHOBHBIM (HeCyIuM). 31ech U fajee MHIEKCHI
«e» U «i» OyZeM OTHOCUTH K rasy 1 KaIuie, MHIEKCOM «S» — 0003HaueHbI 3HaueHMsT PU3UUECKUX BETNUNH,
B3SATBIX [PV CPeRHEI TeMIlepaType MOBepXHOCTH Karuin T, a MHAEKCOM «00» — 0003HAUeHbI CpeHIe 3HAUEeHs
(busMUeCKUX BEJIMUNH, XapaKTepU3yIollye OMHAPHYIO ra30BYI0 Cpey BOAIN OT KaIlJIil.

[Ipennonaraercs nuddysnonusit pexxum ucnaperns Kamwm (C; < 1). OCHOBHOe BINSHIE Ha IIPOLIECC
TEIJIOMACCOIIepeHoca B OKPECTHOCTI KAILIU OIIpe/elIieTcss MOIeKyIsIpHoit nuddysueit. Panuyc xammm cunraer-
csl HEM3MEHHBIM (BpeMsl 3aMETHOT0 M3MeHEHNS paquyca KAl 3HAUNTEIbHO OO0JIbIIe BpeMEHN peJlaKCalun
I y3MOHHBIX U TEILIOBBIX HEOJHOPOLHOCTEN BOMM3Y Hee). [Ipu ABMIKEHNUN KaIlIs COXpaHsieT CBOI0 cdepuue-
CKyI0 popMy, T. €. CIIIbI IIOBEPXHOCTHOTO HATSIKEHMSI 3HAUNTEIBHO OOJIBIIIE CUIIBI B3KOTO COIIPOTUBIIEHS.
B cuny masocty BpeMeHn TeIIoBoil U Auddy3MOHHOM peslakcaly IPoLece TelJIoMaccorepeHoca B CUCTe-
Me yacTMIla—Ta3 IPOTeKaeT KBa3MCTallIOHAPHO, 1 CBOGOIHOI KOHBeKLMel peHebperaem (uncio I'pacroda
MaJo). 3agaua perraeTcs TMIPONMHAMUYECKUM METOIOM, T. €. PELIAIOTCS ypaBHEHMS TUAPOIMHAMUKI 1
TeIIJIOMACCOIepPeHOCca C COOTBETCTBYIOIMMI I'PAaHNMYHBIMM yCIOBUSMI.

3apaua perraercs B cpepuueckoii cuctreme koopauHar (y = r/R, 0, @), Hauamo KOTOpoI COBIIAKAET C LIEHTPOM
macc Karan. IIpu TakoM BeIOOpe CUCTEMBI OTCUeTa 3ajada CBOIUTCS K aHAIN3y OOTEKaHMs MCIIapsIOLIeiics
Karui 6eCKOHEUHBIM IUIOCKOIIapajlIesIbHBIM IIOTOKOM B IIOJIOKUTEJIBHOM HarpasieHun ocu Oz, CKOPOCTb
kotoporo Ue, mopgmesxut onpeneneHuio (Uy ||Oz, U = —Uyy, Upp, — doTodopernueckas ckopocTs).

PacmpeneseHus ckopocTeit, JaBIeHNIL, TEMIIEPATyp U OTHOCUTEIBHOJ KOHIIEHTPALY IIepBOTO0 KOMIIOHEHTa
OMHAPHOI ra30BOM cMecH (B CIJIy CUMMETPUM 3a[auM) 3aBUCAT TOJIBKO OT PAAVAIbHON KOOPAMHATHI Y 1
IIOJIIPHOTO yriIa 6.

3agaua paccMaTpMBAeTCs IIPU MalbIX OTHOCUTEIBHBIX IlepelafaxX TeMIepaTypbl B OKPeCTHOCTY BBICO-
KOBSI3KOI Karuiu, KoapPUUmeHTbl MOJIEKYIIIPHOTO IepeHoca (BSI3KOCTh, TEILIONPOBOAHOCTD, quddysus) u
IUIOTHOCTh OMHApHOJ Ta30BOII CMECU CUMTAIOTCS ITOCTOSHHBIMIU. ['a3 paccMaTpuBaTh KaK HECKMMAaEMYIO
cpeny, a caMa CHUCTeMa ra3oqMHaMIYecKX YpaBHEHMII pacIiajaeTcs Py 3TOM Ha IMAPOAMHAMUUECKYIO 1
TeIlJIO-MaccolepeHoca.

Taxyum 06pasoM, pelraeTcs CucTeMa ra3oaMHaMIUYecKnx ypasHeHuit (1)-(3) mist cpeqHeMaccoBOi CKOPOCTH
U, (r), naBnenns P (r), orHocurensHol KoHuenrparuu Cy (r) u moneit remneparyp T, (r) n T;(r) BHe u BHyTpU
KaIuUIu ¢ KpaeBbIX ycioBuii (4)-(6) [15, 16, 17]:

peAUe = VP,, div(p.U.) =0, (1)
AT, =0, AC; =0, (2)
qi
AT, = ——. 3
=2 ©)

Ha GeckoHeUHOCTM IIpK Y — 00 11 KOHEYHOCTH (PU3MUECKIUX BEIMYNH, XapaKTepU3yIOIUX KaIuIo Ipu y — 0,
yuTeHbI B KPaeBbIX yCIoBuAX (4), (5), a Ha TpaHNUHON ITIOBEPXHOCTI, T. €. IpK Y = 1 CIpaBeIINBBL KpaeBbIe
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ycnosus (6)-(9)

U, =Usn,, T, =Tw, C;=Cy, Pe=Ps, Us=|Usl 4)
T; # oo, (5)

e oCy  Krp 9T,
n U —Dlzw( ! ﬂ—"’) vne[C( e, 5T,»—C1], ©)

Rpe \ oy T. oy

( )
oC1  Krp 9T,
nU; +Dlzw( Ly S0 ) 0, CiiY = v = VksT/ 2rmy), ™
Rpe \ oy T, dy ne T=Ty
(e) (e) (e)
ay, 19U, U, T,
Uée) =CmKn( o 4= -0 )+K}g) (1+KnﬁRT)—e+
oy y dy y RT, a0
(H)
Dy, oC T, aC 1 0n
K1+ Knfre | =2 2L, T, = Ty = Kn|KE =S + Kp 22| o = — =2, (8)
R 90’ y Y ne T |r_g
a7, aT;
~Ne—= + Aj— = —Lm Ragvn, [c By cr o1 - cl] — oo R (T} - TY) . 9)
a9 9y

3necs U, (©) U(e) KOMITOHEHTHI MaccoBoii ckopoctu U, B cpepuueckoir cucreMe KOOpAMHAT, L — ymeapHast

TeII0Ta McnapeHI/m JKUOKOCTH, 0p — mocrosiHHast Credpana — Bonsiimana, Kn — uncno Kuayncena [ ], o7 -
MHTEeTpaJIbHast CTeIeHb UePHOTHL, Ve — KOAQQUIIMEHT KIMHEMATIUEeCKO BI3KOCTI, V— O[HA UeTBepTast CpefHeil
aprdMeTIUeCcKol CKOPOCTY TEILIOBOTO JABVDKEHIISI Fa30BBIX MOJIEKYJI IIepBOro copra [18], n ( )_ HacblIlleHHad
KOHI[EHTpaLMsI MOJIEKYJI IIePBOTO KOMIIOHEHTa OMIHAPHOIT ITa30BOI CMeCH, 3aBUCSIIAs OT cpenHeM TeMIIepaTypPhI
nosepxroctyt Karwtn Tj, Cp, K\, K©) - K03 dUIMIeHTHI U30TEPMIUUECKOr0, TEITI0OBOro U Audpdy3mnMOHHOTO
19 i» bm> Bpg s Bpg 19 s Y
CKOJIBXXEHUIL, SR, PRC — KO3DPUIIMEHTHI CKOIBKEHNST, BO3HIKAIOII[E M3-32 HEOMHOPOIHOCTY TEMIIEPATYPHI
o T n
BJIOJIb ICKPUBIIEHHOI TIOBEPXHOCTH (YUMTHIBAOIINE KPYBI3HY IIOBEPXHOCTY KAILII) U Ky, K7 - K03 duUImeHTHI
CKauKOB TeMIIepaTyphl U KOHILleHTpalnu. Bce BbIllle rasokmnHeTnueckye K03(pPuimeHTs! OIpeResoTcs 13
pewrenus B cioe Kuyncena ypasuenns Bompumana [14, 19, 20] u npy KoadduipeHTax aKKOMOJALMY 10
0 0
SHEPIUM U TAHT€HIMAIBHOTO MMIIYJIbCA PAaBHBIX €QVIHIILIE K;S) = 1.161, KlgS) = 0.3, Cy, = 1.131, Brr = 3.731,
PBre = 1.572, K; =2.179 [14, 19, 20]. HeBoamyuienusie napamerpsl (To,, Po) HAOIIONAIOTCA B MECTE HAXOKIEHMS
reOMEeTPUUECKOTrO LIEHTPa BBICOKOBA3KON KaruiM mpu ee oTcyTcTBum (Benmumua Cy OIpenensercs uepes
4rngag
nsAo

JVICTOYHMKOB TeILIa, HEOJHOPOIHO paclpeesIeHHbIX BHYTPY Kallll, My = Nk + idj — KOMILJIEKCHBI IT0Ka3aTesb

UNMCJI€HHbIE KOHOEHTPAINMN N1 11 Ny Ta30BbIX MOJ’ICKY.]'[), qi = I()Bk — o6’beMHas IIOTHOCTD BHYTPEHHUX

IIpesIOMIIEHNS KaIlIl, N — II0Ka3aTellb IPeJOMIeHNS cpensbl, Iy, Ay — IUIMHA BOJIHEI 1 MHTEHCUBHOCTD IIaJAIOIIET0
nanyuenns, By — QyHKIM KOOpAMHAT, pacCuMThiBaeMas 110 Teopun Mu [21, 22].

B rpaHMUHBIX YCIOBMAX HA TOBEPXHOCTM BHICOKOBSI3KOI KAILJIM YUTEHO COOTBETCTBEHHO: HEIIPEPHIBHOCTD
pagmanbHOrO JIETyUero I0TOKa IIEPBOT0 KOMIIOHEHTA Uepe3 [TOBEPXHOCTH Karuu (6). Jleas yacTs paBHa cyMmap-
HOMY pPagyaJbHOMY IIOTOKY IIEpBOrO KOMIIOHEHTA BHE KAIUIU U IIPENCTABIsIeT U3 celsi CYMMY KOHBEKTMBHOTO,
nuddysmonnoro u repmonuddysnorHoro 1motrokos. [Ipasas ke YacTh HaeT paaMaIbHBIN IIOTOK IIEPBOrO
KOMITOHEHTa, OTBOAMMBIII yepes ciioit KHynceHa ¢ IOBEpXHOCTY KaIlIM U IIPOIIOPUMOHAIBHBIN K03hduumeHTy
VCIIapeHms ¢y KaIumi. BeIBOJ BBIpa)KeHMsI [JIS 3TOTO IIOTOKA OCHOBAH Ha IIPEAIIONIOKEHUN, UTO Pafyallb-
HBIiT IIOTOK MOJIEKYJI I1apa OIIpeessieTcss Ha OCHOBE CTATMCTUUECKUX COOOpaskeHUII M paBeH I10 BeIMUMHE

NeOoV (Cfs) — Cl) , TIe Cl(s) — HaCBIIIeHHas OTHOCHUTEJIbHAS KOHIIEHTPAIMS IIEPBOTO KOMIIOHEHTA, SIBJISIO-
y=1

masicst pyHkumet remneparypst Tis Ha OBepXHOCTY Karuin, v = \/kgT, /27m; — ogHa ueTBepTast aGCOIIOTHOI
TEIJIOBOJI CKOPOCTH MOJIEKYJI Iapa, kg — mocrosuHas Bosnpivana. Ilockonbky Cl(s) = Cl(s) (T), To MBI MOXEM Cl(s)
PAasIIOKNTS B P [10 MATIOMY IapaMeTpy ¢ (posb KoToporo urpaet uncio PeitHonbaca e = Re = (p.UsoR) /e < 1)
¢ yOepsKaHIeM JMHEHBIX 110 3TOMY IIapaMeTpPOB UJICHOB: Cis) (L) = Cff) + C},6T; — Cy, 6T; maxonurca u3
IPaHMYHBIX YCIOBUII Ha IIOBEPXHOCTY KAaIUIN; Ceayloliiee KpaeBoe yciaoBue (7) yUuThIBaeT TOT (aKT, UTo
ITIOBEPXHOCTD KaIUIM HelpOHMIIaeMa IJII BTOPOT'O KOMIIOHeHTa OMHApHOJ Ta30BOIl CMECU U B HEM yUTEHBI
paguanbHbI KOHBEKTUBHBIN, A1(dY3UMOHHBIN 1 TepMOAN(dYy3MOHHBIN TOTOKI BTOPOr0 KOMIIOHEHTHI CMeCIH;
Jajlee TpaHUYHOe ycyIoBMe (8) OTpakaeT M3BECTHOE ABJICHIE 30TEPMIUECKOTO, TEIJIOBOro 1 AN((Y3UMOHHOTO
CKOJIBYKEHUII U ITOTIPAaBKM Ha KPUBM3HY ITOBEPXHOCTH KaIUIN, IIPOTIOPIIMOHAIBHbIE COOTBETCTBEHHO KO3 PUIy-
eHTaM Cp, K;(;), Ky (0) , BrT, PrC ¥ CKauOK TeMIlepaTyphl pasHOCTh TEMIIEpATyp Ha rpaHuie cios Kayncena u
BHYTPM KaIlIn nponopumonanbﬂme ko3 unmenTam KTT u K7 u B mocnieineM KpaeBoM ycroBuu (8) yuTeHo
yCJIOBYE HeIIpepbIBHOCTH PafMaIbHOTO IIOTOKA TeIlIA C YUeTOM TeIlIa, Mayliee Ha (asoBbIil IIePeX0 KIUAKOCTU
KaIlIM B I1ap, IPOIIOPLMOHAIBHOE BeJIM4He L 1 Ha M3IydeHue.

3. ITosist TeMIepaTyp, OTHOCUTEIBHON KOHIIEHTPAIMI IIEPBOT'0 KOMIIOHEHTA OMHAPHOII ra30BoIl
CMeCIL, MaCcCOBOJ CKOPOCTHU M JaBlieHNd. Vcrionb3ys ruapoaHaMIdecKmil ITOXO0/ K PeIIeHII0 ypaBHEeHMIT
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TUAPOAMHAMUKY, METO]| pa3iesleHNs TlepeMEHHBIX IIPU PellleHNN YPAaBHEHUIT TEILIOMACCOTIEPEHOCA, TI0JIyUaeM
crenyroolye obIe peleHns LI YPAaBHEHUIT THAPOMHAMUKY U TEILIOMACCOIIEPEHO0CA IIPY MAJIBIX YMCIIaX
Pertnonbnca u Ilexite, ynoBneTBopsiomue KpaeBsiM ycaoBusam (4)—(5):

A A A A
U (y,0) = Us cosG(l + y—; + 72) UL (4,0) = U sinG(l - j + 2—;) te(y, 0) = teo(y) + eter (y, 0),

A
Pe(y,0) = Poo + Um% cos Gy—j, ti(y, 0) = tio(y) + etir(y, 0), C1(y, 0) = Cro(y) + C11(y, 0),

1 4 I M,
Jo= v / qidV,V = gﬂRS, te = To/Too, t; = Ti/Teo, teo(y) = 1+ 50, Cio(y) =Co + 70

|4
+1

I} M, R? 2/ R, RJ,
to1(y, 0) = cos0—, Cq1(y, 0) = cos 0 —-, =— dx, Hy = ,H, = ,
1(1,6) = cos 2 1(y. 0) = cos Y2 Vo) ohTe” ) BT g T T AT,

-1

2 4T Vv
-1 |4

y y +1
H 1 3 R? 1
o) = 5o+ 20 = = [y + [y = =35 [ s =3 [ v, a0

1 1

H 1 g 1 ;

ti1(y) = cos 9{B1y+ —21 + 3 y/ w—;dy - —2/ yyrdy } z=rcosf, x =cos0, / qizdV -
y y Y
1 1 Vv

JVIIONBHBI MOMEHT IIOTHOCTM TEILIOBBIX ICTOUHMKOB [4, 8, 23]. VIHTerpupoBaHme BeJeTcs 10 BceMy 00beMy
MCHapAIOLIENICS KaTlIL.

CpenHee 3HaueHMe TeMIIEpPATyphI ITOBePXHOCTH KA Tis = tisTo, ompemenseTcs U3 pellleHns cIeqyoLen
CUCTEeMBI ypaBHEHMII:

tes — tis = —Rn(K{ro +K}")t85MO),

/18 RZJ() nemlRaov (H) RT4
Loy = +1D —(c-c +M)— S (1),
1, 0 ST 12 Tl 0 1s (}( 0001 by (15 )
ct - ¢ - Dy——t—=12,
neRagnav tes
M, = e
neRagnsv

3mecs tes = teO(y =1), tis = tiO(y =1).

4. Cuna u ckopocthb porodopesa. AHAIN3 MOTYUEHHBIX Pe3yJIbTAaTOB. I]ocie TOro Kak mosryueHbl
B IIEPBOM IIPUOIIVDKEHNUN II0 € BBIPaKEHUS IUIS II0JIell TeMIIepaTyp BHE U BHYTPU UCIIAPSIOLIEics Karulu 1
IIEPBOr0 KOMIIOHEHTA OMHApPHOJ ra3oBOJ CMECU METOLOM CpallMBaA€MBIX aCUMIITOTUUECKUX PA3JIOKEHIA,
of1as cyuta, IeiiCTBYIOIas Ha Kalllio, OIpe/ielIIeTCs MHTErPIPOBaHIeM TeH30pa HalIPsKEHMIT 110 IIOBEPXHOCTI
BBICOKOBsA3KOI Karum (11) [15]:

F, = / (=P, cos 0 + o, cos O — 0,¢ sin 0) r sin 0dOd¢ |,—g . (11)
(S)
3mecs
Opp = —, Oy = - -
rr = 2He or o= Fe ar r o0 r

IMocne ompemeneHNs MOCTOSHHBIX MHTETPUPOBAHNIL, BXOAAIINX B BhIpakeHUsI (10) 113 KpaeBBIX YCIOBUIT
(6)—(9), moxcranosku (10) B (11) u MHTErpMpoBaHUs IOJIyYaeM, UTO pe3dyabrupyiomas cuia F ckinageisaercs us
CIIBI BA3KOTO conporuBiennus cpexsl F, u doTodopermueckoir cumbr Fyp:

F=F, + Fpp. (12)
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3necy Fy = 67Rpe fuUsony, Fpn = —67Rpe fon )11z,

= 1+ 2C,,Kn 0 =1+ +2LD., ML
BT 1 43C,Kn’ Tt ‘S 2 dingay
2 1 (0) Ve1 (0)
= - K 1+K +K 1+K Ci.Too X
Jon 3 6AiTway (1+3CmKn){ TS t,4 ( nfr) DS Q ( nfrc)| Cis
n KTD ro leml
x (14 Kn [2KT + KM )—2D ¢ 1- + D™ (1 4 6C,Kn) X
( n[ T T 0] 12R&'OVHZ les 2tes 12PeanO( m n)
K I
X|CiyTeo (14 K [2KT + KiMo] ) + =22 (1= —2 ) (1= 2K]tsC Too) | 1 (13)
les ZteS
A K I Qq
4y = 142Dy —2¢ 5:2—“’+2LD12M 01— =% ) 4+ 2t |1+ Kn[2k] +
Rayv A AiTonzay tes 2tes ] o

+K¥MO [MO _ 4LD12 (1 _ r() )])], QO =1- 2K¥KnteSCTST;.O
ai

e K
———— K7D
Rayvnyaq 2tes

IIpupaBHMBAs TIONHYIO CUITY K HYJIIO (KAl JBIDKETCS IPSIMOIMHEHO 1 paBHOMEPHO), IIoJIydyaeM oblitee
BBIpaKeHUe I POTOdOPEeTNUECKO CKOPOCTY YMEPEHHO KPYITHOM MCIApSIOLIeNICS KaIllu chepudecKoil

¢dbopmbr:

Uph = —f—nz. (14)
i
Beipaxxenus (12)—(14) mo3BOJIAIOT OLIEHNBATH BIMSHIE KO3 UIIMEeHTa UCTapeHs, peaKTUBHOTO 3ddeKTa,
JIMHENHBIX [TOIpaBoK Io umciay Kuyncena m tepmonmddysun Ha GoTodopernyecKyo Cuiry u CKOpOCTh
BBICOKOBSI3KOJI YMEPEHHO KPYITHOI MCIIAPAIOIIENics KAl B OMHAPHOI ra30BOI Cpefe U HOCIT Hamboiee
001 XapaKTep.

Bxomsiumii B cyry u ckopoctsb ¢orodopesa koadduriment ﬁ,h COCTOUT M3 CYyMMBI Tpex ciaraeMbIx. [lepsoe
cilaraeMoe, KOTOpoe IIPOIIOPIMIOHAIBHO KO3(p(PUIMEHTY TEIIIOBOrO CKONBXEHNS K;(;) 7, 32 CUET KOTOPOIo
MICIIAPSIOLIASICS KAl CTPEMMUTCS ABUTaThCs B CTOPOHY IIafeHMs TeMIIepaTyphl BO BHEIIIHEI Cpefe, T. €. U3
o6iacTu ¢ 60JIee BEICOKOI TEMIIEPATYPOIL B 061aCTh ¢ O0Jree HIM3KOI TEMIIEPATYPOIL; 3a CUET BTOPOTO CJIAraeMoro
(mmddy3moHHOTO CKONBXEHNS, KOTOPOE IPOIOPLIMOHAIBHO K03 PUIMeHTy Klgos)) KaIuUIsl MOYKET JBUTAThCS KaK
B CTOPOHY POCTAa, TaK I B CTOPOHY MaJeHNs TEMIIEPATYPBL, B 3aBUCKMOCTI OT MacC KOMIIOHEHTOB OMHAPHOII
rasoBoil cmecu. Eciiu Macca MOJIEKYJI KOMIIOHEHTa BHELITHEI CMeCH, MCIBITHIBAIOIIEl (a30BbIil IIepexor Ha
[IOBEPXHOCTY KaIlIm my < my,10 K S)s) > 0.B nporusaoMm ciryuae — K g)s) < 0; TpeTbe clraraeMoe CBI3aHO € (a30BbIM
[IEPEXOOM VI OITMCHIBAET AEJICTBIIE PEAaKTMBHOM YaCT) MMIIYJIbCca Ha KaIlIio. TeMIlepaTypHas 3aBUCUMOCTD
OTHOCHTEJIBHON KOHIIEHTPAIIMY HAaCLIIIEHHBIX apOB JeTyuero BemiecTsa Kammu (C;,) u TepmonuddysmoHHbIe
SIBJIEHUSI B 00'beMe ra30BOiT CMeCH BHI3BIBAIOT HEPABHOMEPHOE JICITApEHIIE BIOJb IPAHUIIbI KOHAEHCUPOBAHHO
(asbl 1, KaK CIeCTBUE, peaKTUBHBII 3¢ (heKT.

T¢ ,K(o)) M peaKTMBHO-
My addekTy, yMHOKaTCI cooTBeTcTBeHHO Ha (1+ Knfrr), (1+Knfre), (1+6C,,Kn) u Ha Kn(ZK% KIMp), . e.
YUMTHIBAETCS BIVSHYIE JIMHEIHBIX IOMIPaBOK 10 unciy Kayncena Ha cuny u ckopoctb porodopesa. Ilockombky
9T K09(pPUIMEHTHI 10 3HAKY MOTYT OBITh Pa3IMUHBI (B 3aBUCUMOCTU OT BhiOpanHOoI Monenu (BIK-monens,
S-Mopmeins), BBIOpaHHBIX POGHBIX (YHKLMIL, I OIpeeIeHHBIX COOTHOLICHNIX KOI(P(UIEHTOB CKOIBXEHIIT
I CKAUKOB, BapbMpOBaHIe 3HAUEHMIT KO3 PUIMEHTOB aKKOMOAALNY IMITYJIbCA Y SHEPTUU I T. [.), TO MOXKET
BO3HMKHYTH OTpMLATEIbHBI (poTodopes. AHAIOIMUHAS CUTYALVI IMeET MeCTo U s TepModopesa yMepeHHO
KPYIIHBIX a9pO30JIbHBIX YacT!IY [24].

JI71s BBICOKOTEILIOPOBOAHBIX YMEPEHHO KPYIIHBIX VICIIAPAIOIIMXCS Kaneas (mpu A; — o), Bugum, gporodo-
pe3 IPaKTIUeCKN OTCYTCTBYET, T. €. fp, — 0, UTO TIONATBEPKTAETCSA B IKCIIEPUMEHTAX.

Benrunaa u HampasieHye ckopocty Gorodopesa BEICOKOBSI3KOI KAILIN 3aBYICUT OT BEJIMYVHEL VM HAIIpaBile-

HUS QUIOJIBHOIO MOMEHTA IIJIOTHOCTY TEeILIOBBIX MICTOUHITKOB f qizdV, KoTOpBIe BXOIAT B BhIpakeHue Ji. B Tex
v
cIryuasix, KOT/ia AUIOJIbHBI MOMEHT OTPULATEIBHBII (KOTHa GOJIbIIAs YaCTh TEILIOBON SHEPIUU BBIIENAETCS B

TOJ YaCTM KaIUIU, KOTopast obpallleHa K [IOTOKY U3JIyUeHNs), Kallls JBVOKETCS B HAIIPABIEHNY TAJAIOIIETO
n3nyueHns. Exy quImoapHbI MOMEHT IIOJIOKUTENbHBIN (KOrga GoJbIiiast YacTh TEIUIOBOI SHEPIIY BBIAEISIETCI
B TEHEBOJI YaCTM KaIuin), Karuist Oy[eT ABUTaThCsl HABCTpeUy HAIpaBIeHUIO PACIIPOCTPAHEHNS M3y UeH s
IIOTHOCTD TEIUIOBBIX MICTOYHMKOB IIPY YBEJIMUYEHUN MHTEHCUBHOCTYU 3JIEKTPOMArHUTHOTO M3JIyYeHNI
Bo3pacraet JuHeHo. OTciona cienyer, 4To porodopermdeckas CuiIa 1 CKOPOCTh C YBeIMUeHIIEM MHTEHCUBHOCTI
3JIeKTPOMArHUTHOTO M3JIyYeH! BO3pacTaeT JMHEeITHO.
[Ipu IOCTOAHHOT BEIUUMHE AUIIOJIBHOTO MOMEHTA YBeIMueHue pagnyca Kkamwm (J; = % / qizdV,V = %nR3)

CnenyeT TaK K€ OTMETUTD, UTO BbIPAKE€HIA, IIPOIIOPUNIOHATIbHbBIE KOQ(l)(bI/ILU/IeHTaM K( )
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HPUBOIUT K yMEHbIIEHNIO cKopocTu GpoTodopesa, KOTOPoe IPOUCXOAUT 06PATHO MPOMOPILMOHANBHO R%, uTo
COIJIACYeTCsI C IKCIIEPIMEHTOM.

Yro xe KacaeTcs BKIana repMoanddysmm B CUIIy i CKOpocThb GoTodopesa, oTMETUM cienyolnee. Tepmoaud-
Gby31s OTHOCUTCS K TaK HasbIBaeMBIM «CJIa0BIM» addexTam, min 3¢ dekTaM BTOPOTO MOPSIAKa MATOCTI, OTHAKO
OHa BeCbMa UyBCTBUTEJIbHA K IapaMeTpaM IIOTEHIMAIOB MEXMOJIEKYJIIPHOIO B3aMOAeicTBIA. IBIeHNe
TepMoandQy3nun BO MHOTTX IIPOL[ECCAX SBIISETCS ONPeesSIOINMM I MIMEeeT CAMOCTOSTEIbHBIN XapakTep. 9To
MIPOSIBIISIETCS, HAIIPUMep, IIPY OYMCTKe ¥ Pas3iesleHN CMecell Ta30B U M30TOIIOB; M3BI€USHNN Pas3IMUHbBIX
HeTeIIPOAYKTOB; IOJTyUeHNM 0cOO0 UMCTBIX BEIeCTB; IIpolieccaX, MPOTeKaIINX B arMocdepax IIaHET,
BBICOKOTEMIIepaTypHOIl IIJIa3Me, I MHOTHUX APYTUX.

Bo mHOrMX ciayuanx TepMoauddysus ABIseTcs MPOLeccoM, KOTOPBI MOXeT CYILeCTBeHHO BO3[eIICTBOBATH
Ha TedeHue APYTUX IIPOLIECCOB MM BHI3BIBATH UX IIOSBJIEHNE, B UACTHOCTH, B BOIIPOcax (pasoBOro paBHOBECHI,
MHOrodasHoI GpuIbTpaIy, copoLM, Kerasalun, IUpaTaly, BeIIaJe s Fa30KOHAeH caTa U JPYTMX IPOLiec-
COB, CBfI3aHHBIX C He(Teras0BBIM KOMILIEKCOM. B 3TOM ciryuae HeoOGXOAMMO 11160 BBOAUTH COOTBETCTBYIOIIIYIO
IornpaBKy Ha TepMoanddysuro, 1ubo MCKIUATh ee BIuUAHME. B ¢BsI3M ¢ 9TMM, B paboTe IOaydYeHBI POPMYIIHL,
ITO3BOJISIOLIME OL[eHUBATh CIUIIY ¥ CKOPOCTh poTodopesa BBICOKOBIIKOM yMEPEeHHO KPYIIHOI MCIIAPSIOLIeIics
KaIuIM B GMHAPHOII ra30BOII cpejie € yueToM TepMoaudQysuu 1, HOCIT Hanbosee OOLMIT XapaKTep.

3akmroueHue. B kBazucrauroHapHOM IPUGIVKEHNN B IIOJIE 9JIEKTPOMATHUTHOTO M3JIYYeHIS IIPY MaJIbIX
unciax PeitHonbrca u Ilekie IpoBeieHO TeopeTUUecKoe OMMCAHNE IBIDKEHNST YMEPEHHO KPYIITHOI MCIIapsio-
I1eics BHICOKOBSI3KOI KaIlmm cepudeckoil popMbl B BI3KOI GMHAPHOIT ra30BoIl cMecH ¢ (asOBBIM IIEPEX00M
OJIHOTO M3 KOMIIOHEHTOB Ha ITI0BEPXHOCTY KOHAEHCHPOBaHHOI ¢aspl. [losyueHHbIe BEIpaXKEHNS IJI CUJIBI 1
cxopocTy poTodopesa IMO3BOJAIOT YUeCTh IPIMOIL BKJIAT BIMAHMA KO3hUIMeHTa UCTIapeHNs, JIMHEeTHbIX
IIOIIPaBOK 110 uncity Kuynacena u repmonnddysnn.
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AnHoTtanua. B pa6oTe TeopeTMuecKy pacCMOTpPEHBI 3aKOHOMEPHOCTY IIPOTpeBa MaTepyajla B OKPECTHOCTM HAHO- M
MIUKpPOpasMepHBIX IIOP, PACIIONIOKEHHBIX BOIM3M IOBEPXHOCTY METaJUIMIECKOTo 00pasiia, IoBepraeMoro 1a3epHOMY
HArpeBY JIa3epHBIM UMITYIbCOM JIMTENbHOCTHIO 20 HC. YCTaHOBIIEHBI 3aBMCHUMOCTM HarpeBa MaTepuaa HaJ IOpOIi I IO
IOpPOII [AJI pas3jIMUHBIX PACCTOSIHNUI OT HarpeBaeMoll IIOBEPXHOCTY 10 Iopkl. IIokazaHo, UTO B OKPECTHOCTM «MAeaIbHOI
HopsI» GopMupyercs crienuduueckoe pacrpeeseHne TeMIepaTypsl ¢ TOIOTHUTEIBHBIM HaIPeBOM MaTepuaja Hajl IIOpoit
I10 cpaBHEHUIO ¢ 6e3medekTHBIM MaTepranoM. [TokasaHo, YTO ¢ TOUKM 3peHNs paclpeeJeHNs TeIIOBOTO Mo Hanboee
GaronpuATHEIE YCIOBMA I 3aJIeUMBAHNA [TOP PeaTM3yIoTCs JUI II0p MaJIOTO AMaMeTPa, PacIoNIOKEeHHBIX Ha PACCTOSHII
0,5-2 MKM OT IIOBEpXHOCTH, IIOABEPraeMoii JJa3epHOMY OOJIYUYeHMIO. B ycIIOBMAX OTHOBPEMEHHOTO YIaPHOTO CKATHA 3TO
obecreunBaer GJIArONPUATHBIE YCIOBIUA IS 3aII0JIHEHMA IIOPBI HATPETHIM MaTepUaIoM I e€ IOTHOTO MM YaCTMYHOTO
3aJIeunBaHMs.

KiroueBblIe ci1oBa: HaHO- U MUKPOIIOPHI, CEJIEKTUBHOE JIa3€pHOE BO3JIeIICTBUE, HaHOCEKYHHBbIE JIa3€PHbIE€ VIMITYJIbChI

Mas uurupoBanust: Cadponos Y. C., Vinakos A. ., Aagpyxosa O. B. 2024. [TapameTprdeckue XapaKT€pUCTUKY HAHO- 1
MMKpOIIOD, BIMAIOIINE Ha UX 3aJleYMBaHIe IIPY CEJIEKTBHOI Ta3epHoit o6paborke. [Ipuknaonas mamemamuxa & Pusuka,
56(3): 226-233. DOI 10.52575/2687-0959-2024-56-3-226-233
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Abstract. The regularities of material heating in the vicinity of nano- and micro-sized pores located near the surface of a
metal sample subjected to ultrafast laser heating are theoretically considered. The model used the properties of a titanium
alloy VT18u exposed to a laser pulse with a duration of 20 ns. The dependences of the material heating above and below the
pore for different distances from the heated surface to the pore are established. It is shown that in the vicinity of the «ideal
pore» a specific temperature distribution is formed with additional heating of the material over the pore in comparison with
the defect-free material. It is shown that the most favorable conditions for pore healing are realized for small-diameter pores
located at distance of 0.5 - 2 micrometers from the irradiated surface. Under conditions of simultaneous shock compression,
this provides favorable conditions for filling the pore with heated material and its complete or partial healing.
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1. Beegenme. AkTyanbHOIT 3afaueil pU3NKU KOHIEHCUPOBAHHOIO COCTOSTHUS BJISETCS U3yueHue Gpusu-
YECKOr'0 MeXaHI3Ma CeJIEKTUBHOI JIa3epHOI 06paboTKI TOBEPXHOCTY TBEPABIX HEIPO3PAUHBIX MaTEPIAIOB.
B ornmume or GONBIIMHCTBA «TPATMUIMIOHHBIX» METOXOB JAa3epHON U ILIa3MeHHON 00paboTKM, CeleKTUB-
HOe JIa3epHOe BO3JIeJICTBIE II03BOJIsIeT OJHOBPEMEHHO ITIOBBICUTD KaK IIJIACTUYHOCTD IIOBEPXHOCTH, TaK I ee
MMKpO- I HAHOTBEPAOCTS [ 1, 2, 3, 4, 5]. Hapumep, myis aMOpdHBIX U HAHOKPUCTAIINMYUECKIX METAJLIIMUECKIX
cutaBoB (82K3XCP, 5BJICP), TutanoBbix crutaBoB (BT9 u BT18y) npm mncronbp30BaHuM METOA CEJIEKTIBHOTO
JIa3epHOT0 BO3ENICTBMS YIAETCs OMHOBPEMEHHO ITOBBICUTH HAHOTBEPAOCTS (10 UeThIpeX pas) M IJIACTIUECKIIE
XapaKTEePUCTUKU (B YACTHOCTU — CTOVIKOCTb K PACTPECKUBAHUIO IIPU MEXaHIMUYECKUX BO3MECTBUX) [3, 6, 7].
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Bosuukarommit 3¢ gexT 06yCIOBIEH CYIIeCTBEHHBIMY OTINUMAMY (U3MUIECKOTO0 MEXaHU3Ma CeJIEKTVBHOI
JIa3epHOIL 06pabOTKI OT «TPaAMIIMOHHBIX» METOROB [3, 7]. B pame ciyuaeB MMIIYJIBCHBII pesXuM 00IyUeHIS
IIOBEPXHOCTHOTO CJIOS METANINYeCKOTo 06pasija MHULIMIUPYeET YaCTUIHOE YN IIOJTHOE 3ajJleunBaHIe 110p 1
TPELVH B IPUIIOBEPXHOCTHOM CJIOE MaTepuaa 3a CUeT KOMILIEKCHOTO BO3eIICTBIS POPMUPYIOLIENCS yIapHO
BOJIHBI ¥ KPATKOBPEMEHHOTO ITOBBIIIEHNIST TEMIIEPATYPBI.

B macrosiee BpeMs Ui METaJUIOB M MX CIUIABOB YJIyUIlIeHJE MEXaHWUECKUX CBOJICTB IIOBEPXHOCTH
YCTaHOBIJIEHO IIpY OOIyUeHNI Ta3epHBIMI MMITYJIBCAMU INTEIBHOCTBIO T B JECSTKU HAHOCEKYHT, [6, 7, 8, 9, 10].
XapakTep HelICTBMS JIa3epHOTO M3IYUeHUs OIpefeNseTcs He TONBKO BpeMeHeM SKCIIO3MUIMM, HO o01eit
9Heprue JIa3epHOro UMILYJIbCA U €r0 (GOPMOIT, INIOTHOCTHIO MOIIIHOCTY Ha IIOJIYBBICOTE, & TAK:KE CPENOil, B
KOTOpOII Haxonutcs oOpasewn. KorepeHTHOE ManyueHne HaXonuT Bce 6oiee MIMPOKOe IIPMMEHEHIE U CIIOCOOHO
BO3MIe/ICTBOBATh Ha OpTaHMYeCKIe IIOJVIMEPHI ¥ KOMITO3UTBI, YIIPOUHSSA YIX YUIM yBEJINUBAsI CPOK CTApEHNs
matepuaia [9, 10, 11, 12]. IIpu mocTaTOUHOI SHEPIUY M IIOTHOCTY MOLIHOCTY MMITYJIbCA €I0 BO3JEiCTBIE Ha
ITIOBEPXHOCTD (B TOM UMCJIE B YCIOBUAX MIPUIIOBEPXHOCTHOTO OITIUECKOTO IIPOOO0S BO3yXa) COIPOBOXKIAAETCS
¢dopmupoBaHIEM ra3oruia3MeHHOro ¢axesa/o6aka, BpeMs CyLeCTBOBAHMS KOTOPOTO MOXKET B HECKOJIBKO pa3
IIPEBBIIIATH IUINTEILHOCTD JIA3epHOro uMIyibca. CirefOBaTeNbHO, B CIIyyae CeJIEKTUBHOI JIa3epHOIT 06paboTku
MOIVIVKALIVISI CBOJICTB IIOBEPXHOCTY OOYCIOBIIEHA TaK)Ke BO3EIICTBIIEM M3JIYUEeHS I AaBJIE€HNS CO CTOPOHEI
rasoria3MeHHOTo ¢akena. EcTecTBEHHO IIPeIION0KITH CYIIeCTBOBAHNE JOCTATOUHO LIMPOKOTO Ayala3oHa
IUINTEIBHOCTEN JTa3epHOTO MMIIYJIbCa 7, B KOTOPOM HabJII0JaeTcsl CeIeKTMBHOe Ja3epHoe BO3IEeNICTBIE Ha
o0beMHBIE HAHO- M MUKpOHedeKTsl. BepoaTHO, BpeMs 3KCIIO3UIMI OTPAHMUEHO CBEPXY NIIMTEIHHOCTHIO
nMIyiabca 7 ~ 1 Mkc u ~ 10 Hc cHn3y. IIpu GOJBIINX 3HAUEHUAX T CYLIECTBYET OIACHOCTH UACTUUHOIO
pacIuIaBIeHNs IPUIIOBEPXHOCTHBIX CJIOEB MeTaljIa ¢ IIOCIeNYIoIell KpUCTaIN3anyeil/peKpICTalIn3arent
Marepuaa, BCJIEICTBIE Yero HuBeIupyercs 3¢ ekt ceTeKTMBHOro Bo3aeicTus [7, 8, 9, 10]. B cinyuae MeHbIINX
IUINTENHHOCTEN MMITYJIECA MOYKET Pea30BaThCsI MEXAHU3M a0, IIPY KOTOPOM TaKKe He IIPOMCXOUT
130MpaTeIbHOr0 BO3AEMCTBIUA Ha HAHO- I MUKPOAE(EKTHL.

Cy1iecTBOBaHME 3HAUNTENHHOTO UYICIIA TAPAMETPOB JIa3ePHBIX MMIIYJIbCOB (IIUTENBHOCTD MITYJIBCA, YaCTO-
Ta, IDIOTHOCTH MOIIHOCTH JIa3€PHOT0 M3IIYUEeHNs, II0CIIeJOBATEIBHOCTh 06pabOTKY JIOKAIBHBIX YUACTKOB I T.X.),
a TaK)Ke CYLIECTBEHHBIE PA3INUVS CTPYKTYPhI IPUIIOBEPXHOCTHBIX CIIOEB: IIOPUCTOCTh, MUKPOCTPYKTYpa U Op.,
OTIpeeI0IIX XapaKTep BO3AEIICTBI JadepHoro nanyueHus (JI) Ha Marepuan, KeiaoT 9KCIIeprMeHTaIbHBII
oa0op PEeXXUMOB CeJIEKTUBHOI JIa3epHOI 00pabOTKM METAJLIOB U CILIABOB HEPAIMIOHANBHEIM [3, 9, 10, 13, 14].
SddeKkTUBHBIN BEIOOP ITapaMETPOB BO3MOYKEH I1OCIIE BBIABIEHNS (U3MUECKIX 3aKOHOMEPHOCTEN IIpoLecca
3aJIeunBaHYS IO U TPELMH B pe3yJIbTaTe JIMITYJIBCHOTO JIA3€PHOTO 00Ty UeHIs.

Tak kax 3ajeunBaHue ge(eKTOB BHYTPU TOHKOTO IPUIIOBEPXHOCTHOIO CJIOSI MeTaJIa/CIuIaBa IO AeICTBIEM
HAHOCEKYHIHBIX JIa3€PHBIX MMITYJIbCOB IIPOMCXOANUT KpaitHe ObICTPO, SKCIIEPUMEHTAIBHOE N3YUeHNe 0COOEHHO-
CTelt IIpolfecca ¢ JOCTATOUHOM AeTalnn3anueil 1 HeoOOXOMIMBIM paspelleHueM 3aTpysHuTeasHo. OgHuM us
BO3MOJKHBIX ITyTell PeLIeHNs 3TOI 3a1auyl ABISETCS TEOPETUUECKOe MCCIIeOBaHIIe IIPOIecca CeJIEKTIBHOTO BO3-
IEICTBYS, B TOM UICJIe KOMITBPIOTEPHOE MOJENNPOBAHILE, C TOCIIEYIOIIEl IKCIIEPUMEHTANBHOI BepuuKaryen
MOJIeJIbHBIX TIPeCKA3aHMIT IPU M3MEPEHIY JIOKAIBHBIX U MHTEIPANbHbBIX MEXaHIUECKIX CBOJICTB MAaTEPUATIOB,
[TOOBEPTHYTHIX 06paboTKe MpY 3aaHHBIX YCIOBUSIX.

B pa6otax [15, 16] paccMOTpeHO CeJIeKTIBHOE BO3IEIICTBIIE JIAa3epHOr0 M3IyUeH s Ha OT/eJIbHble HAaHOIIOPEI
n ux cucreMbl. OMHAKO OCTAETCS HEUCCIENOBAHHBIM BIMSHIE Pa3Mepa [TOp U UX PACCTOSHUS OT IIOBEPXHOCTH
Ha crienuuKy 1 3¢pPeKTUBHOCTH IIPOLIECCa 3aIeUNBAHIS.

Takum 06pa3oM, L{eJIbI0 JaHHOI paboThI ABJIAETCS MCCIeNoBaHMe PU3NUECKIX 3aKOHOMEPHOCTE CEeJTEKTIB-
HOTO JIa3epHOT0 BO3JECTBIS Ha ITOPHI B 3aBUCHMOCTY OT UX pasMepa I PACCTOSHIS OT II0OBEPXHOCTI MeTOJaMM
MaTeMaTUUECKOro MOIEINPOBAHIS.

2. Metoguka ucciaegoBaHms. IIpy onycaHHBIX BBILIE YCIOBMUAX 00pabOTKI TOBEPXHOCTM YIBTPAKOPOTKH-
MM JIa3epHBIMI UMITYJIbCAMI paccCMaTpMBaeMble IIPOLecCh He YCIIeBaIOT BRIMITY AaXKe Ha KBAa3MCTALVIOHAPHBIN
pexxuM. BosHMKarolIee TeIJIOBOE II0JIe IMeeT paj ocobeHHocTell. OOpasyoIuiics: ra3onaa3MeHHbIN (aKel
IIOAieP>KMBAET TeMIIEPaTypy IIOBEPXHOCTM 00pasiia IpaKTUIeCK) HeM3MEHHOI B TeUeHe JOCTaTOUHO IJIN-
TeJbHOTO BpeMeHU (At > 7), a B IIPUIIOBEPXHOCTHBIX CJIOAX HAGIIFOaeTCs BBICOKMIT IpaqueHT TeMiepaTyp. Kak
CJIe[iCTBIE TOHKIIT IIOBEPXHOCTHBIII CJI0IT 06pasiia B 06JIaCTV CUCTeMBI IIOp HarpeBaeTcs CYUIBHO HEPaBHOMEPHO
[15, 16, 17], uTo BIMsIeT Ha MeXaHIYECKIE CBOVICTBAa MeTaJIIa/CIlIaBa B OKPECTHOCTH ITopbl. Kak ciemcrue,
pacrnpenesieHne TeMIlepaTypbl BOIM3M ITOPBI MOKET UIPATh CYLLECTBEHHYIO POJIb B KMHETIKE €€ 3aJIeUNBaHus.

Koneunas koH(}uUrypalus mopsl Iocje BO34eliCTBIS JTa3epHOTO MMIIYJIbCA U IIJIa3MBbI OIIpeReNIsIeTcs PAaoM
(baKTOpOB: TeMITepaTypoil, JO KOTOPOII HarpeT MaTepua, MeXaHNUeCKIMIL HalIpsHKeHIAMY B pacCMaTplBaeMoit
o6JacTy 1 ra30BoIL cpeoit B ope. Ha MecTe 1cxoqHOI IOPHI B pe3yJIbTaTe 3aJleuNBaHII MOXKET CPOPMUPOBATHC,
BO-IIEPBBIX, [I0pa MEHBIIIEr0 pa3Mepa ¢ HellpaBIIIbHOI reoMeTpuuecKoii popmoit. Bo-BTOpBIX, cucTeMa MEHBIIINX
110 pasMepy Iop. [, HakoHeI[, MO>KeT IIPOM3O0IITY IIOJIHOE 3aJIeYMBaHIe IIOPEI ¢ POPMUPOBAHIMEM «IIIBaX.

B pamkax mmoaxona, IpeyiosKeHHOro paHee [15, 16], B JaHHOI paboTe IIojlaraeTcs, YTo 0COOEHHOCTI B3au-
MOMEMICTBUA KOPOTKOMMITYJIBCHOTO MOIITHOTO JIA3pPHOT0 M3JIyUeHNI Ha IIOBEPXHOCTh MaTepyaa II03BOJIAIOT
CHayasia IIPOBECTV MaTeMaTUuecKoe MOJeJIMpOBaHIe IIpoliecca TeIulolliepeHoca B obpaslie, cofepsKalieM
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[I0pY WI/MIV CUCTEMY II0p, 3aJleralollyx Ha HEKOTOPOIl IIyOuHe OT IIOBEPXHOCTY MaTepuaia. B pesyibrare
YEero CTPONTCS CKAISIPHOE TEMIIEPATYPHOE II0JIe B OKPECTHOCTH IIOPBI/CUCTEMBI II0P, KOTOPO€e B JaIbHEIIeM
VICIIONIB3Y€eTCS IS IIPOBeJeHMs UMCIEHHOTO MOAENPOBAaHNS TIpoLecca AedopMary pasorpeToro obpasua ¢
TIOpOIi/CUCTeMOIL TTOp.

PaccmarpuBaercs 2D-Mofens MeTALINUECKOT0 06pasiia, reoMeTpust KOTOPOIT [ToKas3aHa Ha pucyHke 1. Ha
OCHOBAaHNIY IIpeBAPUTENBHBIX MOLEIbHBIX SKCIIEPUMEHTOB pasMepsl 00pasia ObUIN BEIGPAHBL TAKIM 00pa3oM,
yTOOBI TEMIIEpaTypa y IpaHul] obpasia He ycIieBaia BEIpacTy 6ojiee ueM Ha OJUH IPagyc 3a BpeMs IIpoliecca.
9TO COOTBETCTBYET PEAIbBHOMY IIPOI[ECCY, 3a MCKIIOUEHIEM YUaCTKOB ITI0BEPXHOCTY, HAXOASIIIXCS BOIM3N
00IyueHHOI 06JIaCTH.

Pacuer mpoBofmiCcs MeTORXOM KOHeuHbIX aieMmeHTOB (MK9) ¢ mcnosnbzoBanuem nuddepeHmanbHOro
ypaBHeHus Pypre, IpyueM He YUUTHIBAETCS FeHEPALVS TEIUIa B pe3yJIbTaTe IUIACTIYECKOI gedopMarimm:

oT
P = V(AVT), (1)

rne T [K] - temmneparypa, t [c] — Bpems, A [Br/(mK)] — xoapdurment rernonpoogroctu, ¢ [[Ix/(xr-K)] -
yIleTbHas TEII0EMKOCTb, p [KI/M?] — IIIOTHOCTS.

st monyuenust Goiee IONHOTO IMPENCTaBIeHNs O clieludyKe BO3MEICTBYUSI JTa3epHOTO U3IyUeHUsT U
IIJIa3Mbl Ha IIOpY ObLIa IpoBeeHa Cepisi MOIEIbHBIX 9KCIIEPMMEHTOB, B KOTOPBIX MCIIOJIb30BaIN ONVHAKOBbIE
CBOJICTBA MaTrepuaja I APYTue IIapaMeTpbl MOAEIMPOBAHMS, HO BAPBUPOBAJIY pa3MephI IIOPHI M €€ PacCTOSTHIIE
OT IIOBepXHOCTH. Pasmep mopeI M3MeHsIIN B Ipefesiax oT 50 HM X0 3 MKM, a pacCTOSIHYIE OT ITIOPBI X0 IIOBEPXHOCTH
BapbUpPOBAIN OT 2 MKM JIO 5 MKM.

Omnpenessiiy yClIoBus OJHO3HAUHOCTH AJISI IIPOLIECCOB TEILIOIPOBOAHOCTH, KOTOPble BKIOYANN B ce0st
¢$usnyeckne, BpeMeHHbIe, FTeOMETPUUYECKIE U TPAaHUYHbIE YCIOBMS.

7 MM

10 mxm /4

25 mxkm

80 mxm

2 3 4w 5 mem
50 75 100 150
250 500 1000

1500 2000 uny
3000) 1M

/1 A
2

2 3 4 um 5 mem
50 75 100 150

250 500 1000
1500 2000 unu
3000) 1M

/3 A

Puc. 1. O6mumit Bux obpasia (a), e paguyc obnacty obaydyeHns 10 MKM, IIyOuHa JTyHKY 1 MKM. BEIHOCHOI 9JIeMeHT «A»
IIOKa3aH ¢ GONIBIIMM yBeJn4eHneM. B xome MomenpoBaHusa KOHTPOIMPOBAIN TeMIIEpaTypy MaTepuaa, IPIIIeraioliero
k nope cBepxy (T1), u Temmeparypy mMartepuaa, npuieramwoiero k mope causy (T2). B 6eagedexrHom obpasiie
KoHTpoJMpoBany temnepatypy (T3 u T4) B MAEHTMUHBIX TOUKAX (MIEHTIUHOE PACCTOSHIE OT IIOBEPXHOCTIL)

Fig. 1. General view of the sample (a), where the radius of the irradiation area is 10 micrometers, the depth of the small cavity
is 1 micrometer. The remote element «A» is shown with a large magnification. During the simulation, the temperature of the
material adjacent to the pore from above (T1) and the temperature of the material adjacent to the pore from below (T2) were
controlled. In a defect-free sample, the temperature (T3 and T4) was controlled at identical points (identical distance
from the surface)

JlasepHas mIa3Ma B3aIMOJEIICTBYeT C TBEpPHOIL UACThIO0 00pasLia, ¥ TeMIlepaTypa B 06JIaCTY KOHTAKTa paBHA
TeMIlepaType IutaBiaeHus [18, 19, 20]. To ecTh rpaHMYHBIMY YCIOBUAMU UL 00IACTM KOHTAKTA C JIa3epHOI] ILIa3-
MOJ1 ABJAIOTCA rpaHN4YHbIe ycaoBua [upuxie. Bo BpeMsa mpolecca 9acTh MaTepyaa PacIyIaBIseTCs/NCIapsaeTCs.
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9T0 6BLIO YUTEHO IPU BBIOOpE (POPMBI ITIOBEPXHOCTH, Ha KOTOPYIO BO3IEIICTBYET Jla3epHas IIJladMa, Ha PUCyHKe
1 obacTu obiryueHus pasmepoM He Goitee 10 MKM COOTBETCTBYET yIuIyOiieHyie B BUE JIYHKIL.

Ha BHelIHelI IOBepXHOCTH 00pasiia (KpoMe IOBEPXHOCTH 00IaCTM JIa3epPHOTO BO3AEIICTBSA) IIPOMCXOTUT
cBoOOIHAA KOHBEKLS, KOTopas omyckIBaeTcsa Gopmyioir HeoTona — Puxmana:

q=a(T. = Ty), @)

rae q [Br/m?] - mmorHOCTH TerutoBoro moroka, Tc[K] — Temmeparypa mosepxnoctn tBépmoro tena, Ty [K] -
TeMIlepaTypa okpy»atomeit cpenbl, ¢ [Br/(M?K)] — koadduumenT Temnoornaun Konsekimeit. Tak kak 1o
pesysbTaTaM IpeqBAapUTEIbHBIX MOMEIBHBIX SKCIEPMMEHTOB M30bITOUHAS TEMIIEPATYPA HE yCIIeBaeT pac-
IPOCTPAHMUTHCA 10 TIOBEPXHOCTI 00pasiia, To crpasennuso creayomee: Tc=Tr, rae T, [K] - Temneparypa
noBepxHOCTY TBEPHOTO Tena, T 7 [K] ~ Temmeparypa okpysxatorteit cpenl. ClieJoBaTeIbHO, IIOTHOCTH TEIIOBOTO
noroka q=0. ['paHyunble yc10Bus TpeThero poaa (ycnosus HpioToHa) BEIPOKAAIOTCS B IPAHMUHBIE yCIOBYSL
BrOporo poxa (ycrosus HeltMaHa), KOTOpbIe 1 OBLIN MCIIONIb30BAHBL

3. PesynbTaThI 1 00cyxaenne Hannune medekToB BHOCUT MCKaKeHNe B TeIutoBoe 11ose. EcrecTBeHHO
XapaKTep MCKXEHUIT OIlpefielIieTcsa reoMeTpuii nedekra: pasmepamu u ero GopMoii, TIyOMHOI 3ajeraHms
B IIPUIIOBEPXHOCTHOM CJIO€ Oo0iyuaeMoro Marepuaia. B maHHOl paboTe paccMaTpUBAIOTCS MCKaKEHUS B
pacripeeseHIy TEIJIOBOTO II0JISI, BHOCKMOTIO «M€abHBIMI [TI0OpPAMI» C OKOJIOHYJIEBOI TEILIOTIPOBOLHOCTHIO.
B ciyuae, eciiu MaTepuai rmepex IOpoit Harpeercs K0 BBICOKUX TeMIeparyp (CTaHeT JOCTATOUHO ILUIACTIUHBIM),
TO BO3MOKHO 3¢ peKTUBHOE 3aIeUnBaHIE IIOPHI.

Ha pucyHKe 2 IpoMLITIOCTPUPOBAHO pacIpeneieHIe TeEMIIEPATYPHL B IPUIIOBEPXHOCTHOM CJIOE, IIPIJIETAI0-
1eM K obnactu o6yuenus B 6eanedexTHoM obpasiie (puc. 2 A) u o6pasiie, comepsKaleM Kpyriyo nopy (puc. 2 B).
CxassipHOe TeMIlepaTypHOe II0JIe B IIOBEPXHOCTHOM CJI0e 06pasiia XapaKTepu3yeTcss BBICOKUM TeMIIepaTypHbIM
rPafMeHTOM, [TEPIEHANKYIISIPHBIM JIYHKe, 00pa30BaHHOI B pe3yJIbTaTe BO3AEICTBIS JIa3epHOII I1a3mslL. [Ipn
9TOM MaTrepyal Iepef IIOpOii HarpeBaeTcs CUJIbHEE, UeM MaTepual Ha TeX jKe IIyOuHax B Ge3medeKTHOM
obpasie.

1890 K
1750 K
1600 K ok
50 K \
7 e
1150 K : 150 K
000 K B0 K
0K
| 20 £ 1000 K
800 K o
650 K L sk
500 K Iam
500K
350 K 2

Puc. 2. KapTuHbI CKaJIIpHOIO TEMIIEPATYPHOTO MO, COPMUPOBABIIIETOCS B pe3yJbTare TEIJIOBOTO JeICTBIS JIa3€pPHOTO
M3JIyueHns: Ha Matepuain: A) 6e3nedeKTHBI MeTanndeckuit o6pasew; B) Meraimuecknit o6paser; ¢ KpyIioi Iopoi
B IIPUIIOBEPXHOCTHOM CJIOE
Fig. 2. Pictures of the scalar temperature field in the sample. The temperature field was formed as a result of the thermal action
of laser radiation: A) a defect-free metal sample; B) a metal sample with a round pore in the near-surface layer

IIpu aHanmM3e mpoigecca IOJHOTO/YaCTUYHOTO 3a1€UMBAHYS IIOPHI BA)KHO YUMTHIBAT HE TOJIBKO a0COIOTHYIO
TeMIIepaTypy MaTepuaja B OKpECTHOCTH IIOPBL, HO ¥ Pa3HOCTb TEMIIEPATyp B BEpXHEI M HIDKHEI YacTI ITOpPbI
AT; =T — Ty. lloaromy 110 pe3yabTaTaM KOMIIBIOTEPHOIO MOJEIMNPOBAHNS GBI ITOCTPOEHBI 3aBUCUMOCTI
pasuoctn Temneparyp AT; OoT quamerpa ITOpHI IS pa3HbIX PACCTOSHMII OT HAIPEBAEMOI IIOBEPXHOCTI [0
riops! (pucyHok 3). C yBennuenuem auamerpa nopsl ATy pacrer, Ipu 3TOM XapakTep ITOBefeHNs rpadKOB
OJVIHAKOB IS BCETO MCCIe0BAaHHOrO quana3oHa IIyOuH 3ajeranus nop. Ilpu cpaBHUTEIBHO MAJIBIX pasMepax
mop (muamerp d mo 500 HM) 3aBUCHMOCTY MOYKHO CUMTATH JIMHETHBIMMI (PUCYHOK 3 A).

[Ipu manpHeIIEM POCTe AMaMeTpa IOP 3aBUCUMOCTY MMEIOT HeJIMHEMHBI xapakrep. CKopocTb pocta ATy
C YBeJIMUEHNEM JUaMeTpa 0P CHILKAETCH, IIPUUEM TeM ObICTpee, ueM Aablile yAaleHa Iopa OT HarpeBaeMoll
roBepxHocTH (puc. 3).
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Puc. 3. 3aBucuMocTu pasHOCTHU TeMIlepaTyp B BepxHell 1 HypkHell gactu mopel ATy = Ty — Ty oT quameTpa mopsl.
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Fig. 3. Dependences of the temperature difference in the upper and lower parts of the pore AT; = T; — T3 on the pore diameter.
The dependences are constructed for four different distances from the heated surface to the pore: 2 micrometers,

3 micrometers, 4 micrometers, 5 micrometers

Kpome toro, 1o Mepe ymaneHus mopbl OT 00JaCTV BO3AEICTBIS ra30IUIa3MeHHOTO0 00JIaKa pasHiLa TeMIIepaTyp
MeXAOy €€ BepXHell 11 HIDKHEN YacTsIMM 3HAUMTENIbHO CHIDKaeTcs. TakuM o6pa3oM, ceJeKTUBHAs Ja3epHast
06paboTrka oka3biBaeTcs 3¢ GeKTUBHOI TONBKO ISt TOHKOTO IPUIIOBEPXHOCTHOTO €051 00pasia. 1ot addexr
ObLT OOHAPY’KEH IKCIIEPUMEHTANBHO [3, 6, 7, 8, 9, 10, 14] 1 ABJIsIeTCA MOATBEPKAEHIIEM KOPPEKTHOCTI OTIMICAHHBIX
BBILIIE PACCYIKIEHMIL.

Ormertum, uto Besmunna AT; = Ty — T, cymecTBeHHO BimsAeT Ha xapakTep 3aneuuBaHus. Eciu AT; — 0,
TO CYICTEMA ITOPHI (CILIAB, OKPYIKAIOLINIL ITOpy) o6IafaeT OGHOPOIHBIM CONIpoTuBIiIeHNeM nedopmarmu. [Ipu
3TOM B 00JIaCTV M30BITOYHOIO JAaBJIEHNS HET «CJIaboro Mecta» (OKpyriias ¢popmMa IIOphI MOYKET BbIIEPKIBATD
3HAUMTENIbHbIE MEXaHUUECKIE HATPY3KL), U HedopMalys IPAKTUIECKN He IPOMCXOANT, TaK KaK HaIPKEHIE
repeqaércsi OCTaIbHOMY MaTepuany obpasua. IIporiecc 3ameunBaHus IOPHI BO BpeMSI CEJIEKTUBHOI JIa3ePHOIT
00paboTKI TOBEPXHOCTH Hamboslee BepOsiTEH IIPY HarpeBe MaTepuaia 1 HAIMUNY 3HAUNTEIHFHOTO TeMITepa-
TYpHOTO rpajueHTa B o6iacty mopsl [21, 22, 23, 24, 25]. B cyuae, ecnu ATy — Tppepy, IIpoLiecC 3as1€UnBaHMS
riopst 6ymer Hanbosnee sdpdexruBHbIiM. [Iportece medopmaryu u 3ajeunBaHNsI IIOPBI B YCIOBUAX CEIEKTUBHOI
J1a3epHOIT 00pabOTKI MOXKeT GBITh Pearn30BaH 32 KOPOTKIMIT IPOMEKYTOK BpEMEHY CYILIECTBOBAHUS JIA3€PHOI
rwiasmel (100 He — 1 MKc).

Jlnst aHanu3a MOJIyueHHBIX Pe3yJIbTaToOB ObLINM IIPOBENEHbI aHAIOTMUHBIE pacueThl I 0e3qedeKTHOTOo
MeTaJuInueckoro obpasia. Ha pucyHKe 4 CIUIOLIHBIMY JIMHUAMM [IPUBENEHBI 3aBUCUMOCTY Pa3HOCTY TeMIlepa-
TYp Ha INIyOMHAX, COOTBETCTBYIOILMX BEPXHEMY ¥ HIDKHEMY Kparo ITOphI B 00pasiie, ComepskaleM 00bEMHBI
nmedexr, AT, = Ts — T4 qy1s ueThIpEX pasHBIX PACCTOSIHUII OT HAarpeBaeMOJl IIOBEPXHOCTY 0 BEPXHEI TOUKM: 2
MKM, 3 MKM, 4 MKM, 5 MkM (cM. puc. 1). Hecmorpst Ha 1o, uto rpaduxu 3aBucumoctu AT,(d) onucreiBarorcs TemMn
e 3akoHoMepHOCcTMH, uTo 1 ATy (d), oueBuano, uro AT, HapacTaer cyiecTBeHHO 6picTpee, ueMm ATy, IloaTomy
IUTSL aHAJIM3a MIPOLeCcCca CEIEKTMBHOIO 3aeUyBaHISI [TOPBI BAXKHO 3HATh, HACKOJIBKO BHEAPEHIIE TIOPhI ITOBBIIIAET
HarpeB MaTepuaa, paclo0XeHHOTOo Iepe[ Hell, 110 cpaBHeHuIo ¢ 6e3nedekTHbIM 00pasuoM. KonmuecTBeHHO
3TO MOKHO OLIEHUTH, onpeneus pasHocTs A = ATy — AT, kak QyHKUMIO IMHEITHOTO pa3Mepa IIOPBL.

Ha pucyHke 4 nyHKTUPHBIMU JIMHUSMI IPOVJLTIOCTPYPOBaHbI 3aBucuMocty A(d) mpm pasiauuHbIX riryOMHAaxX
3asieraHms nopsl. V3 aHamm3a 3aBUCUMOCTEN, IPUBEIEHHBIX HA PUCYHKAX 2 U 3, CJIEYET, YTO 3aBUCUMOCTD
A = A(d) mpaxTmuecky BHIXOOVT Ha HACBILIEHVE IIPYU JOCTVDKEHNN IIOP HEKOTOPOTO KPUTUUECKOTO pasmepa
dcr ~ 2-2,5 mxm. Takum 06pa3oM, eCTECTBEHHO IIPEAIIOIOKIITE, UTO Hayboiee 61aropusaTHbIE yCIOBIS IS
CEJIEKTUBHOTO 3ajleunBaHus OyayT HabmomaTses mis rmop ¢ guamerpamu d < d.,, pacrooKeHHBIX OIM3KO K
[TIOBEPXHOCTH, HaTrPeBAeMOII YIbTPAKOPOTKUM JIa3ePHBIM MMITYJIHCOM.

C c1II0BOII M 9HEPTETUUECKON TOUKY 3peHNs 9P PEeKTUBHOCTD 3aIeUMBAHNS UAEATBHOI ITOPBI OIIPeNeIISIETCT
KaK TeIUIOBBIM IIOJIEM, TaK U pa3MepoM fedexta [15, 21, 22, 23, 24, 25]. C TOUKM 3peHNS TEIJIOBBIX [IPOLIECCOB
MakcuMalbpHas ckopocTsb pocta AT (d) mo Mepe yBenmueHns guamMeTpoB IOp HAOI0OAETCSI AJIS IOP MAJIOTO
pasmepa (d < 500 um). IToaToMy AJIS HMX IpoOLIeCC 3aleUMBaHMS JOJDKEH IpoTeKkaThb 3¢ dexTnBHee. Kpome Toro, ¢
TOUKY 3peHNsI MEXaHUKM I 3aJleurBaHus OOIBIINX IIOP HY)KHBI OOJIbIIINe SHEPTUM I INIOTHOCTY MOII{HOCTH
nazepHOro uMmnyibca. OTMETUM TaK)Ke, UTO B PEATBHO CUTyaI[ HEOOXOQMMO YUUTHIBATH FA30BYI0 CPENY
BHYTPH ITOPBL, KOTOpas JOJDKHA 3aTPY/IHATD IIOJIHOE €€ 3aJleurBaHIIE.

ITonyueHHBIE Pe3yIBTATHI XOPOIIO KOPPEIMPYIOT C IKCIIEPUMEHTAIBHBIMY JaHHBIMMI. B uacTHOCTH, M1
TUTaHOBBIX cIIaBoB BT9 u BT18y MakcumanpHOe yBeIndeHIe MIKPOTBEPOCTI MOXKeT JqocTurarts 30-40 %, B TO
BpeMsI KaK HAHOTBEPIOCTh YBEJIMUMBAETCS IO YeThIpeX pas [6, 7].
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Puc. 4. CiymouIHbIMY IMHYAMMY II0Ka3aHbI 3aBUCUMOCTY pasHocTu Temieparyp ATz = T3 — T4. 3aBucMMOCTM IOCTPOEHBI
IIJISL YeTBIPEX pa3HBIX PACCTOSHMII OT HarpeBaeMoIl IIOBEPXHOCTU J10 IOPHI: 2 MKM, 3 MKM, 4 MKM, 5 MKM. [IyHKTMpHBIMI
JIMHUSAMU ITOKasaHbl 3aBucumoctut A = AT — ATy
Fig. 4. Solid lines show the dependences of the temperature difference ATy = T3 — T4. The dependences are constructed for
four different distances from the heated surface to the pore: 2 micrometers, 3 micrometers, 4 micrometers, 5 micrometers.
The dotted lines show the dependencies A = AT; - AT,

OTMeTuM TakKe, UTO CENIEKTUBHOE 3ajeurBaHue HedeKTOB (II0p, TPelMH U APYIUX KOHLIEHTPAaTOPOB
MeXaHIUYEeCKIX HaIIPSHKEHNIT) COIIPOBOXKAAETCS YBeJIMUeHIeM IUIACTUUECKIX XapaKTePUCTUK U CTOMKOCTH K
PacTpeCKMBAHUIO IIPU JIOKAJIBLHBIX HarPYKeHUAX.

4. Beisopsl. 1. TeopeTnueckn pacCMOTpeHBI crelndyKa Iporpesa Marepnaia B OKpeCTHOCTM IIOpP Pa3HOTo
IUaMeTpa, PAaCIOIOKEHHBIX BOJIM3M IIOBEPXHOCTY ITOABEPTaeMOil CBEpXObICTPOMY HAarpeBY. YCTaHOBIICHBI
3aBMCUMOCTY HarpeBa MaTepuaja HaJ IIOpOJi M IOJ IOpPOii NJIs Pa3IMYHBIX PACCTOSHUI OT HarpeBaeMoil
IIOBEPXHOCTH JO IOPBHL.

2. B ciyuae cBepXOBICTPOTO JIa3epHOTO IIpOTpeBa MaealbHas II0pa, pacIIooKeHHass BOIN3Y ITOBEPXHO-
cru, obecrreuyBaer Gojee GBICTPBINL IIPOTPEB MaTepyaia CBepxy U Gojlee MeIJIEHHBI IIPOTPEB MaTepyaa,
PaCIIOIOKEHHOT0 CHU3Y. ITO IPUBOIUT K (GOPMUPOBAHNIO N30BITOYHOI pa3HOCTH TeMIlepaTyp A 1o cpaBHe-
HIIO ¢ Ge3fedekTHBIM MaTepuaIoM. AGCOTIOTHAA BeJumynHa A BBIXOOUT Ha HACBIIIeHMe IIPY PACCTOSHUN OT
Jla3epHO-HarpeBaeMoll IOBEPXHOCTH JO IIOPHI B 2-3 MKM.

3. IloxasaHo, UTO C TOUKM 3peHNs paclpeesieH s TEILIOBOTO 101 Hauboee GIaronpusTHbIE YCIOBIUS IS
3aJIeUNBaHNA II0Op peayIM3yI0TCs AJIs ITOp Mayioro amaMerpa (<500 HM), pacIIoI0KeHHBIX BOJIM3Y IIOBEPXHOCTH
IT0f{BEpTaeMoili JasepHOMY o0uryueHuIo. B yCIOBUSIX OHOBPEMEHHOIO YAAPHOTO CKATII 3TO obecrieynBaeT
6J1aronpuATHbIE YCIOBMS MJIS 3aIlIOJHEHNS ITOPBI HarPeThIM MaTepUAaIOM.
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AHHOTaIII/IH. dusuka I[eCI)OpMI/IpOBaHI/Iﬂ KPpUCTAJIOB MCJIAHACKOTIO 1IIIaTa B yCJIOBMIAX OAHOBPEMEHHOTO BBIACJIEHNA SHEPTUL
JIa3€pHOro MMITYJIbCa B IBYX 6JII/ISKOpaCHOJIO)KeHHI>IX JIOKQJIPHBIX YYaCTKaX B obbeme 06pasua, OGYCJIOBJIeHa CHCLU/ICbI/IKOI“/I
CBCpX6bICTp0TO JIOKQJIPHOI'O Harpesa nu (bOpMPIpOBaHI/IH I10JIA BBICOKIMX MEXaHNUYECKUX HaHpH)KCHI/Iﬁ CJIOKHOIL TeoOMETPUN. B
Kpuctajuiax MCJIaHACKOro 1rara, Jle(i)OpMI/[pyIOH_[I/IXCH IIpM HOPpMAJIbHBIX yCJIOBUAX VCKIIOUYNUTEIBHO JIBOI/VIHI/IKOBaHI/IGM,
B yCJIOBMAX BO3HMKHOBEHUA B 00BéME o6pa3ua I10JIA MEXaHMUYECKUX HaHpH)I(eHI/II?’I CJIO>KHOI T€OMETPIUN, BO3MOXKHO
TPaHCIAVOHHOE CKOJIBKEHIE. Hp]'/[ BOSHCﬁCTBMM CaMO(bOKyCMpOBaHHOI‘O JIa3€PHOI0 M3JIYUYEHMI Ha KPUCTAJLI MICTIaHICKOT O
IIaTa yaaeTcsa Cd)OpMI/IpOBaTI) YHUKAJIbHbIE CTPYKTYPBI, TAKJI€ KaK BHYTPEHHME JIOKAJIbHBIE BbIKJKEHHBIE KaHAJIbI 11 KaHaJIbI
Pose BTOpPOTO poaa C (bMSM‘IECKI/I UNCTBIMMU ITOBEPXHOCTAMM, VICCIIEJOBAaHIIE CI)I/ISI/ILICCKI/IX CBOJICTB KOTOPBIX ABJIAETCA OI(HOIZ
U3 NNEPCIIEKTUBHBIX 3aau Cb]'/ISI/IKI/I KOHOEHCPOBAHHOTO COCTOAHUA.

KiroueBble c10Ba: IBOTHIMKOBaHNE, MCIAHICKNIL AT, KaHai Pose, (1)]/[3]/[1(3 KOHJAEHCUPOBAHHOTO COCTOAHUA

Mna murupoBanusa: Yirakos M. B. 2024. ®usnka nedbopMupoBaHMs U pa3pylIeHNs KpUCTala MCIAHACKOTO IIaTa Ipu
BBIJIeJICHUM SHEPrun B 06béMe o6pasua. [Ipuknaonas mamemamuka & Pusuka, 56(3): 234-240.
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Abstract. The physics of deformation for Iceland spar crystals under conditions of simultaneous release of laser pulse energy
in two closely spaced local areas in the sample volume is explained by specifics of ultrafast local heating and the formation of
a field of high mechanical stresses of complex geometry. Iceland spar crystals may deform exclusively by twinning under
normal condition, but translational sliding is possible in them under conditions of a mechanical stress field formation in the
sample volume. Under the influence of self-focused laser radiation on the Iceland spar crystal, it is possible to form unique
structures such as internal local burnt channels and Rose channels of the second kind with physically clean surfaces, the
investigation of the physical properties of which is one of the promising tasks of condensed matter physics.
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1. Beepenue. Teopetuueckoe 1 9KCIEPUMEHTAIBHOE MCCIIETOBAHIE BO3AENCTBYUS CaMO(OKYCUPOBAHHOTO
VIMITYJIBCHOTO JIAa3€PHOTO U3IYUYeHNUs Ha ONTUYECKY IIPO3PAUHBII KPUCTAILL UCIAHICKOTO IIIIaTa, KOTOPBI
ABJISETCS OBYIIYUEIIPEIOMISIOINM U TehOpMUPYeTCs IPY HOPMAJIBHBIX YCIOBUAX VCKIIOUNTENBHO JBOHIKO-
BaHUEM, SIBJISETCS aKTYaJIbHBIM HAIlpaBieHueM GU3NKU KOHAEHCUPOBAHHOIO COCTOSIHMA [ 1, 2, 3, 4]. 3a cuér
YHIKQJIBHOTO KOMILIEKCA (PU3NUECKIX CBOVICTB MICIIAHCKOTO IIIIATa CYIIECTBYET BO3MOXXHOCTh MCCIIEN0BATh
3aKOHOMEPHOCTM POCTa ABOVIHMKOB, B TOM UNCJIIE YIPYIUX NBOMHMKOB, B 00J1aCTAX caMOpOKYCHPOBAHUS
OOBIKHOBEHHOTO U HEOOBIKHOBEHHOTO JIAa3€PHBIX JIyueil B 00beMe o6pasna. [Ipu rmepeceueHnn ABOMIHUKOB,
pasBuBaIIMXCS B IIOCKOCTAX (110)m (101), (110) u (011), (101) 1 (011) BO3MOXHO BOSHMKHOBEHME yIIPYTOrO
xaHana Pose BToporo poma o mampasmesusam [111], [111], [111]. Ormernm, uTo mcciegoBaHme KaHanos Pose
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BTOPOTO pojia uMeeT 0coboe 3HaueHMe it PU3MKI KOHJEHCUPOBAHHOIO COCTOSIHUS, TaK KaK JaHHbIN KaHal,
pacrosiarasich LeJIMKOM B 06bEMe KPUCTAILIA, MMeeT (GU3MUECKY UMCThIE IOBEPXHOCTIL.

B 3aBMCHMOCTM OT XapaKTEePUCTUK JIa3epHOTO MMITYJIbCa BbIAeJICHIE Ja3ePHOIl SHEPIMM BO3MOKHO Ha
IIOTJIOIIAOIIIEM BKIIIOUEHNN, B JIOKAIBHOI 06GJIACTY C BBICOKUM COMl€pKaHMeM IIPMMECHBIX aTOMOB, a TaKKe B
JIOKAJIBHOI obutacTu caMo(OKyCpOBaHMst/(POKYCUPOBAHNS 3a CUET MHOTO(DOTOHHOI MOHM3ALNY VIV 3JIEK-
TPOHHOII JIaBUHBI [5, 6, 7]. BHe 3aBMCMMOCTH OT TOTO, YTO SBMIIOCH IIPUUIHOI HEJMHEHOTO POCTA ITOIIOIIEHS
JIa3€PHOTO U3JIYUeHNs B YICXOMHO IIPO3PaYHOM MaTepuale, BTopas CTafus IIOMIOLEHNS Ja3epHOrO UMILYJIbCa
IPUBOMUT K PE3KOMY HarpeBy Marepuaia, popMIPOBAHIIO JIa3ePHOIT IUIa3MBbl U YIAPHOIL BOJIHSHIL [6, 8, 9, 10].
IIpu sTOM MaTepuan B 06’beMe MOHOKPUCTAIIA UCTAHACKOTO IIIIaTa Ha KOPOTKOe BPeMsI IIePEBOMUTCS B 9KCTpe-
MaJIbHOE COCTOSIHIIE, UTO MOXKeT MHMIMNIPOBATh Je()OpMIpOBaHIe I pa3pylleHle He TOJIBKO I10 MEXaHU3MY
IOBOVMHMKOBaHuA [1, 11, 12, 13], HO U 3a CUéT MeXaHU3Ma TPAHCIALIMOHHOTO CKOJIBKEHVISL.

TaxuMm 06pa3oM, LIENbI0 JaHHOI paboTHI SBISETCS PellleHIe OXHOI U3 aKTyalbHbIX 3afau (U3MKI KOHIEH-
CUPOBaHHOTO COCTOSIHIISI, CBSI3aHHOIL C YICCIIeJOBaHMeM (I3IUeCKIX IIPOLIECCOB B MOHOKPMCTAJIJIE MCIAHCKOTO
IIIIIaTa B yCJIOBUAX CBEPXOBICTPOro HarpeBa ABYX MUKpOMacIITaGHBIX obacTell B 06beMe 06pasia caModoKycu-
POBAHHBIM JIa3€PHBIM M3JIyYeHUEM.

2. MeTopuKa 3KCIIEpMMEHTa. JKCIIepUMEeHTaIbHbIe MCCIeOBaHNsA IIPOBOAMIN Ha MOHOKpICTAJITIaX
ncnangckoro mmnaTa (CaCOs), KoJIMyuecTBO MpUMeceit B KOTOPBIX He MpeBsImano 10-6 Bec. %. 13 mcxogHbIX
KPYIIHBIX MOHOKPUCTAJIJIOB II0 IZIOCKOCTSIM CIIaiTHOCTY BBIKAJIBIBAIN 00pasIpl pasMepoM 40x40x40 Mm. 3ateM
OJHY ITOBEPXHOCTb KPUCTAJLIa OPMEHTUPOBAIN TAKMM 06pa3oM, UYTOOI OHA ObLIa IepIIeHANKYIIpHA HallpaBJle-
HUIO PacIIpOCTpaHeHN JIa3epHOro n3nydeHns. VIcIoap30Bany onTUecKuii KBaHTOBEBIN reHepaTop 'OC-1001,
A=1060 HM, 7 ~#1 MC, IIUTENBHOCTh UMITyJIbca Ha moayBbicoTe 0,1 mc [6]. OnTuuecku KBaHTOBBIN T€HEPATOP
paboTaeT B peXyMe XaoTMYeCKOII MMYKOBOII reHepanmuu. SHepIuio MMIIYJIbCOB BapbUpOBaiM oT ~ 25 1o 900 [Ix.

3. 9kcIepMeHTANbHbIE M TeOpeTHUUecKue pe3yabTarhl. 1. Crenudnxka nedopMmUpoBaHNSI KPUCTAIIOB
MCJIAHACKOTO IIIIaTa IIPY BbIAEJIEeHNN SHEPTUN JIa3€PHOTO UMITyJIbca B 00beMe MaTepiaa.

Kuneruka nedhopMmupoBaHMs U paspylIeHNs KPUCTaIa MCIaHACKOTO LIaTa, B yCIOBMUSIX BBIAEICHNS B €T0
00béMe SHEPIIY JIa3epHOT0 MMITYJIbCa, 3aBUCUT OT psifa (pakTopoB. [JIs KPMUCTAIUIOB C BHICOKMM COMEpKaHIEeM
IIpyMecell OCHOBHOJ MeXaHNM3M paspyLlIeH s CBsI3aH C OITUUECKUM IIp0o0oeM Ha IOMVIOLIAOIINX BKIIOUEHMSIX.
B sTOM cityuae Bo3MOKHO fedopMUpOBaHNe, pa3pyleHNe 1 Jaxe JOKaIbHOE IUIaBIeHne. B ciyuae onTuueckn
GoJiee COBEPIIICHHBIX KPUCTAILIOB, paspyllleHue, KaK IIPaBIJIo, CBI3aHO C MEXaHM3MOM 3JIEKTPOHHOII JIABMHBI
MM MHOTO(OTOHHOI MOHM3aMN. B 9TOM cilydae IpoMCXOAUT OBICTPHIL HATPeB I UCIIApeHe MaTepuaa B
ob6JtacTy onTUUecKoro mpobos. PopmMupoBaHue B 06beMe KpUCTaIa ra3oIIa3MeHHOro 06JIaKa IIPUBOIUT K
BO3HMKHOBEHMIO BBICOKMX MEXaHIUECKVIX HAIIPSDKEHMIT I MEXaHMUECKOMY pa3pyLIeHNIO KPICTAJLIA.

B ciiyuae, ecau IIIOTHOCTH MOIITHOCTY JIA3€PHOTO M3JIyUEHMs JOCTATOUHO BBICOKA, MEHSIOTCS OIITUYUECKIIE
CBOJICTBA CpeJbl U IPOMCXOANT caMO(pOKYCUPOBaHYIE Ja3epHOr0 U3JIyUeHNU. ITO IPUBOAUT K TOMY, UTO
IJIOTHOCTh MOIIHOCTM JIa3epHOTO JMIMITyJIbCa BO3pacTaeT HO BBICOKNMX 3HaueHMil. CylllecTByeT AManasoH
IJIOTHOCTH MOIITHOCTY JIa3epHOTO M3Iy4eHMs, KOr/a o0aydueHe KPUCTalla IIPUBOANT K CaMO(OKyCUPOBAHIUIO
n3aydeHus 6e3 ONTUUeCKOTo IIpobos B o61acTy caMopOKyCUpOBKI. B 3TOM cityuae BO3MOXKHO IIPOXOXKIAEHIIE
caMOoc(OKYCHPOBAHHOIO M3JIyUYeHNUsI CKBO3b KPUCTALI ¢ POpMUPOBAHIEM BBDICKEHHBIX KaHAJIOB Ha IIYTH
OOBIKHOBEHHOT'O ¥ HEOOBIKHOBEHHOTO Jyuell. VHMIMMpoBaHMe ONTUUECKOTO pobos BO3MOXKHO B ClIydae
HaxOXXAEHMUA Ha IIyTU PacIpOCTpaHEeHMUsA caMO(pOKYCHPOBAHHOIO JIA3€PHOTO M3JIYUEHMs ITOIJIOLIAIOIIETO
BKJIIOUEHNS, [IOBEPXHOCTY KPMUCTAIIA MM APYTOI OITUUECKOi HeogHOpogHoCcTH. CIIe{OBaTeIbHO, B CIIyUae
OITMYECKY COBEPIIEHHOTO KPUCTaUIa MCIAHCKOTO LITaTa caMOpOKYyCHUPOBaHHOE Jla3epHOe M3yUeHNe He
IIOBpEKAaeT MaTepual B 00beMe KPUCTaliIa, OTHAKO, ONITMYECKMIT ITPo00IL 1 KaHAIbI BBDKKEHHOIO MaTepuasa
dbopMupyrOTCI B MecTe BhIXOHA caMO(OKYCHPOBAHHOTO M3IydeHUs U3 oOpasna (omrmueckas IPOUYHOCTD
BBIXOJHOJI IpaHyl KpMCTaJIa BCera MeHbIlle 06'beMHOII ONITMUECKOI IIPOUHOCTH). B ciryyae mcnonp3oBanms
JIa3epHBIX UMITYJIBCOB ¢ 9Heprueit 400-900 K orrmuecknii mpoboii 3a cuéT MHOrO(OTOHHOI MOHM3ALINI
¢dopmupyercs B 00beMe 06pasia B 061acTsIX caMOPOKyCUPOBKM OOBIKHOBEHHOTO U1 HEOOBIKHOBEHHOTO JIyUelL.
Paccrosinue MeXIy LIeHTpaMU pa3BUTHSI OIITIUECKOTO IIpobos cocTaBisteT ~1,5 MM.

VccnenoBany KpyCTaIbl MCIAHICKOTO IIIATa, pa3pyLeHHbIe 3a CUeT ONTIMYECKOTro Ipobos Ha ITOTJIOIIa0-
IIMX BKJIIOUEHMAX, OIITIUECKOTO MPo0ost Ha BEIXOMHOI IIOBEPXHOCTH, & TaKKe 3a CUéT caMO(pOKYyCUPOBAHUS
Jla3epHOro u3nyueHns. YacTu Kpucrauia Iocie paspyeHs ObIIy IOABEPTHY T TPaBIEHNIO I MCCIIeJOBaHbI
MeToJaMM OIITUUeCcKol MuKpockomnuy. OGHapy»keHo, UTO B CiIydae ONTUUECKOro Ipobost caMo(pOKyCUPOBAaHHBIM
M3JTyueHeM BO3MOKHO ABOITHIKOBAHIIE 1O TIOCKOCTAM {0221} 1 TpaHCIAIMOHHOE CKOJTbKEHMe TI0 TTOCKOCTSIM
{010} (puc. 1a). OGHApyKeHBI MHOTOUMCIIEHHbIE 3aTleUeHHbIe KaHaTbI Po3e BToporo posa. C yueToM XapaKTepHBIX
CKOpOCTeJI poCTa ABOMHIMKOB MOKHO CHEJIATh BBIBOJ, UTO oOliiee BpeMs, HeoOxoaumoe it GopMUpOBAHUS
YKa3aHHBIX MUKPOCTPYKTYP cocTaisgeT 0,1-1 Mc, UTO XOPOLLIO COIVIACYETCS C BpeMeHeM CYILLeCTBOBAHMS Ia30-
IIJIa3MeHHOTro obsaka. B ciayuae onTmueckoro mpo6ost Ha IOBEPXHOCTM MIIN Ha IOIVIOIIAOIIeM BKIIOUeHUN
0OHAapy>KeHO TOJIBKO ABOIIHMKOBaHMe B cucTeMax {011} (puc. 16).

B ciiyuae {oCcTaTOUHO BBICOKOJ 9HEPTMM JIA3€PHOTO MMIIYJIbCA ONITIUECKMIT TPo6oI conpoBokaaetcs ¢op-
MUpPOBaHMEM JIA3€PHOII IJIa3MBI (ra30IUIa3MeHHOTO obiaka). O6pasyroleecs IIa3MeHHOe 00JIAKO HEPO3PAUHO
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IUIS JTa3epHOTOo n3nyueHus. JlasepHoe M3TydeHe MOTJIOMIaeTCd IIa3MOIL, IIPY 3TOM MaTepuall 3a IIa3MeH-
HBIM (aKeIOM KpaHMPYyeTCs OT JIa3epHOro M3iaydeHus [6, 8, 9]. B ciryuae onrmueckoro npo6osi MOITHBIM

JIa3epHBIM MMITYJIbCOM, XapaKTepUCTUKM IIJIa3MbI CYyIIIeCTBEHHO 3aBMCAT TOJIBKO OT INIOTHOCTY MOIITHOCTH
JIa3epHOTO MMITYJIbCA, €0 SHEPTUM U T€OMETPUUECKOTO pacIIpefeIeHIsI MOLIIHOCTY M3IyueHns: «pOKaIbHOI»
ob6sacty. OmHAKO 9KCIIEPUMEHT II0Ka3bIBAET, UTO OCOOEHHOCTH HeOpMIUPOBAHII U Pa3pyLLIEHNsT KPUCTAIIOB
MCJIAHCKOTO IIIIaTa CYLIeCTBEHHO 3aBUCAT OT F€OMETPUI 00JIaCTH, B KOTOPOJ MHULIMIIPYETCS OITUUECKMIL
Ipo6oit U pealmsyeTcs IepBas CTafysa HarpeBa Marepuana. CiieoBaTeIbHO, BOSMOXKHOCTh MHUIIMUPOBAHNS
IBOITHMKOBAHMSA IO TLIOCKOCTAM {0221} M TPaHCIANMOHHOE CKONBXKEHMe 110 IiockocTsaM {010} 3aBucaT oT
reoMeTpuI 30HbI IIEPBOHAYATIBHOIO HATPEBA M OIITMYECKOTO IIPOOOSL.

A) B)

Puc. 1. A) DiieMeHTHI JBOMHNKOBAHNS I CKOJIBKEHNUS B 00paslie NCIAHACKOTO IIIIATa, PaspyIIeHHOTO II0CJIe OITIUIECKOTO
11po6ost caM0(pOKYCHPOBaHHBIM U3JIyueHNeM B 00beMe MaTepuaia. B) [IBoitHuKoBaHye B cucTeMax /011/ py ONTIYeCKOM
po6oe Ha ONTIYECKOI HEOJHOPOIHOCTI
Fig. 1. A) Elements of twinning and sliding in a sample of Iceland spar destroyed after optical breakdown by self-focused laser
irradiation in the volume of the material. B) Twinning in /011/ systems after optical breakdown on optical inhomogeneity

CitemoBaTesIbHO, B YCIOBIUAX OITUUECKOTO IIP000s B ABYX OIM3KO PACIIONIOKEHHBIX 001aCcTAX caMOpOKyCH-
POBaHHBIM JIa3€PHBIM U3JIyUeHMeM BO3HIUKAIOT CJIOJKHbIe HAIIPsHKEHHBbIe COCTOTHISA, CIIOCOOHBIE IIPMBECTI
K nedhopMMUpOBaHMIO MaTepyana I0 JO0bIM BO3MOKHBIM CHUCTEMaM ABOVMHMKOBAHUS M TPAHCIAIMOHHOTO
CKOJIBKEHIA.

2. Crierpn¢pmka Harpesa u geopMupoBaHysI MaTepraia B 00IaCTH BBIAeIeHUS SHEPIUM JIA3ePHOTO0 NMIIYJIbCa.
PaccmoTpuM HarpeB JIOKaJIbHOI 00JIaCTI B 00bEMe KpMCTaIa MCIAHACKOTrO IIIIaTa caMo(pOKyCUPOBAHHBIM
nsnyueHueM. g pelieHns 3agaun GbLT MCIIONIb30BAH METO KOHEUHBIX 9JIeMEHTOB, KOTOPBIIT pealn30BaH Ha
0CHOBe cBOG0HOTO IIporpaMmHoro obecneuenns: FreeCAD, Bepcust 0.21.1. B kauecTBe 30HBI OIITHYECKOTO IPO6Os
paccmaTpuBaiy 061acTh B 00beMe KpUCTaIa, B KOTOPOI IPOMCXOANUT caMOpOKYCUPOBaHNe M MHULIIUPYETCS
onTmuecKuit mpoboit. Paccmorpum cneryduky Harpesa u gedopMupoBaHus 061acTy caMo(OKyCUpOBaHMs
MpUJIeralollell K TeOpeTNYecKOll TOUKe TreoMeTpiueckoro ¢pokyca (pealbHas MINpUHA KaHala PacIpoCcTpaHe s
caMoC(OKyCHPOBAHHOTO M3TYUCHN I JaHHBIX YCIOBUIL CYILIIECTBEHHO OOJIbIIIe, He MOXET OBITh MEHbIIIe
HEeCKOJIBKIX MUKPOMeTPOB). [IJI pellleHMs MCIIOIb30BaIM MEeTO KOHEUHBIX 3JIeMeHTOB [14]. Pacipoctpanenne
TeIa B TBEPAOM MaTepuaye 6e3 BHyTPEHHIX MCTOUHIKOB TeIlla OIVCHIBAIN CIeTYIOLMM BhIpKeHIEM:

oT
Py = V(AVT), (1)

ruoe T [K] - remneparypa, t [c] — Bpems, A [Br/(m-K)] — koaddunment rennonposoguoctu, ¢ [[Ix/(xr-K)] -
yIembHas TeIIOEMKOCTD, p [Kr/M?] — muoTHOCTD. IS peleHns 3a1au Heo6X0IMMO YUNTHIBAT YPABHEHIIe
CBSI3M HAIPSDKEHHOIO M NeQOPMIPOBAHHOIO COCTOSHMS. Tak Kak B MaHHOM pacuére He IPUCYTCTBYIOT
actuyeckue nedopManuy, To UCIOIb30BaIM 0000IIEHHBIN 3aKkoH ['yKa:

Ox ~ Oqo. Txy Txz Ex — €av. Exy Exz
Tyx Oy — Ogo. Tyz =2G Eyx &y — Eav. Eyz > (2
Tex Tzy Oz — Ogo. £zx Ezy 0z — €au.

I'le 0 — HOpMaJIbHOe MeXaHNYecKoe HampsbkeHMe, [a; 7 — KacaTelpHOe MexaHMUecKoe HampsokeHne, Ila;
Oap. — CPeIHee MexaHNUeckoe HampspkeHne, [Ta; G — Monyns coBura, Ila; ¢ — oTHOCUTeIbHAI (MHKeHepHast)
IeOopMaLIs; £qy, — CPERHSIS OTHOCUTeIbHAS (MHKeHepHast) nedopmarimst. CpefiHee MexaHIUeCKOe HaIpsKeHIe
HaxomuTcs o ¢popmyie 3.
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ox +0y+ 0,
Oav. = + (3)

MOJIYJII: caBura (r[peHe6peram/1 aHI/I3OTpOHI/IeI7[ CBOf/ICTB) JJIL OOJHOPOOHOI'O M M30TPOIIHOTO MaT€prala
oIpepesanu mo popmye 4
E
G=—, (4)
2(1+p)

rae E — monyns yopyroctu 1-ro poga (Moxyins IOura), ITa; 1 — xoaddunnmenrt Ilyaccona. Mexxay cpegHumMn

HAPSDKEHMAMU U CPeJHUMHI AeOopMaLMIMI OEVICTBYeT cIeAyollee cooTHoIIeHNe (hopMyna 5):
Ex+eyt e,

- 3

Ha PUCYyHKE 2 cxeMaTU4YHO 1/1306pa>KeHa ucciaenyemMmas 06J1acTh U ceTKa MEeTOda KOHEUYHBIX 3JIEMEHTOB.

®)

fav.

Puc. 3. A) MI30moBepXHOCTM B aHAJIM3UPYEMOIT 00JIaCTY B HAYAJIBHOI CTafNM onTmndeckoro npobos. B) Crieruguka
nmedopMupoBaHus HepaBHOMEpPHO Harperoit o6iacty. Ha prcyHke mcnonb3oBad MaciutabHbI koadguument k=100.

R - pagmyc {yru OKpy>KHOCTY, OIIVICBIBAIOLLIEN CeUeHIe M30THYBILIECS [IPY TEPMUYECKOM PACIUVIPEHUI BXOJHOI
IIOBEPXHOCTI. L1 1 Ly IMOKAa3bIBAIOT TepMIUUECKOE PACLIMpeHIe HArPeToil 001acTy B HAIIPABJIEHNUN IIePIIEHAUKYJIIIPHOM OCI
JIa3epHOrO JIyua
Fig. 3. A) Isosurfaces in the analyzed area at the initial stage of optical breakdown. B) The specifics of deformation
of an unevenly heated area. The figure uses a scale factor of k=100. R is the radius of the arc of the circle describing the section
of the input surface bent during thermal expansion. L; and Ly thermal expansion of the heated area in the direction
perpendicular to the axis of the laser beam

B pesynbprare MHUIIMUPOBAHMS ONITUYECKOTO IPOGOS IIPOMICXOANUT BbI/IeJI€HIE S9HEPTIM JIA3€PHOTO U3ITyUe-
HIs, KOTOpOe ITepBOHAYAIBHO MPUBOJUT K HarpeBYy KpUCTaia B 00JacTy, ITOKa3aHHOI Ha pUCYHKe 2 (II0 Mepe
Pa3BUTHUS ONITHUECKOro pobos OymeT GopMIpoBaThCs ra3oIuiasMeHHoe obsako). Crreruguka Iporpesa aHaIN-
3MpyeMoil 00JIaCTV BU3yaIM3MpOBaHa C JICIIOJIb30BaHEM M30I10BepXHOCcTell (puc. 3a). CirencTBIEM IIporpeBa
006JIaCTH ONITUYECKOTO MPODOsT IPOUCXOAUT N3MeHeHMe/yBeJInueHne eé reoMeTpudeckux pasmepos. Harpes
006J1aCTV IIPOMCXONT HEPABHOMEPHO, II09TOMY IeOMeTpHsl 00IaCTy HAarpeBa pacIInpseTcs HEpaBHOMEPHO 1
nckakaercs. Crennuduka m3MeHeHNs pa3Mepa U TeOMETPIUECKIX XapaKTepUCTUK 06IacTy HarpeBa Iokas3aHa Ha
puCyHKe 20, IIpy 9TOM aHM30TPOIMEN CBOJICTB MOHOKPMCTAJIIA MCIAHACKOTO IIIIIaTa IIPY pacuére mpeHebperamm,
a B LIEJIAX BU3YAIN3alNy TEPMITUECKOTO PACLINPEHNS MCIIONIb30BaH MaclITabHbIin KoadduuneHT, paBHbIin 100.

Taxum 06pasom, B XOfe HarpeBa BXOIHAs IIOBEPXHOCTHh 30HBI OITMUYECKOrO IIPO0O0sSI M30THYJACh, YTO
Ha ceueHMU HaéT OyTy OKpYyXHOCTU pagmyca R. YBenamueHne paguyca BXOXHOI moBepxHOCTH (L;) Gosbiire
yBeIMYEeHNUsT paJIyCoB IIOBEPXHOCTEN (Harmpumep, Ly), MOTyUaeMbIX ceUeHeM aHaIM3MpPyeMoll o6IacTi B
IUIOCKOCTAX MepIeHIMKYIIpHBIX HAIIPAaBJIEHUIO pacCIIpOCTPaHEeHN JIa3epHOr0 U3TydeHM.

OtMeTuM, YTO MCCIIeOBaHME SIBIeHNIT [eOpMIPOBAHNIS Y pa3pyLLUEHNs IIPY BhIJEIE€HNN HEPTIUN J1asep-
HOTO MIMITYJIbCa B KPUCTAJIJIE MCJIAHCKOTO ILIIaTa SBJISETCS aKTYaJIbHbIM I (PU3MKM KOHAEHCUPOBAHHOTO
cocTOosHMA. BrIcaskmBaHMe 3HepI Y JIa3epHOT0 MMITYJIbCA, MIMEIOIIero CBEPXBhICOKYIO IIJIOTHOCTb MOIITHOCTH B
00beMe KOHJEHCUPOBAaHHOTO BEII[eCTBA, II03BOJISET SKCIIEPMMEHTAIBHO MCCIIe[OBATH SBOJIIOLIIO CTPYKTYPHI,
nedekToB, MexaHN3MOB HeGOpMUPOBAHIII U Pas3pyIleHNs B KOHJEHCUPOBAHHOM BellleCTBe, HAXOMSIIIEMCS B 9KC-
TpeManbHOM cocTosiHuu. KpomMe Toro, sKcriepuMeHTaNbHO II0Ka3aHa BO3MO)KHOCTD JIOKAIBHOTO (pOpMUPOBAHIISL
IBoITHMKOB cycrteM {0221}, {011} (B TOM UNCITe YIPYTHX), & TAK)KE BO3MOKHOCTS (POPMIPOBAHMS YIPYTUX KAHATOB
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Pose nepBoro pona B 06beMe KpUCTAIIIA MCIAHICKOTO IIaTa. 9TO TOBOPUT O BO3MOXHOCTM KaK BBIGOPOUHOTO
CO3[aHMA MUKPOCTPYKTYP C 3aaHHBIMMI CBOJICTBaMI B 06beMe 00pasiia, Tak i O BO3SMOXKHOCTH YIIPaBJIeHNs
mpoiteccaMu KeOpMUPOBaHMS B KpUCTALTAX MCIAHACKOTrO 1mara [15, 16], YTo ABISETCS IepCIIeKTUBHOI
3agauell pU3MKM KOHAEHCUPOBAHHOTIO COCTOSHMISL.

Y -

UJ .‘S

675 K
625 K
576 K
526 K
476 K
426 K
377K
327K

-

A) B)

Pyuc. 2. O61muii Bux 06acTyt MHUIMMPOBAHYS OITUYECKOT0 Ipo6os caModOKyCHPOBaHHBIM JIa3epHBIM U3JTyUeHMEM, C
CeTKOIT MeToa KOHEUHbIX 3JIeMeHTOB. D1= 90 MKM — QMaMeTp OKPY>KHOCTI Ha BXOJ€e 00JIaCTy OIITUYECKOTro Ipobos,
D= 30 MKM — BBIXOJHAs IPAaHNLA OOIACTI ONITUYECKOTO IPOo6OsI, MHUIMIPOBAHHOTO caMO(pOKYCHPOBAHHBIM M3IyUeHIEM,
L=50 MKM — AI1MHA 06IaCTY OITUIECKOTO IPO6Ost
Fig. 2. General view of the optical breakdown area initiated be self-focused laser radiation, with a grid of the finite element
method. D= 90 pm is the diameter of the circle at the entrance of the optical breakdown area, Do= 30 pm is the output
boundary of the optical breakdown area initiated by self-focused radiation, L=50 ym is the length of the optical breakdown area

4. BpiBoasl. 1. Pusuka qeopMupoBaHMs KPUCTAIUIOB MCIAHACKOIO LINATa B YCAOBUSIX OSHOBPEMEHHOTO
BBIJ(EJIEHVIST 9HEPTUM B ABYX OJIIM3KOPACIIONIOKEHHBIX JIOKAJIBHBIX YUacTKax B 00béMe 00pasiia, 00yCcIoBIeHa
crermKoI JOKAJIBbHOTO Harpesa 1 (OpMMUPOBAHIEM I10JIS BBICOKMX MeXaHMUECKIX HATIPSDKEHUI CII0XKHOI
reoMeTpuy. B Kpucraniax MCIaHACKOTO LInaTa, qeOpMUPYIOMIMXCS IIPY HOPMAIbHBIX YCIOBUAX MCKIIIOUY-
TEJIHO ABOJIHMKOBAHIEM, B YCIOBMAX BOSHIKHOBEHMS B 00BEMe 06pasiia [0 MeXaHMUeCKIX HAIIPKeHUIT
CJI0’KHOM IeOMEeTPMM, BO3MOKHO TPaHCIALMOHHOE CKOJIbXEHIIE.

2. Ha ocHoBe Mopenn cBepXOBICTPOro BhIAEICHNS SHEPTUY caMO(OKYCHPOBAHHOTO JIa3€PHOTO U3JIYUeHN B
00béMe KpucTasuia NCIaHACKOTO LITATa BHIITOJIHEH pacuéT cren Ky Harpesa i1 [epopMUpOBaHI JOKATIbHBIX
o6uacreii. [TokazaHO, UTO CHCTEMBI, II0 KOTOPBIM MOYKET peajM30BbIBATHCSI JBOHIKOBAHIE OIIPENEIISIIOTCS
reoMeTpuet IepBOHAUAIFHO HATPEBAEMOIT 00JIACTIL.

3. B ycioBusix Bo3meicTBIUS caMO(OKYCUPOBAHHOTO Ja3epPHOIO M3IyUeHNS Ha KPUCTAIUT MCIAHICKOTO
mInara ygaercs copMupoBaTh YHUKAJIbHbBIE CTPYKTYPBI, TaKlie KaK BHYTpPEeHHIE JIOKAJIbHbIE BbDKKEHHBIE
KaHaJbl 1 KaHaisl Pose BTOporo poma ¢ ¢pu3nuecky YMCTHIMI TOBEPXHOCTAMI, MCCIeOBaHMEe GU3NUECKNX
CBOJICTB KOTOPBIX SIBJISIETCS OMHOI M3 IIEPCIIEKTUBHBIX 3a8au (M3MKM KOHAEHCUPOBAHHOTO COCTOSHIIA.
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